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Last lecture: shift algorithm

Theorem [De Fraysseix, Pach, Pollack "90]

Every n-vertex planar graph has a planar straight-line drawing of a size
(2n —4) x (n — 2).

This lecture: realizer algorithm
Theorem [Schnyder '90]

Every n-vertex planar graph has a planar straight-line drawing of a size
(n—2) x (n—2).
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Content AN {

Karlsruhe Institute of Technology

@ Barycentric coordinates and representation
m Schnyder labeling
® Schnyder realizer

® From Schnyder realizer to Barycentric representation
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Barycentric Representation AT
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Barycentric Coordinates

Let A, B,C, P € R?. Atriple (p., py, p) € R> such that:

® Py +pp+pe=1

® P=p,A+ppB+pC

is called barycentric coordinates of P with respectto AABC.
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Barycentric Representation AT
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Barycentric Coordinates

Let A, B,C, P € R?. Atriple (p., py, p) € R> such that:

® Py +pp+pe=1
@ P=p,A+pB+pC
is called barycentric coordinates of P with respectto AABC.

Barycentric Representation

A Barycentric Representation of a graph G = (V, E) is an assigment of
barycentric coordinates to the vertices of G, i.e. it is an injective function

v €V = (vg,vp,v.) € R, such that:
wov,+v,+ov.=1forallveV
m for each (z,y) € EF and each z € V \ {z,y}, Ik € {a, b, c} with z}, < 2

and U < 2k
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Barycentric Representation AT
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Barycentric Coordinates

Let A, B,C, P € R?. Atriple (p., py, p) € R> such that:

® Py +pp+pe=1
@ P=p,A+pB+pC
is called barycentric coordinates of P with respectto AABC.

Barycentric Representation

A Barycentric Representation of a graph G = (V, E) is an assigment of
barycentric coordinates to the vertices of G, i.e. it is an injective function

v €V = (vg,vp,v.) € R, such that:

v, +ty,+uv.=1forallveV
m for each (z,y) € EF and each z € V \ {x,y}, 3k € {a, b, c} with x@
and U < 2.

What does this condition mean?
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Barycentric Representation AT
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Lemma [Schnyder "90]

Let v € V — (vq,v,v.) € R3 be a barycentric representation of a graph
G = (V,E)anlet A, B,C € R2. The function

firveV—=uv,A+vB+v.C

gives a planar drawing of G inside triangle AABC.
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Schnyder Labeling KIT
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Definition: Schnyder-Labeling

A Schnyder-Labeling of a planar trianglulated graph G is a labeling of all
internal angles with labels 1,2 and 3 such that:
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Schnyder Labeling AT
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Definition: Schnyder-Labeling

A Schnyder-Labeling of a planar trianglulated graph G is a labeling of all
internal angles with labels 1,2 and 3 such that:

Face Each internal face contain vertices with all three labels 1, 2 and 3,
appearing in a counterclockwise order.
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Schnyder Labeling AT
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Definition: Schnyder-Labeling

A Schnyder-Labeling of a planar trianglulated graph G is a labeling of all
internal angles with labels 1,2 and 3 such that:

Face Each internal face contain vertices with all three labels 1, 2 and 3,
appearing in a counterclockwise order.

Vertex The counterclockwise ordering of the labels around each internal
vertex consists of a nonempty interval of 1's followed by a nonempty
interval of 2’s followed by a nonempty interval of 3’s.
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Schnyder Labeling KIT
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Theorem [Schnyder "90]

Every triangulated plane graph has a Schnyder labeling.

7

Algorithmen zur Visualisierung von Graphen iﬁ! Institut flir Theoretische Informatik
Al 4[4

Tamara Mchedlidze Lehrstuhl Algorithmik |



Schnyder Labeling KIT
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Theorem [Schnyder "90]

Every triangulated plane graph has a Schnyder labeling.

®m Edge contraction. Notation: G \ (u, v). Contractible edge.
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Schnyder Labeling KIT
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Theorem [Schnyder "90]

Every triangulated plane graph has a Schnyder labeling.

®m Edge contraction. Notation: G \ (u, v). Contractible edge.
m Separating triangle.
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Schnyder Labeling AT
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Theorem [Schnyder "90]

Every triangulated plane graph has a Schnyder labeling.

®m Edge contraction. Notation: G \ (u, v). Contractible edge.
m Separating triangle.

®m Edge is contractible iff it does not belong neither to a separating triangle
nor to the outer face.
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Schnyder Labeling N{]]
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Theorem [Schnyder "90]

Every triangulated plane graph has a Schnyder labeling.

®m Edge contraction. Notation: G \ (u, v). Contractible edge.
m Separating triangle.

m Edge is contractible iff it does not belong neither to a separating triangle
nor to the outer face.

Lemma

Let GG be a triangulated plane graph with vertices a, b, ¢ on the outer face.
There exists a contractible edge (a,z) in G, x # b, c.
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Schnyder Labeling AT
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Theorem [Schnyder "90]

Every triangulated plane graph has a Schnyder labeling.

®m Edge contraction. Notation: G \ (u, v). Contractible edge.
m Separating triangle.

®m Edge is contractible iff it does not belong neither to a separating triangle
nor to the outer face.

Lemma

Let GG be a triangulated plane graph with vertices a, b, ¢ on the outer face.
There exists a contractible edge (a,z) in G, x # b, c.

Proof
m By induction on the number of vertices in a graph.
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Schnyder Labeling KIT

Karlsruhe Institute of Technology

Theorem [Schnyder "90]

Every triangulated plane graph has a Schnyder labeling.

Proof
@ By induction on the number of vertices in a graph.
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Schnyder Labeling KIT

Karlsruhe Institute of Technology

Theorem [Schnyder "90]

Every triangulated plane graph has a Schnyder labeling.

Proof
@ By induction on the number of vertices in a graph.

@ The case n = 3is trivial.
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Schnyder Labeling AT

Theorem [Schnyder "90]

Every triangulated plane graph has a Schnyder labeling.

Proof
@ By induction on the number of vertices in a graph.

@ The case n = 3is trivial.

® Assume that every graph with less or equal than k — 1 vertices has a Schnyder
labeling in which all labels at a are 1.
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Schnyder Labeling AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeee

Theorem [Schnyder "90]

Every triangulated plane graph has a Schnyder labeling.

Proof
@ By induction on the number of vertices in a graph.

@ The case n = 3is trivial.

® Assume that every graph with less or equal than k — 1 vertices has a Schnyder
labeling in which all labels at a are 1.

@ Consider G with k vertices. It has a contractible edge (a, x).

a
C
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Schnyder Labeling AT
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Theorem [Schnyder "90]

Every triangulated plane graph has a Schnyder labeling.

Proof
@ By induction on the number of vertices in a graph.

@ The case n = 3is trivial.

® Assume that every graph with less or equal than k — 1 vertices has a Schnyder
labeling in which all labels at a are 1.

@ Consider G with k vertices. It has a contractible edge (a, ).
@ Graph G\ (a,z) has a Schnyder labeling.
a
G G\ (a,x)

a
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Schnyder Labeling AT
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Theorem [Schnyder "90]

Every triangulated plane graph has a Schnyder labeling.

Proof
@ By induction on the number of vertices in a graph.

@ The case n = 3is trivial.

® Assume that every graph with less or equal than k — 1 vertices has a Schnyder
labeling in which all labels at a are 1.

@ Consider G with k vertices. It has a contractible edge (a, x).

@ Graph G\ (a,z) has a Schnyder labeling.
a

G G\ (a,x)
2
b b ’
C c
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Schnyder Labeling AT
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Theorem [Schnyder "90]

Every triangulated plane graph has a Schnyder labeling.

Proof
@ By induction on the number of vertices in a graph.

@ The case n = 3is trivial.

® Assume that every graph with less or equal than k — 1 vertices has a Schnyder
labeling in which all labels at a are 1.

@ Consider G with k vertices. It has a contractible edge (a, x).

@ Graph G\ (a,z) has a Schnyder labeling.
a

1
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Schnyder Labeling AT
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Theorem [Schnyder "90]

Every triangulated plane graph has a Schnyder labeling.

Proof
@ By induction on the number of vertices in a graph.

@ The case n = 3is trivial.

® Assume that every graph with less or equal than k — 1 vertices has a Schnyder
labeling in which all labels at a are 1.

@ Consider G with k vertices. It has a contractible edge (a, x).

@ Graph G\ (a,z) has a Schnyder labeling.
a

1
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Schnyder Labeling AT
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Theorem [Schnyder "90]

Every triangulated plane graph has a Schnyder labeling.

Proof
@ By induction on the number of vertices in a graph.

@ The case n = 3is trivial.

® Assume that every graph with less or equal than k — 1 vertices has a Schnyder
labeling in which all labels at a are 1.

@ Consider G with k vertices. It has a contractible edge (a, x).

@ Graph G\ (a,z) has a Schnyder labeling.
a

1
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Schnyder Labeling & Forest AN {

Karlsruhe Institute of Technology

® Schnyder labeling induces an edge labeling.

8
Algorithmen zur Visualisierung von Graphen H.:E Institut fiir Theoretische Informatik
Tamara Mchedlidze Lehrstuhl Algorithmik |
ww 9



Schnyder Labeling & Forest AN {

Karlsruhe Institute of Technology

® Schnyder labeling induces an edge labeling.
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Karlsruhe Institute of Technology

® Schnyder labeling induces an edge labeling.
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Karlsruhe Institute of Technology

® Schnyder labeling induces an edge labeling.
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Karlsruhe Institute of Technology

® Schnyder labeling induces an edge labeling.
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Schnyder Labeling & Forest

® Schnyder labeling induces an edge labeling.
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Schnyder Labeling & Forest

® Schnyder labeling induces an edge labeling.
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Schnyder Labeling & Forest

® Schnyder labeling induces an edge labeling.

2 3
2|2
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Schnyder Labeling & Forest AN {

Karlsruhe Institute of Technology

® Schnyder labeling induces an edge labeling.

%

2 3
2|2
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Karlsruhe Institute of Technology

® Schnyder labeling induces an edge labeling.
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Karlsruhe Institute of Technology

® Schnyder labeling induces an edge labeling.
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Karlsruhe Institute of Technology

® Schnyder labeling induces an edge labeling.
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Schnyder Labeling & Forest AN {

Karlsruhe Institute of Technology

® Schnyder labeling induces an edge labeling.
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Schnyder Labeling & Forest AT
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@ Schnyder labeling induces an edge labeling. b

Definition: Schnyder Forest

A Schnyder Forest or a Realizer of a planar triangulated graph G = (V, E)
is a partition of the inner edges of E into three sets of oriented edges
11,15, T3 such that for each inner vertex v € V hold:

® v has an outgoing edge in each of 17,715,713

®m The counterclockwise order of the edges around v is as follows: edges
leaving in 17, entering in 13, leaving in 15, entering in 17, leaving in 13,
entering in 1.
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Schnyder Forest KIT

Karlsruhe Institute of Technology

Recall that:

Theorem [Schnyder '90]

Every triangulated plane graph has a Schnyder labeling.
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Schnyder Forest KIT
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Recall that:

Theorem [Schnyder '90]

Every triangulated plane graph has a Schnyder labeling.

By this theorem and by previous construction:

Theorem [Schnyder "90]

Every triangulated plane graph has a Schnyder realizer.
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Schnyder Forest KIT

Karlsruhe Institute of Technology

2 3
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Schnyder Forest KIT

Karlsruhe Institute of Technology
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Schnyder Forest KIT
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Schnyder Forest AT

Karlsruhe Institute of Technology

@ For each v there exists a directed red,
blue, green paths from v to a, b, ¢, re-
spectively.

10 C
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Schnyder Forest AT

Karlsruhe Institute of Technolog

a W For each v there exists a directed red,
blue, green paths from v to a, b, ¢, re-
spectively.

® No monochromatix cycle exists (can
be proven by contradiction on the
properties of Schnyder realizer)
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Schnyder Forest AT

Karlsruhe Institute of Technology

a W For each v there exists a directed red,
blue, green paths from v to a, b, ¢, re-
spectively.

® No monochromatix cycle exists (can
be proven by contradiction on the
properties of Schnyder realizer)

® Each monochromatic subgraph is a
tree!

The sinks of red/blue/green trees are
e vertices a, b, c.

 C
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Face Regions AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

® Paths P,(v), Py(v), P.(v) o (V)
cross only at vertex v.

® R.(v), Ry(v), R:.(v) are sets
of faces.
Pb(?})

b C
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Face Regions AT
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®m Paths P,(v), Py(v), P:(v) o I.(V)
cross only at vertex v.

® R.(v), Ry(v), R:.(v) are sets
of faces.

Pb(?})
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Face Regions

® Paths P,(v), P»(v), P.(v)
cross only at vertex v.

R R.(v), Rp(v), Rc(v) are sets
of faces.

Pb(?))

Lemma [Schnyder '90]

For inner vertices u # v it holds that u € R;(v) = R;(u) € R;(v).

11

Algorithmen zur Visualisierung von Graphen

ﬁ! Institut flir Theoretische Informatik
(4| 4

Tamara Mchedlidze Lehrstuhl Algorithmik |



Face Regions

® Paths P,(v), P»(v), P.(v)
cross only at vertex v.

R R.(v), Rp(v), Rc(v) are sets
of faces.

Pb(?))

Lemma [Schnyder '90]

For inner vertices u # v it holds that u € R;(v) = R;(u) € R;(v).

Proof ... Ty

11
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Barycentric Representation AT
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@ Let barycentric coordinates of v € G \ a,b,c be (vq,vp,vc), Where v, =
|Ra(v)]/(2n — 5), vy, = |Rp(v)|/(2n — 5) and ve = |Rc(v)|/(2n — 5).

@ Weset: A= (2n—-5,0), B=(0,2n —5), C =(0,0).

12
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Barycentric Representation AT
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@ Let barycentric coordinates of v € G \ a,b,c be (vq,vp,ve), Where v, =
|Ra(v)|/(2n — 5), vy, = |Rp(v)|/(2n — 5) and ve. = |R:(v)|/(2n — 5).

® Weset: A= (2n—5,0), B = (0,2n — 5), C = (0, 0).

Lemma [Schnyder "90]

The function

1
2n — 5

frv= (Va,vp,ve) = (I1Ra(v)]; [Rb(v)], [Re(v)])

IS a barycentric representation of G.

12
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Barycentric Representation AT
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@ Let barycentric coordinates of v € G \ a,b,c be (vq,vp,ve), Where v, =
|Ra(v)|/(2n — 5), vy, = |Rp(v)|/(2n — 5) and ve. = |R:(v)|/(2n — 5).

® Weset: A= (2n—5,0), B = (0,2n — 5), C = (0, 0).

Lemma [Schnyder "90]

The function

1
2n — 5

frv= (Va,vp,ve) = (I1Ra(v)]; [Rb(v)], [Re(v)])

IS a barycentric representation of G.
Proof
® Condition1 : vq + vy + ve = 1.

12
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Barycentric Representation AT
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@ Let barycentric coordinates of v € G \ a,b,c be (vq,vp,ve), Where v, =
|Ra(v)|/(2n — 5), vy, = |Rp(v)|/(2n — 5) and ve. = |R:(v)|/(2n — 5).

® Weset: A= (2n—5,0), B = (0,2n — 5), C = (0, 0).

Lemma [Schnyder '90]

The function

1
2n — 5

frv= (Va,vp,ve) = (I1Ra(v)]; [Rb(v)], [Re(v)])

IS a barycentric representation of G.
Proof
® Condition1 : vq + vy + ve = 1.
@ Condition 2: For each edge (u,v) and vertex w # u,v at least one of three is

true: wg > uq,vq, Wp > Up,Vp, We > Uc, Ve.

12
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Final Remarks AT
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® The resulting drawing is a grid drawing.

m It is bounded by the triangle AABC with A = (2n —5,0), B = (0,2n —5),
C' = (0,0).

m lthasarea2n —5 x 2n — b.
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Final Remarks AT

cccccccccccccccccccccccccccc

® The resulting drawing is a grid drawing.

m It is bounded by the triangle AABC with A = (2n —5,0), B = (0,2n —5),
C = (0,0).

m lthasarea2n —5 x 2n — 5.

How to obtainarean — 2 x n — 27

m Use weak barycentric coordinates —1 (n1(v), na(v), n3(v)),
ni(v) = |vertices in R;(v)| — |P;—1(v)| with respect to A = (n — 1,0),
B=(0,n—1),C = (0,0).
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Final Remarks AT

cccccccccccccccccccccccccccc

® The resulting drawing is a grid drawing.

m It is bounded by the triangle AABC with A = (2n —5,0), B = (0,2n —5),
C' = (0,0).

m lthasarea2n —5 x 2n — b.

How to obtainarean — 2 x n — 27

m Use weak barycentric coordinates —1 (n1(v), na(v), n3(v)),
ni(v) = |vertices in R;(v)| — |P;—1(v)| with respect to A = (n — 1,0),
B=(0,n—1),C = (0,0).

m Weak barycentric coordinates: Triple (vq, vs, v.) such that
m v, +v,+v.=1
a For each edge (u,v) and vertex w # u,v, 3k € {a,b,c}, such that

(ks Ukt1) <tew (W, Wrt1), AN (i, Vit1) <tew (Wk, Wii1).
a Here we say that (a,b) <ie: (¢,d) iffa <cora=candb < d.

13

Algorithmen zur Visualisierung von Graphen EEE Institut fiir Theoretische Informatik
Tamara Mchedlidze Lehrstuhl Algorithmik |
ww 9



	Einleitung
	Today
	Today

	Schnyder-Zeichnungen
	Barycentric Representation
	Schnyder Labeling
	Schnyder Forest
	Face Regions
	Final Remarks


