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m Till now we look at planar and straight-line drawings of trees and
SP-graphs
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Motivation AT

Karlsruhe Institute of Technology

m Till now we look at planar and straight-line drawings of trees and
SP-graphs

® Today we are going to continue in this direction...

a Why straight-line, and Why planar?

m Bennett, Ryall, Spalteholz and Gooch, 2007 at Computational
Aesthetics in Graphics, Visualization, and Imaging

3.2. Edge Placement Heuristics

By far the most agreed-upon edge placement heuristic
is o minimize the number of edpe crossings In a graph
[BMEW9E, Harts, DH96, Pur(2, TRO5, TBBEE]. The impor-
tance of aveiding edpe crossings has also been exiensively
validated in terms of wser preference and performance (see
Section 4). Similarly, based on percepiual principles, it is
beneficial W minimize the number of edpe bernds within a
graph [Purl2, TRO3, TBBEE]. Edee bends make edges more
difficult to follow because an edge with a sharp bend is more
likely to be perceived as two separale objects. This leads (o
the heuristic of keeping edee bends uniform with respect (o
the bend’s position on the edge and its angle [TROZ]. If an
edge must be bent to satisfy other aesthetic criteria, the an-
ole of the bend should be as litile as possible, and the hend
placement should evenly divide the edge.
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a Why straight-line, and Why planar?

m Bennett, Ryall, Spalteholz and Gooch, 2007 at Computational
Aesthetics in Graphics, Visualization, and Imaging

3.2. Edge Placement Heuristics

By far the most agreed-upon edge placement heuristic
is o minimize the number of edpe crossings In a graph
[BMRW9S, Har98, DHY6, Pur(2, TROS5, TBBSE]. The impor-
tance of aveiding edpge crossings has also been exiensively
validated in terms of user preference and performance (see
Section 4). Similarly, based on percepiual principles, it is
beneficial o miniviize the numiber of edre berds within a
graph [Pur(2, TROS5, TBBEE]. Edge bends make edges more

difficult to follow because an edge with a sharp bend is more

likely 1o be perceived as two separate objects. This leads to
the heuristic of keeping edee bends uniform with respect (o

the bend’s position on the edge and its angle [TROZ]. If an
edge must be bent to satisfy other aesthetic criteria, the an-
ole of the bend should be as litile as possible, and the hend
placement should evenly divide the edge.
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History QAT
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m Straight line drawing of a planar graph

2 2

Theorem [Wagner ’36, Fary '48, Stein '51]

Every planar graph has a planar straight-line drawing.
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History QAT
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m Straight line drawing of a planar graph

2 2

Theorem [Wagner ’36, Fary '48, Stein '51]

Every planar graph has a planar straight-line drawing.

@ These algorithms produce drawings with area not bounded by any poly-
nomial on n.
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Next QAT
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This lecture:

Theorem [De Fraysseix, Pach, Pollack "90]

Every n-vertex planar graph has a planar straight-line drawing of a size
(2n —4) x (n — 2).

Next lecture:
Theorem [Schnyder '90]

Every n-vertex planar graph has a planar straight-line drawing of a size
(n—2) x (n—2).
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Canonical Ordering AT
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Definition: Canonical Ordering

Let G = (V, F) be a triangulated planar embedded graph of n > 3 ver-
tices. An ordering m = (v1, v2,...,vy) IS called a canonical ordering, if
the following conditions hold for each &k, 3 < k < n.

@ (C1) Vertices {v1,...vr} induce a 2-connected internally triangu-
lated graph, call it G
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the following conditions hold for each &k, 3 < k < n.
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Definition: Canonical Ordering

Let G = (V, F) be a triangulated planar embedded graph of n > 3 ver-
tices. An ordering m = (v1, v2,...,vy) IS called a canonical ordering, if
the following conditions hold for each &k, 3 < k < n.

@ (C1) Vertices {v1,...vr} induce a 2-connected internally triangu-
lated graph, call it G

® (C2) Edge (v1, v2) belongs to the outer face of Gy,

® (C3) If £ < n then vertex v 1 lies in the outer face of G, and all
neighbors of vi1 In G appear on the boundary of Gx consecu-
tively.
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Canonical Ordering Existence AT

Every triangulated plane graph has a canonical ordering.

B Let G, = G, and let v1, v2, v, be the vertices of the outer face of GG,,. Conditions
C1-C3 hold.
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Canonical Ordering Existence AT

Every triangulated plane graph has a canonical ordering.

B Let G, = G, and let v1, v2, v, be the vertices of the outer face of GG,,. Conditions
C1-C3 hold.

® Induction hypothesis: vertices v,,_1,...,vr11 have been chosen such that condi-
tions C1-C3 hold for k + 1 <7 < n.
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Canonical Ordering Existence AT

Lemma

Every triangulated plane graph has a canonical ordering.

B Let G, = G, and let v1, v2, v, be the vertices of the outer face of GG,,. Conditions
C1-C3 hold.

® Induction hypothesis: vertices v,,_1,...,vr11 have been chosen such that condi-
tions C1-C3 hold for k + 1 <7 < n.

® Consider G. We search for vy,.

Vk
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Lemma

Every triangulated plane graph has a canonical ordering.

B Let G, = G, and let v1, v2, v, be the vertices of the outer face of GG,,. Conditions
C1-C3 hold.

® Induction hypothesis: vertices v,,_1,...,vr11 have been chosen such that condi-
tions C1-C3 hold for k + 1 <7 < n.

® Consider G. We search for vy,.

Uk v, should not be adjacent to

a chord
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Lemma

Every triangulated plane graph has a canonical ordering.

B Let G, = G, and let v1, v2, v, be the vertices of the outer face of GG,,. Conditions
C1-C3 hold.

® Induction hypothesis: vertices v,,_1,...,vr11 have been chosen such that condi-
tions C1-C3 hold for k + 1 <7 < n.

® Consider G. We search for vy,.

(% .
& vy, should not be adjacent to
a chord
s it sufficient?
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Canonical Ordering Existence AT
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Statement If v, is not adjacent to a chord then removal of v, leaves the graph bicon-
nected.

Vg
G
U1 U2
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Canonical Ordering Existence AT

Statement If v, is not adjacent to a chord then removal of v, leaves the graph bicon-
nected.

Contradiction to the fact that the

Uk edges are consecutive!
G
U1 U2
Aldort R 4l A , ,
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Canonical Ordering Existence A
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® Why a vertex not adjacent to a chord exists?
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® Why a vertex not adjacent to a chord exists?

T
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Computing Canonical Ordering AN {]]
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Algorithm CO

forall the v € V do
| chords(v) < 0; out(v) < false; mark(v) + false;

out(vq), out(v,), out(v,,) < true;
fork =nto3do
choose v # vy, v, such that mark(v) = false, out(v) = true,

chords(v) = 0;
v < v; mark(v) < true;

out(w;) « true for all p < 7 < g¢;
update number of chords for w; and its neighbors;

Algorithmen zur Visualisierung von Graphen

% Institut flir Theoretische Informatik
| 4|

Marcus Krug s Lehrstuhl Algorithmik |
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Algorithm CO

forall the v € V do
| chords(v) < 0; out(v) < false; mark(v) < false;
out(vq), out(v,), out(v,,) < true;

fork =nto3do
choose v # vy, v, such that mark(v) = false, out(v) = true,

chords(v) = 0;
v < v; mark(v) < true;

out(w;) « true for all p < 7 < g¢;
update number of chords for w; and its neighbors;

® chord(v) - number of chords adjacent to v
® mark(v) = true iff vertex v was numbered
® out(v)=true iff v is the outer vertex of current plane graph

Algorithmen zur Visualisierung von Graphen iﬁl Institut flir Theoretische Informatik
Marcus Krug wwv Lehrstuhl Algorithmik |
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Algorithm CO

forall the v € V do
| chords(v) < 0; out(v) < false; mark(v) «+ false;
out(vq), out(v,), out(v,,) < true;
fork =nto3do
choose v # vy, v, such that mark(v) = false, out(v) = true,
chords(v) = 0;
v < v; mark(v) < true;

out(w;) « true for all p < 7 < g¢;
update number of chords for w; and its neighbors;

Algorithm CO computes a canonical ordering of a graph in O(n) time.
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De Fraysseix Pach Pollack (Shift) Algorithm T
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De Fraysseix Pach Pollack (Shift) Algorithm T
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Algorithm constraints: Gj._1 is drawn such that
@ v;ison (0,0), vpison (2k — 6,0)

\ @ Boundary of Gi_; (minus edge (v1,v2)) is
Y drawn z-monotone

"o B Each edge of the boundary of Gj_; (minus
- edge (v1,v2)) is drawn with slopes +1

(] U2
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De Fraysseix Pach Pollack (Shift) Algorithm T
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o Algorithm constraints: Gj._1 is drawn such that
. B v ison (0,0), vy is on (2k — 6,0)

Pa ® Boundary of G_; (minus edge (v1,v2)) is
Y drawn z-monotone

\“. @ Each edge of the boundary of Gj._1 (minus
- edge (v1,v2)) is drawn with slopes +1
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De Fraysseix Pach Pollack (Shift) Algorithm T

Karlsruhe Institute of Technology

o Algorithm constraints: Gj._1 is drawn such that
. B v ison (0,0), vy is on (2k — 6,0)

Pa ® Boundary of G_; (minus edge (v1,v2)) is
Y drawn z-monotone

\“. @ Each edge of the boundary of Gj._1 (minus
- edge (v1,v2)) is drawn with slopes +1

Overlaps!
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De Fraysseix Pach Pollack (Shift) Algorithm T

Karlsruhe Institute of Technology

o Algorithm constraints: Gj._1 is drawn such that
. B v ison (0,0), vy is on (2k — 6,0)

Pa ® Boundary of G_; (minus edge (v1,v2)) is
Y drawn z-monotone

\“. @ Each edge of the boundary of Gj._1 (minus
- edge (v1,v2)) is drawn with slopes +1

Overlaps! What could be the solution?
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De Fraysseix Pach Pollack (Shift) Algorithm T

Algorithm constraints: Gj._1 is drawn such that

- ® o is on (0,0), vy is on (2k — 6, 0)
,," \ @ Boundary of Gi_1 (minus edge (vi,v2)) is
Y drawn z-monotone

"o B Each edge of the boundary of Gj_; (minus
- edge (v1,v2)) is drawn with slopes +1

v2
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Algorithm constraints: Gj._1 is drawn such that
@ v;ison (0,0), vpison (2k — 6,0)

\ @ Boundary of Gi_; (minus edge (v1,v2)) is
Y drawn z-monotone

"o B Each edge of the boundary of Gj_; (minus
- edge (v1,v2)) is drawn with slopes +1

(] U2
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Algorithm constraints: Gj._1 is drawn such that
@ v;ison (0,0), vpison (2k — 6,0)

\ @ Boundary of Gi_; (minus edge (v1,v2)) is
Y drawn z-monotone

"o B Each edge of the boundary of Gj_; (minus
- edge (v1,v2)) is drawn with slopes +1

v2
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De Fraysseix Pach Pollack (Shift) Algorithm T
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® Each internal vertex is cov-
ered exactly once

m Coverence relation defines a
tree in G

m ButaforestinG;,1 <i<n-1
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® Each internal vertex is cov-
ered exactly once

m Coverence relation defines a
tree in G

m ButaforestinG;,1 <i<n-1

Lemma

Let0 < 1 < 9 <--- <4 € N. If we shift L(w;) by §; to the right, we get
a planar straight line drawing.
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Let0 < 61 < <--- <4 € N. If we shift L(w;) by é; to the right, we get
a planar straight line drawing.
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Let0 < 61 < <--- <4 € N. If we shift L(w;) by é; to the right, we get
a planar straight line drawing.

Proof
®m The proof is by induction on i, i.e. we consider GG, ..., G,.

)
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Let0 < 61 < <--- <4 € N. If we shift L(w;) by é; to the right, we get
a planar straight line drawing.

Proof
®m The proof is by induction on i, i.e. we consider GG, ..., G,.
® Assume that this is true for G_1.

)
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Let0 < 61 < <--- <4 € N. If we shift L(w;) by é; to the right, we get
a planar straight line drawing.

Proof

®m The proof is by induction on i, i.e. we consider GG, ..., G,.
® Assume that this is true for G _;.

@ Letwi,...,wy, v, wy,...,w, be the boundary of Gy.

)
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Let0 < 61 < <--- <4 € N. If we shift L(w;) by é; to the right, we get
a planar straight line drawing.

Proof

®m The proof is by induction on i, i.e. we consider GG, ..., G,.
® Assume that this is true for G _;.

@ Letwi,...,wy, v, wy,...,w, be the boundary of Gy.

mletd; < <4, <6<, <+ <4y

)
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Lemma

Let0 < 61 < <--- <4 € N. If we shift L(w;) by é; to the right, we get
a planar straight line drawing.

Proof

®m The proof is by induction on i, i.e. we consider GG, ..., G,.
® Assume that this is true for G _;.

@ Letwi,...,wy, v, wy,...,w, be the boundary of Gy.

mlety <<, <6<, < <6y

m Wesets, =9, forl <i<p,
mé=0+1forp+1<i<q—1(forthe neighbors of vy)

mo =9;+2forqg<i<t.
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Lemma

Let0 < 61 < <--- <4 € N. If we shift L(w;) by é; to the right, we get
a planar straight line drawing.

Proof

®m The proof is by induction on i, i.e. we consider GG, ..., G,.

® Assume that this is true for G _;.

@ Letwi,...,wy, v, wy,...,w, be the boundary of Gy.

mlety <<, <6<, < <6y

m Wesets, =9, forl <i<p,

mé=0+1forp+1<i<q—1(forthe neighbors of vy)

mo =9;+2forqg<i<t.

® By induction hypothesis we can move w; ..., w; by ¢} ...4d;, respec-
tively.
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Lemma

Let0 < 61 < <--- <4 € N. If we shift L(w;) by é; to the right, we get
a planar straight line drawing.

Proof

®m The proof is by induction on i, i.e. we consider GG, ..., G,.

® Assume that this is true for G _;.

@ Letwi,...,wy, v, wy,...,w, be the boundary of Gy.

mlety <<, <6<, < <6y

m Wesets, =9, forl <i<p,

mé=0+1forp+1<i<q—1(forthe neighbors of vy)

mo =9;+2forqg<i<t.

® By induction hypothesis we can move w; ..., w; by ¢} ...4d;, respec-
tively.

® We can complete the drawing by placing v., vy is moved with
L(wpy1), ..., L(wy—1) by 4.
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Algorithm Shift

for: =1ton do
P(v1) < (0,0); P(v2) < (2,0); P(v3) «+ (1,1);
for: =4tondo

for Vv € UIZ | L(w;) do

- z(v) < w(v) +1;

for vv € U'_ L(w;) do

- z(v)  z(v) +2;

P(v;) < intersection of 41 and —1 edges from P(w,) and P(w,) ;

L(v;) = UIZ) | L(w;) U{v;} ;
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B z(vr) = 3(2(wq) + z(wp) + y(wq) — y(wp)) (1)
B y(ve) = 3(@(wqg) — (wp) + y(we) + y(wp)) (2)
B z(vi) — @(wp) = 3(x(wg) — x(wp) + y(wq) — y(wy)) (3)
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@ If we know the y-coordinates of w, and w, and the difference
x(wy) — x(wy), we can compute the relative distance of v, and w,,.

® Inthe binary tree which we construct we keep the relative z-distance
of each node from its parent.
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@ If we know the y-coordinates of w, and w, and the difference
x(wy) — x(wy), we can compute the relative distance of v, and w,,.

® Inthe binary tree which we construct we keep the relative z-distance
of each node from its parent.

Algorithmen zur Visualisierung von Graphen iﬁl Institut fiir Theoretische Informatik
Marcus Krug wwv Lehrstuhl Algorithmik |



Linear Time Implementation of Shift Algorith¢IT

cccccccccccccccccccccccccccc

@ If we know the y-coordinates of w, and w, and the difference
x(wy) — x(wy), we can compute the relative distance of v, and w,,.

® Inthe binary tree which we construct we keep the relative z-distance
of each node from its parent.

B Ay (wp, wg) = Bo(wpt1) + -+ + Bo(wg)
® Calculate A, (vr) by eq. (3)
@ Calculate y(vx) by eq. (2)

Vg
Wp+1 Wq—
w3
~ °
w2
a ]
root e U2 = Wt
V1 =— W1
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@ If we know the y-coordinates of w, and w, and the difference
x(wy) — x(wy), we can compute the relative distance of v, and w,,.

® Inthe binary tree which we construct we keep the relative z-distance
of each node from its parent.

B Ay (wp, wg) = Bo(wpt1) + -+ + Bo(wg)
® Calculate A, (vr) by eq. (3)
@ Calculate y(vx) by eq. (2)
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@ If we know the y-coordinates of w, and w, and the difference
x(wy) — x(wy), we can compute the relative distance of v, and w,,.

® Inthe binary tree which we construct we keep the relative z-distance
of each node from its parent.

B Ay (wp, wg) = Bo(wpt1) + -+ + Bo(wg)
® Calculate A, (vr) by eq. (3)
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@ If we know the y-coordinates of w, and w, and the difference
x(wy) — x(wy), we can compute the relative distance of v, and w,,.

® Inthe binary tree which we construct we keep the relative z-distance
of each node from its parent.

B Ay (wp, wg) = Bo(wpt1) + -+ + Bo(wg)
® Calculate A, (vr) by eq. (3)

® Calculate y(vi) by eq. (2) B Ay (wg) = Ag(wp, wg) — Ag(vg)

Vi B Ay(wpr1) = Az(wpt1) — Ag(vg)
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