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Given: A rooted binary tree
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Given: A rooted binary tree
Question: How would we draw it?

@ Vertices are
mapped to levels 1

drawn similarly e A AN T

® Parent is centered f AL L
wrt the children {
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Level-based Layout T
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Algorithm Outline:
Input: A binary tree
Output: A leveled drawing of T

Base case: A single vertex

Divide: Recursively apply the algorithm to draw the left and the
right subtrees of T

Conquer:
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Level-based Layout AT
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Implementation Details (postorder and preorder traversals)

Postorder traversal: For each vertex v compute horizontal displace-
ment of the left and the right child
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Implementation Details (postorder and preorder traversals)
Postorder traversal: For each vertex v compute horizontal displace-
ment of the left and the right child

® Assume at each vertex u (below v) we have stored the left and the right
boundary of the subtree T'(u)

@ “Summ up” the horizontal displacements of the right boundary of 7;(v)
and the left boundary of T’-(v) to obtain the displ. of the children of v
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Time Complexity

Postorder traversal: For each vertex v compute horizontal displace-
ment of the left and the right child

® Assume at each vertex u (below v) we have stored the left and the right
boundary of the subtree 7T'(u)

@ Summ up the horizontal displacements of the right boundary of 7;(v) and
the left boundary of 77 (v)

W Store at v the left and the right boundaries of T'(v)
Preorder traversal: Compute x- and y-coordinates.
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Theorem (Reingold & Tilford)

Let T be a binary tree with n vertices. Algorithm (R & T) constructs a
drawing I of T in O(n) time, such that:

® [ is planar and straight-line

B Vv € T y-coordinate of v is —depth(v)

® Vertical and horizontal distance is at least 1
® Areaoflis
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Level-based Layout ST
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Theorem (Reingold & Tilford)

Let T be a binary tree with n vertices. Algorithm (R & T) constructs a
drawing I of T in O(n) time, such that:

® [ is planar and straight-line

B Vv € T y-coordinate of v is —depth(v)

® Vertical and horizontal distance is at least 1

® Area of I'is O(n?)

® Each vertex is centered with respect to its children

Algorithmen zur Visualisierung von Graphen iﬁl Institut flir Theoretische Informatik
Tamara Mchedlidze wwv Lehrstuhl Algorithmik |



Level-based Layout T
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Theorem (Reingold & Tilford)

Let T be a binary tree with n vertices. Algorithm (R & T) constructs a
drawing I of T in O(n) time, such that:

® [ is planar and straight-line

Vv € T y-coordinate of v is —depth(v)
Vertical and horizontal distance is at least 1
Area of I is O(n?)

Each vertex is centered with respect to its children

Simply isomorphic subtrees have congruent (coincident) drawing,
up to translation

Axially isomorphic trees have congruent drawing, up to translation
and reflection around y-axis
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Level-based Layout T
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®m The presented algorithm tries to minimize width
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Level-based Layout T
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®m The presented algorithm tries to minimize width
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Level-based Layout T
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®m The presented algorithm tries to minimize width
® Does not achieve that!

15

13
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Level-based Layout T
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®m The presented algorithm tries to minimize width
® Does not achieve that!

® Divide-and-conquer
strategy cannot
achieve optimal width

15

13
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Level-based Layout T
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®m The presented algorithm tries to minimize width
® Does not achieve that!

® Divide-and-conquer
strategy cannot
achieve optimal width

15

® Drawing with min width and
properties of our algorithm can be
constructed by an LP

13
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Level-based Layout T

oooooooooooooooooooooooooooo

®m The presented algorithm tries to minimize width
® Does not achieve that!

® Divide-and-conquer
strategy cannot
achieve optimal width

15
® Drawing with min width and
properties of our algorithm can be
constructed by an LP
m If integer coordinates are
required, then it is NP-hard

13

Algorithmen zur Visualisierung von Graphen EEE Institut fiir Theoretische Informatik
Tamara Mchedlidze Lehrstuhl Algorithmik |
ww 9



Level-based Layout - General trees AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Algorithm Outline:
Input: A rooted tree
Output: A layered drawing of T

Base case: A single vertex

Divide: Assume that T" has subtrees 11, ...7,,. Draw each T; re-
cursively.
Conquer:
17 15
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Level-based Layout - General trees AT

cccccccccccccccccccccccccccc

Algorithm Outline:
Input: A rooted tree
Output: A layered drawing of T

Base case: A single vertex

Divide: Assume that T" has subtrees 11, ...7,,. Draw each T; re-
cursively.

Conquer: wm Fori = 1,...,m place the drawing of T; to the right of the

drawing of T;_; and at horizontal distance at least 1 from
it.
m Position the root half-way between the roots of 177 and T7,.

17 T5
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Applications of Level-based Layout AT

Karlsruhe Institute of Technology
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Applications of Level-based Layout AT

Karlsruhe Institute of Technology
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Can we draw trees differently? AT

Karlsruhe Institute of Technology
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Can we draw trees differently? AT

Karlsruhe Institute of Technology
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Can we draw trees differently? AT
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Divide & Conquer Approach:
¢ I ® I ®
{ ® {—0

L1
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HV-Layout




HV-Layout A{]]

Idea for binary trees:

m Children are vertically and horizontally aligned with the root
@ The bounding boxes of the children do not intersect

Induction base: &

Induction step: combine layouts

¢ ® *—o

®
: : : ®

horizontal combination
(Area: 3 x 7)
vertical combination
(Area: 6 x 4)
ithmen zur Visualisierung von Graphen 4N Institut fiir Theoretische Informatik
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HV-Layout A{]]

Idea for binary trees:

m Children are vertically and horizontally aligned with the root
@ The bounding boxes of the children do not intersect

Induction base: &

Induction step: combine layouts

¢ ® *—o
®
: ; : ¢
horizontal combination
(Area: 3 x 7)
Compute minimum area using Dynamic vertical combination
Programming (Area: 6 x 4)
Algorithmen zur Visualisierung von Graphen iﬁ! Institut flir Theoretische Informatik
Tamara Mchedlidze wwv Lehrstuhl Algorithmik |



Right-Heavy HV-Layout AT
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Right-Heavy approach:

®m At every induction step apply horizontal combination
®m Place the larger subtree to the right
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Right-Heavy HV-Layout AT
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Right-Heavy approach:

®m At every induction step apply horizontal combination
®m Place the larger subtree to the right

Lemma

Let 7" be a binary tree. The hight of the drawing constructed by Right-Heavy
approach is at most logn.
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Right-Heavy HV-Layout AT
Right-Heavy approach:

®m At every induction step apply horizontal combination
®m Place the larger subtree to the right

Let 7" be a binary tree. The hight of the drawing constructed by Right-Heavy
approach is at most logn.

@ root
g Tvy
Proof: U@ ®
m Each vertical edge has length 1 ue
® Let w be the lowest node in the drawing "
®m Let P be a path from w to the root of T° 5 s
m For every edge (u,v) in P: [T(v)| > 2|T(u)| | T(u)
m = P contains at most logn edges I
N
W
Mooritmen s Voo e -‘-.-.- ; :n;tit-ut- fi]-r '-I'h;o-re:is-ch-e :nf-or-m;ti-k ------
Tagr]nara Mchedlidze H.:E Lehrstuhl Algorithmik |
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Right-Heavy HV-Layout AT
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Let I be a binary tree with n vertices. The Right-Heavy algorithm constructs
in O(n) time a drawing I of T" such that:
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Right-Heavy HV-Layout AT
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Let I be a binary tree with n vertices. The Right-Heavy algorithm constructs
in O(n) time a drawing I of T" such that:

m [ is HV-drawing (planar, orthogonal)

Algorithmen zur Visualisierung von Graphen iﬁl Institut fiir Theoretische Informatik
Tamara Mchedlidze Lehrstuhl Algorithmik |
ww 9



Right-Heavy HV-Layout AT
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Let I be a binary tree with n vertices. The Right-Heavy algorithm constructs
in O(n) time a drawing I of T" such that:

m [ is HV-drawing (planar, orthogonal)
® The width of I is at most
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Right-Heavy HV-Layout AT
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Let I be a binary tree with n vertices. The Right-Heavy algorithm constructs
in O(n) time a drawing I of T" such that:

m [ is HV-drawing (planar, orthogonal)
@ The width of I is at most n-1
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Right-Heavy HV-Layout AT
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Let I be a binary tree with n vertices. The Right-Heavy algorithm constructs
in O(n) time a drawing I of T" such that:

m [ is HV-drawing (planar, orthogonal)
@ The width of I is at most n-1

®m The height is at most logn
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Right-Heavy HV-Layout AT
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Let I be a binary tree with n vertices. The Right-Heavy algorithm constructs
in O(n) time a drawing I of T" such that:

m [ is HV-drawing (planar, orthogonal)
@ The width of I is at most n-1

®m The height is at most logn
®m The areais O(nlogn)

Algorithmen zur Visualisierung von Graphen i%l Institut fiir Theoretische Informatik
Tamara Mchedlidze Lehrstuhl Algorithmik |
ww 9



Right-Heavy HV-Layout AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Let I be a binary tree with n vertices. The Right-Heavy algorithm constructs
in O(n) time a drawing I of T" such that:

m [ is HV-drawing (planar, orthogonal)
@ The width of I is at most n-1

®m The height is at most logn
®m The areais O(nlogn)
m Simply and axially isomorphic subtrees have congruent drawings, up to
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Right-Heavy HV-Layout AT
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Let I be a binary tree with n vertices. The Right-Heavy algorithm constructs
in O(n) time a drawing I of T" such that:

m [ is HV-drawing (planar, orthogonal)
@ The width of I is at most n-1

®m The height is at most logn
®m The areais O(nlogn)

m Simply and axially isomorphic subtrees have congruent drawings, up to
translation

General rooted tree:

largest
subtree
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Application of HV-Layout

Cons cell diagram in LISP

Kl

Karlsruhe Institute of Technology

i 3
10 11
4
12
2 6 7
http://gajon.org/

Algorithmen zur Visualisierung von Graphen

Tamara Mchedlidze

iﬁ! Institut flir Theoretische Informatik
Lehrstuhl Algorithmik |
wwv ¢



More tree drawings... AT

Karlsruhe Institute of Technology
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More tree drawings... AT

Karlsruhe Institute of Technology
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More tree drawings... AT

Karlsruhe Institute of Technology
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More tree drawings...

W/

A
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5
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More tree drawings...

KIT

Karlsruhe Institute of Technology

W/

A

7

5
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More tree drawings...

KIT
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Radial Layout A[{

Karlsruhe Institute of Technology

Example: ® Angle corresponding to the subtree

rooted at u: 7, = 75
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Radial Layout A[{

Karlsruhe Institute of Technology

Example: ® Angle corresponding to the subtree

rooted at u: 7, = 75
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Radial Layout

Example: ® Angle corresponding to the subtree

rooted at u: 7, = 75

Algorithmen zur Visualisierung von Graphen

Tamara Mchedlidze

Kl

Karlsruhe Institute of Technology

iﬁ! Institut flir Theoretische Informatik
Lehrstuhl Algorithmik |
wwv ¢



Radial Layout A[{

Karlsruhe Institute of Technology

Example: ® Angle corresponding to the subtree

rooted at u: 7, = 75
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Radial Layout A[{

Karlsruhe Institute of Technology

Example: ® Angle corresponding to the subtree

rooted at u: 7, = 75

[ ]
Q@
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Radial Layout A[{

Karlsruhe Institute of Technology

Example: ® Angle corresponding to the subtree

rooted at u: 7, = 75

Algorithmen zur Visualisierung von Graphen iﬁ! Institut fiir Theoretische Informatik
Tamara Mchedlidze Lehrstuhl Algorithmik |
. ww 9



Radial Layout A[{

Karlsruhe Institute of Technology

Example: ® Angle corresponding to the subtree

rooted at u: 7, = 75

9 .7 1
10 8 6 9 .1
10 8
L
1
10
@
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Radial Layout A[{

Karlsruhe Institute of Technology

Example: ® Angle corresponding to the subtree

rooted at u: 7, = 75
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Radial Layout AT

Karlsruhe Institute of Technology

How to avoid crossings:
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Radial Layout AT

Karlsruhe Institute of Technology

How to avoid crossings:
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Radial Layout AT

Karlsruhe Institute of Technology

How to avoid crossings:
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Radial Layout AT

Karlsruhe Institute of Technology

How to avoid crossings:
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Radial Layout AT

Karlsruhe Institute of Technology

How to avoid crossings:
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Radial Layout AN{]]

®m 7, - angle of the wedge
corresponding to vertex u

How to avoid crossings:

® p, - raduis of layer ;

® /(v)-number of nodes in
the subtree rooted at v

W cos Tu = L
- 2 Pi+1

1
]
1
]
1

1

1

1

'
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Radial Layout AN{]]

®m 7, - angle of the wedge
corresponding to vertex u

How to avoid crossings:

® p, - raduis of layer ;

® /(v)-number of nodes in
the subtree rooted at v

W cos Tu = L
- 2 Pi+1

1
1
1
1
1

1

1

1

1
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Radial Layout

How to avoid crossings:
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®m 7, - angle of the wedge
corresponding to vertex u

® p, - raduis of layer ;

® /(v)-number of nodes in
the subtree rooted at v
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Radial Layout

How to avoid crossings:

S~
~ -
—————
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®m 7, - angle of the wedge
corresponding to vertex u

® p, - raduis of layer ;

® /(v)-number of nodes in
the subtree rooted at v

.~ @ Alternatively use number of leaves in
the subtree to subdivide the angles

[book Di Battista et al.]
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Applications of Radial Layout AT
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Applications of Radial Layout AT

Karlsruhe Institute of Technology
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CREEK MYTH
FAMILY SPIRAL

Flare Visualization Toolkit:: =z | Greek Myth Family by Ribecca, 4
structure by Heer, Bostock and 22011 ==
Ogievetsky, 2010
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