Periodic Event Scheduling Problem (PESP)

P. Serafini and W. Ukovich (1989)

dzo €EZ: 7wj — m — 24T € [La, Uq]

™)
arc a

Find a potential # and modulo parameter Z, such that for
all arcs a there holds

i — i — 2T € [la, ua),

or prove infeasibility of this task.
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Cylce inequalities (Odijk)

For each cycle 4 there holds:

(05 - a9t <qr< |z (@ - T

[2, 6]
1
[-10, —2] [5,11]
2 S o — 71 — 1021 S §)
5 S 7T3—7T2—1OZ2 S 11
2 S 7T1—7T3—|—1OZ3 S 10
9 S 10(23 — 21 — 22) S 27
1 S 3 — k1 — &2 S 2
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Associated Polyhedra

®© = incidence matrix of the event network
T = period

complete solution space

—

Q:z{(i)EZZ”xZZm

A

(<O —Tz< ﬁ}

solution space of modulo parameter
Z = {Ze Z"| 37 (< OF —TzZ< ﬁ}

7 spanning tree of V. Foralla’ € T fix zy = 0 :

o

)‘Eg Ozt — Tz < @for z= <Z50) EZZm}

gNl Al
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Polyhedral Structure of PESP

results by Thomas Lindner and Karl Nachtigall

Theorem
If &7 + 32 > o is a valid inequality of con (Q) , then
OF = -TE < Vi: (OF)i= Y. va— >, Pa=—T§

at—) a:]—1

If 312 > oo is valid for con (2), then @@ = 0.

flow conservation: §1 + &+ 63+ 6 =0
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A Lifting Theorem

7 spanning tree of N. For each &, ., with 3, & = 0
there exist unique flow values on the tree arcs gr :=

f (€, $eo) such that & (fT) is a flow fulfilling ©g =
QOCO

—TE.

Theorem

&7 + Pt Zeo > o IS a valid (facet defining) inequality for
con (Qr), If and only if

g%ﬁ: + QOCOZCO + f(ga 9560)7557’ Z 2Ly

Is a valid (facet defining) inequality of con (Q) .
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Box Constraints

7T spanning tree of N.

For each co-tree arc a the subgraph 7 + {a} contains a
unique cylce 4,. Then

1 a
Za = [—(Ma — @) | < 2
T
and
1
—f _— — 1 -+ —
Za < {—(ufya — "y, )J =: Z,
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The Single-bound Kernel

Let §'Z > o be a valid inequality of Z. If ¢, > 0, then
1 _
Za 2 |— | Yo — Z Pa'Za! — Z Pa'Za!
SOG] a’#a'la Qoa/>0 CL#CL,, (Pal<0
If p, < O, then
1 _
Za < |— | po — Z Pa'Za — Z Pa'Za/
Yo 0, 9y <0 aFd, 9yr>0

Denote those bounds by a(g, ¢o) < z, < @(@, ©o)

For a class C of valid inequalities define the smgle bound
kernel Z*(Z, z) to be the maximal subset Z(2',7) C
Z(Z, )W|th

V(@,p0) €C: z, > aB, o) and z, < a(F, po)
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Example

Consider the system

22 < 4

z1 —22< —1

z1 <3

The first iteration step leads to

0

0
z1+220<3
Zl—ZQS—l

0

1

z1 <3

z1+220<3

The final iteration step leads to the kernel

z1 —22< —1

z1+220<3
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Bundle Cutting Planes

81 S 7Tj—7T7;—Z1T
62 S 7Tj—’7T7;—ZQT
fk S 7Tj—7Ti—ZkT

0 <41 <...< ¥, <T,then

Ty — Ty — (T—Ek)zl — (62 —61)22 — e — (Ek; —Ek_l)zk; Z Ek;
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A Backtracking Algorithm (Serafini, Ukovich)

tree arcs a with z, = 0

- ~ active arcs with fixed z,

z2 =0 z2 =1 actual search level

non-active arcs (ignored!)

Some disadvantages:
e the arcs are processed in a pre-defined fixed order

e non-active arcs are not taken into account in any way
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A Branch-and-Cut Algorithm

1. Compute a box Z < z < z by using a spanning tree. Calculate
the single bound kernel Z*(z, z).

2. Find z € Z*(Z, 23. Minimize the number of fractionals by app-
lying a heuristic.

3. If Z is integral, STOP, a solution is found. Otherwise

4. (a) Choose a fractional arc z, ¢ ZZ and decide to investigate
either z, < |Z,]| =:Z, Or z, > [Z,] =: 2,

(b) Calculate the single bound kernel. If 2*(2',Z) # 0, then
return to 2). Otherwise bracktrack. If the backtracking pro-
cedure terminates at the root node, STOP, the problem is

infeasible.
z1 < 7] 2 2> (7]
z2 < |Z2] 22 > [Z2]
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