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Periodic Event Scheduling Problem (PESP)

P. Serafini and W. Ukovich (1989)

�i �j-
9 za 2 ZZ : �j � �i � zaT 2 [`a; ua]

arc a

Find a potential ~� and modulo parameter ~z; such that for
all arcs a there holds

�j � �i � zaT 2 [`a; ua];

or prove infeasibility of this task.
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Cylce inequalities (Odijk)

For each cycle ~ there holds:�
1

T

�
~̀t~� � ~ut~+

��
� ~t~z �

�
1

T

�
~ut~� �~lt~+

��

R

�1 -

	

�2

�3

[2; 6]

[5; 11][�10;�2]

2 � �2 � �1 � 10z1 � 6
5 � �3 � �2 � 10z2 � 11
2 � �1 � �3+ 10z3 � 10

9 � 10(z3 � z1 � z2) � 27

1 � z3 � z1 � z2 � 2
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Associated Polyhedra

� = incidence matrix of the event network
T = period

complete solution space

Q :=

( 
~�

~z

!
2 ZZn

� ZZm

����� ~̀� �t~� � T~z � ~u

)

solution space of modulo parameter

Z :=
n
~z 2 ZZm

j 9~� : ~̀
� �t~� � T~z � ~u

o

T spanning tree of N : For all a0 2 T fix za0 = 0 :

QT :=

( 
~�

~zco

! ����� ~̀� �t~� � T~z � ~u for ~z =

 
~zco
~0T

!
2 ZZm

)
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Polyhedral Structure of PESP

results by Thomas Lindner and Karl Nachtigall

Theorem
If ~�t~�+ ~'t~z � '0 is a valid inequality of con (Q) ; then

�~' = �T ~� () 8i : (�~')i =
X
a:i!j

'a�

X
a:j!i

'a = �T�i

If ~'t~z � '0 is valid for con (Z) ; then �~' = ~0:

T�3

T�4

T�1

T�2

(�~')i = 0(�~')i > 0 (�~')i < 0

flow conservation: �1 + �2 + �3 + �4 = 0
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A Lifting Theorem

T spanning tree of N : For each ~�; ~'co with
P

i �i = 0

there exist unique flow values on the tree arcs ~'T :=

f(~�; ~'co) such that ~' :=

 
~'T

~'co

!
is a flow fulfilling �~' =

�T ~�:

Theorem

~�t~�+ ~'t
co~zco � '0 is a valid (facet defining) inequality for

con (QT ) ; if and only if

~�t~�+ ~'t
co~zco + f(~�; ~'co)

t~zT � '0

is a valid (facet defining) inequality of con(Q) :
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Box Constraints

T spanning tree of N :

ZT :=

(
~zco j 9~� : ~̀� �t~� � T~z � ~u for ~z =

 
~zco
~0T

!)

For each co-tree arc a the subgraph T + fag contains a
unique cylce ~a: Then

za :=

�
1

T

�
~̀t ~a

�
� ~ut ~a

+
��
� za

and

za �

�
1

T

�
~ut ~a

�
�~lt ~a

+
��

=: za
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The Single-bound Kernel

Let ~'t~z � '0 be a valid inequality of Z: If 'a > 0; then

za �

2
6666
1

'a

0
B@'0 �

X
a6=a0; '

a0
>0

'a0za0 �
X

a6=a0; '
a0
<0

'a0za0

1
CA
3
7777

If 'a < 0; then

za �

66664 1
'a

0
B@'0 �

X
a6=a0; 'a0<0

'a0za0 �
X

a6=a0; 'a0>0

'a0za0

1
CA
77775

Denote those bounds by �(~'; '0) � za � �(~'; '0)

For a class C of valid inequalities define the single bound
kernel ~Z�(~z; ~z) to be the maximal subset ~Z(~z0;~z

0

) �

~Z(~z; ~z) with

8(~'; '0) 2 C : z0a � �(~'; '0) and z0a � �(~'; '0)
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Example

Consider the system

-

6 z1 � z2 � �1

z1 + z2 � 3

z2 � 4

z1 � 3

z1 + z2 � 3
z1 � z2 � �1

0 � z1 � 3
0 � z2 � 4

The first iteration step leads to

-

6 z1 � z2 � �1

z1 + z2 � 3

z2 � 1

z2 � 3

z1 � 3

z1 + z2 � 3
z1 � z2 � �1

0 � z1 � 3
1 � z2 � 3

The final iteration step leads to the kernel

-

6 z1 � z2 � �1

z1 + z2 � 3

z2 � 1

z2 � 3

z1 � 2

z1 + z2 � 3
z1 � z2 � �1

0 � z1 � 3
0 � z2 � 4
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Bundle Cutting Planes

�i �j

[`1; :::]

[`2; :::]

...
[`k; :::]

-R

�

`1 � �j � �i � z1T

`2 � �j � �i � z2T
...

`k � �j � �i � zkT

If 0 � `1 � :::: � `k < T; then

�j��i�(T � `k)z1�(`2� `1)z2� :::�(`k� `k�1)zk � `k
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A Backtracking Algorithm (Serafini, Ukovich)

tree arcs a with za = 0

z1 = 1 z1 = 2 z1 = 3

z2 = 1

active arcs with fixed za

actual search level

non-active arcs (ignored!)

z2 = 0

Some disadvantages:

� the arcs are processed in a pre-defined fixed order

� non-active arcs are not taken into account in any way
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A Branch-and-Cut Algorithm

1. Compute a box ~z � ~z � ~z by using a spanning tree. Calculate
the single bound kernel ~Z�(~z; ~z):

2. Find ~~z 2 ~Z�(~z; ~z). Minimize the number of fractionals by app-
lying a heuristic.

3. If ~~z is integral, STOP, a solution is found. Otherwise

4. (a) Choose a fractional arc ~za 62 ZZ and decide to investigate
either za � b~zac =: z0

a or za � d~zae =: z0

a

(b) Calculate the single bound kernel. If ~Z�(~z0;~z
0

) 6= ;; then
return to 2). Otherwise bracktrack. If the backtracking pro-
cedure terminates at the root node, STOP, the problem is
infeasible.

z1 � b~z1c z1 � d~z1e

z2 � b~z2c z2 � d~z2e


