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Tree traversals Root of the tree
Depth-first search . I'(v)
® Pre-order (First parent, then subtrees)
® In-order (Left child, parent, right child)
W Post-order (First subtrees, then parent)
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m Tree, Binary Tree

Tree traversals Root of the tree
Depth-first search . T'(v)
® Pre-order (First parent, then subtrees)
® In-order (Left child, parent, right child)
W Post-order (First subtrees, then parent)
right
Breadth-first search subtree
. . T (v)
@ Assignes vertices to layers
left
Simply and Axially isomorpthic trees subtree
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Drawing of a Tree A\
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Given: A rooted binary tree
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Given: A rooted binary tree
Question: How would we draw it?
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Drawing of a Tree A\

f Technology

Given: A rooted binary tree

Question: How would we draw it?
How would look like an algorithms that draws it?

How to draw a tree

m Draw vertices as circles

® Assign to the vertices x and vy-
coordinates

m Connect them by straight-line segments
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A Nice Drawing of a Tree AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Input (rooted binary tree) Output
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Input (rooted binary tree) Output

m Are we happy with such a drawing?
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m Are we happy with such a drawing? Probably not...
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® We need rules which capture the notion of an admissible drawing of
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Output

Possible drawing conventions for a binary tree:

m Similar trees are drawn similarly

m \ertices are plased on layers
(layered drawing)

m Are we happy with such a drawing? Probably not...

® We need rules which capture the notion of an admissible drawing of
a binary tree... (Drawing conventions)
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A Nice Drawing of a Tree AT
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Output

Possible drawing conventions for a binary tree:

m Similar trees are drawn similarly

m \ertices are plased on layers
(layered drawing)
m A parent is centered with
respect to its children

m Are we happy with such a drawing? Probably not...

® We need rules which capture the notion of an admissible drawing of
a binary tree... (Drawing conventions)
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Algorithm Outline:
Input: A binary tree
Output: A layered drawing of T

Base case: A single vertex

Divide: Recursively apply the algorithm to draw the left and the
right subtrees of T

Conquer:
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Algorithm Outline:
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Algorithm Outline:
Input: A binary tree
Output: A layered drawing of T

Base case: A single vertex

Divide: Recursively apply the algorithm to draw the left and the
right subtrees of T

Conquer:
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Reingold & Tilford AT

Karlsruhe Institute of Technology

Implementation Details (postorder and preorder traversals)

Postorder traversal: For each vertex v compute horizontal displace-
ment of the left and the right child
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Implementation Details (postorder and preorder traversals)
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® Assume at each vertex u (below v) we have stored the left and the right
boundary of the subtree T'(u)
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Implementation Details (postorder and preorder traversals)
Postorder traversal: For each vertex v compute horizontal displace-
ment of the left and the right child

® Assume at each vertex u (below v) we have stored the left and the right
boundary of the subtree T'(u)

@ “Summ up” the horizontal displacements of the right boundary of 7;(v)
and the left boundary of T’-(v) to obtain the displ. of the children of v

Ti(v) -2 @2  Tn(v)

-
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1
\
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Implementation Details (postorder and preorder traversals)
Postorder traversal: For each vertex v compute horizontal displace-
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boundary of the subtree T'(u)
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® Assume at each vertex u (below v) we have stored the left and the right
boundary of the subtree T'(u)
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Implementation Details (postorder and preorder traversals)
Postorder traversal: For each vertex v compute horizontal displace-
ment of the left and the right child

® Assume at each vertex u (below v) we have stored the left and the right
boundary of the subtree T'(u)

@ “Summ up” the horizontal displacements of the right boundary of 7;(v)
and the left boundary of T’-(v) to obtain the displ. of the children of v

@ Store at v the left and the right boundaries of T'(v)
Ti(v) T, (v)
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Implementation Details (postorder and preorder traversals)

Postorder traversal: For each vertex v compute horizontal displace-
ment of the left and the right child

Preorder traversal: Compute x- and y-coordinates.
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Time Complexity
Postorder traversal: For each vertex v compute horizontal displace-
ment of the left and the right child

® Assume at each vertex u (below v) we have stored the left and the right
boundary of the subtree 7T'(u)

@ Summ up the horizontal displacements of the right boundary of 7;(v) and
the left boundary of 77 (v)

W Store at v the left and the right boundaries of T'(v)
Preorder traversal: Compute x- and y-coordinates.

K
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ment of the left and the right child

® Assume at each vertex u (below v) we have stored the left and the right
boundary of the subtree 7T'(u)

@ Summ up the horizontal displacements of the right boundary of 7;(v) and
the left boundary of 77 (v)

W Store at v the left and the right boundaries of T'(v)
Preorder traversal: Compute x- and y-coordinates.

B To compute the displacement: constant number of operations at each'vertex
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Postorder traversal: For each vertex v compute horizontal displace-
ment of the left and the right child

® Assume at each vertex u (below v) we have stored the left and the right O
boundary of the subtree T'(u) (n)

@ Summ up the horizontal displacements of the right boundary of 7;(v) and
the left boundary of 77 (v)

W Store at v the left and the right boundaries of T'(v)
Preorder traversal: Compute x- and y-coordinates.

B To compute the displacement: constant number of operations at each'vertex
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Reingold & Tilford IT

oooooooooooooooooooooooooooo

Time Complexity
Postorder traversal: For each vertex v compute horizontal displace-
ment of the left and the right child

® Assume at each vertex u (below v) we have stored the left and the right O
boundary of the subtree T'(u) (n)

@ Summ up the horizontal displacements of the right boundary of 7;(v) and
the left boundary of 77 (v)

W Store at v the left and the right boundaries of T'(v)
Preorder traversal: Compute x- and y-coordinates.

B To compute the displacement: constant number of operations at each'vertex
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Reingold & Tilford KIT

Karlsruhe Institute of Technology

Time Complexity
Postorder traversal: For each vertex v compute horizontal displace-
ment of the left and the right child

® Assume at each vertex u (below v) we have stored the left and the right O
boundary of the subtree T'(u) (n)

@ Summ up the horizontal displacements of the right boundary of 7;(v) and
the left boundary of 77 (v)

W Store at v the left and the right boundaries of T'(v)
Preorder traversal: Compute x- and y-coordinates. O(n)

B To compute the displacement: constant number of operations at each'vertex
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Reingold & Tilford KIT

eeeeeeeeeeeeeeeeeeeeeeeeeeeee

Theorem (Reingold & Tilford)

Let T be a binary tree with n vertices. Algorithm (R & T) constructs a
drawing I of T in O(n) time, such that:

® [ is planar and straight-line

B Vv € T y-coordinate of v is —depth(v)

® Vertical and horizontal distance is at least 1
® Areaoflis
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Reingold & Tilford KIT
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Theorem (Reingold & Tilford)

Let T be a binary tree with n vertices. Algorithm (R & T) constructs a
drawing I of T in O(n) time, such that:

® [ is planar and straight-line

B Vv € T y-coordinate of v is —depth(v)

® Vertical and horizontal distance is at least 1
® Area of I'is O(n?)
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Reingold & Tilford KIT

eeeeeeeeeeeeeeeeeeeeeeeeeeeee

Theorem (Reingold & Tilford)

Let T be a binary tree with n vertices. Algorithm (R & T) constructs a
drawing I of T in O(n) time, such that:

® [ is planar and straight-line

B Vv € T y-coordinate of v is —depth(v)

® Vertical and horizontal distance is at least 1

® Area of I'is O(n?)

® Each vertex is centered with respect to its children
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Reingold & Tilford AKIAT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Theorem (Reingold & Tilford)

Let T be a binary tree with n vertices. Algorithm (R & T) constructs a
drawing I of T in O(n) time, such that:

® [ is planar and straight-line

Vv € T y-coordinate of v is —depth(v)
Vertical and horizontal distance is at least 1
Area of I is O(n?)

Each vertex is centered with respect to its children

Simply isomorphic subtrees have congruent (coincident) drawing,
up to translation

Axially isomorphic trees have congruent drawing, up to translation
and reflection around y-axis
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Reingold & Tilford AKIAT

cccccccccccccccccccccccccccc

m The algorithm of Reingold & Tilford tries to minimize width
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Reingold & Tilford AKIAT

cccccccccccccccccccccccccccc

m The algorithm of Reingold & Tilford tries to minimize width

15

13
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Reingold & Tilford AKIAT

cccccccccccccccccccccccccccc

m The algorithm of Reingold & Tilford tries to minimize width
@ Drawn not optimally wrp to width

15

13
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Reingold & Tilford AKIAT

cccccccccccccccccccccccccccc

m The algorithm of Reingold & Tilford tries to minimize width
@ Drawn not optimally wrp to width

® Divide-and-conquer
strategy cannot
achieve optimal width

15

13
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Reingold & Tilford AKIAT

oooooooooooooooooooooooooooo

m The algorithm of Reingold & Tilford tries to minimize width
@ Drawn not optimally wrp to width

® Divide-and-conquer
strategy cannot
achieve optimal width

15

® Drawing with min width and
properties of our algorithm can be
constructed by an LP
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Reingold & Tilford AKIAT

oooooooooooooooooooooooooooo

m The algorithm of Reingold & Tilford tries to minimize width
@ Drawn not optimally wrp to width

® Divide-and-conquer
strategy cannot
achieve optimal width

15
® Drawing with min width and
properties of our algorithm can be
constructed by an LP
m If integer coordinates are
required, then it is NP-hard

13
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Reingold & Tilford. General trees. AN{]]

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Algorithm Outline:
Input: A rooted tree
Output: A layered drawing of T

Base case: A single vertex

Divide: Assume that T" has subtrees 11, ...7,,. Draw each T; re-
cursively.
Conquer:
17 15
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Reingold & Tilford. General trees. AN{]]

cccccccccccccccccccccccccccc

Algorithm Outline:
Input: A rooted tree
Output: A layered drawing of T

Base case: A single vertex

Divide: Assume that T" has subtrees 11, ...7,,. Draw each T; re-
cursively.

Conquer: wm Fori = 1,...,m place the drawing of T; to the right of the

drawing of T;_; and at horizontal distance at least 2 from
it.
m Position the root half-way between the roots of 177 and T7,.

17 T5
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What's next? AN{

Karlsruhe Institute of Technology

HV-Layout

o
o I
Radial Layout Baloon Layout
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HV-Layout

Cons cell diagram in LISP

http://gajon.org/

Algorithmen zur Visualisierung von Graphen

Tamara Mchedlidze

1 3 !
5 10 11
4 !
g 12
2 G 7 g/

AKIT
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HV-Layout A{]]

Idea for binary trees:

m Children are vertically and horizontally aligned with the root
@ The bounding boxes of the children do not intersect

Induction base: &

Induction step: combine layouts

¢ ® *—o

®
: : : ®

horizontal combination
(Area: 3 x 7)
vertical combination
(Area: 6 x 4)
ithmen zur Visualisierung von Graphen 4N Institut fiir Theoretische Informatik
::r]narZMchedlid\ie | i o !Es LehrstuthAIgorithmikI f



HV-Layout A{]]

Idea for binary trees:

m Children are vertically and horizontally aligned with the root
@ The bounding boxes of the children do not intersect

Induction base: &

Induction step: combine layouts

¢ ® *—o
®
: ; : ¢
horizontal combination
(Area: 3 x 7)
Compute minimum area using Dynamic vertical combination
Programming (Area: 6 x 4)
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Right-Heavy HV-Layout AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Right-Heavy approach:

®m At every induction step apply horizontal combination
®m Place the larger subtree to the right
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Right-Heavy HV-Layout AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Right-Heavy approach:

®m At every induction step apply horizontal combination
®m Place the larger subtree to the right

Lemma

Let 7" be a binary tree. The hight of the drawing constructed by Right-Heavy
approach is at most logn.
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Right-Heavy HV-Layout AT
Right-Heavy approach:

®m At every induction step apply horizontal combination
®m Place the larger subtree to the right

Let 7" be a binary tree. The hight of the drawing constructed by Right-Heavy
approach is at most logn.

@ root
g Tvy
Proof: U@ ®
m Each vertical edge has length 1 ue
® Let w be the lowest node in the drawing "
®m Let P be a path from w to the root of T° 5 s
m For every edge (u,v) in P: [T(v)| > 2|T(u)| | T(u)
m = P contains at most logn edges I
N
W
Mooritmen s Voo e -‘-.-.- ; :n;tit-ut- fi]-r '-I'h;o-re:is-ch-e :nf-or-m;ti-k ------
Tagr]nara Mchedlidze H.:E Lehrstuhl Algorithmik |
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Right-Heavy HV-Layout AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Let I be a binary tree with n vertices. The Right-Heavy algorithm constructs
in O(n) time a drawing I of T" such that:
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Right-Heavy HV-Layout AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Let I be a binary tree with n vertices. The Right-Heavy algorithm constructs
in O(n) time a drawing I of T" such that:

m [ is HV-drawing (planar, orthogonal)
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Right-Heavy HV-Layout AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Let I be a binary tree with n vertices. The Right-Heavy algorithm constructs
in O(n) time a drawing I of T" such that:

m [ is HV-drawing (planar, orthogonal)
® The width of I is at most
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Right-Heavy HV-Layout AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Let I be a binary tree with n vertices. The Right-Heavy algorithm constructs
in O(n) time a drawing I of T" such that:

m [ is HV-drawing (planar, orthogonal)
@ The width of I is at most n-1
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Right-Heavy HV-Layout AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Let I be a binary tree with n vertices. The Right-Heavy algorithm constructs
in O(n) time a drawing I of T" such that:

m [ is HV-drawing (planar, orthogonal)
@ The width of I is at most n-1

®m The height is at most logn
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Right-Heavy HV-Layout AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Let I be a binary tree with n vertices. The Right-Heavy algorithm constructs
in O(n) time a drawing I of T" such that:

m [ is HV-drawing (planar, orthogonal)
@ The width of I is at most n-1

®m The height is at most logn
®m The areais O(nlogn)
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Right-Heavy HV-Layout AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Let I be a binary tree with n vertices. The Right-Heavy algorithm constructs
in O(n) time a drawing I of T" such that:

m [ is HV-drawing (planar, orthogonal)
@ The width of I is at most n-1

®m The height is at most logn
®m The areais O(nlogn)
m Simply and axially isomorphic subtrees have congruent drawings, up to
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Right-Heavy HV-Layout AT

eeeeeeeeeeeeeeeeeeeeeeeeeeeeee

Let I be a binary tree with n vertices. The Right-Heavy algorithm constructs
in O(n) time a drawing I of T" such that:

m [ is HV-drawing (planar, orthogonal)
@ The width of I is at most n-1

®m The height is at most logn
®m The areais O(nlogn)

m Simply and axially isomorphic subtrees have congruent drawings, up to
translation

General rooted tree:

largest
subtree
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Radial Layout AT

Karlsruhe Institute of Technology

£& Classification Browser 18| x|
1
Original Root 3

Lewvel:
n —15

Pz didea

Pamsedab®  TEqguigae : horses : Family
- Hl.lhﬂmh-' i

[¥] Animation

Search Field:

common_name ¥

Search Text:

|h0rse |

Search

Reset

Modesdlatin Mame)
Equidae -
Equus

Radial Tree Viewer: www.indiana.edu
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Radial Layout A[{

Karlsruhe Institute of Technology

Example: = )

E(u) U

’ u
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Radial Layout A[{

Karlsruhe Institute of Technology

Example: = )

E(u) U

’ u

1 o
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Radial Layout A[{

Karlsruhe Institute of Technology

Example: ar, = 1Y

E(u) U

’ u

(]
1 @
(]
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Radial Layout A[{

Karlsruhe Institute of Technology

Example: = )

E(u) U

’ u

Algorithmen zur Visualisierung von Graphen iﬁl Institut fiir Theoretische Informatik
Tamara Mchedlidze Lehrstuhl Algorithmik |
. ww 9



Radial Layout A[{

Karlsruhe Institute of Technology

Example: ar, = 1Y

E(u) U

’ u
4
1 ! 9 . l
1
| 10 8
\
\
~ - 4
B 0
Q@
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Radial Layout A[{

Karlsruhe Institute of Technology

Example: ar, = 1Y

E(u) U

’ u
4
1 ! 9 . l
1
| 10 8
\
\
~ - 4
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Radial Layout A[{

Example: ar, = 1Y

E(u) U

R 9 .71
; ! 10 8 6 9 1
{ 10 8
\\ .
~ ,’
1
10
@
Algorithmen zur Visualisierung von Graphen iﬁl Institut fiir Theoretische Informatik
Tamara Mchedlidze wwv Lehrstuhl Algorithmik |



Radial Layout A[{

Karlsruhe Institute of Technology

Example: ar, = 1Y

E(u) U

|
(oo] N
o))
O
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Radial Layout AT

Karlsruhe Institute of Technology

How to avoid crossings:
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Radial Layout AT

Karlsruhe Institute of Technology

How to avoid crossings:

Algorithmen zur Visualisierung von Graphen EEE Institut fiir Theoretische Informatik
Tamara Mchedlidze Lehrstuhl Algorithmik |
ww 9



Radial Layout AT

Karlsruhe Institute of Technology

How to avoid crossings:

Algorithmen zur Visualisierung von Graphen EEE Institut fiir Theoretische Informatik
Tamara Mchedlidze Lehrstuhl Algorithmik |
ww 9



Radial Layout AT

Karlsruhe Institute of Technology

How to avoid crossings:
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Radial Layout AT

Karlsruhe Institute of Technology

How to avoid crossings:
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Radial Layout AN{]]

®m 7, - angle of the wedge
corresponding to vertex u

How to avoid crossings:

® p, - raduis of layer ;

® /(v)-number of nodes in
the subtree rooted at v

W cos Tu = L
- 2 Pi+1

1
]
1
]
1

1

1

1

'
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Radial Layout AN{]]

®m 7, - angle of the wedge
corresponding to vertex u

How to avoid crossings:

® p, - raduis of layer ;

® /(v)-number of nodes in
the subtree rooted at v

W cos Tu = L
- 2 Pi+1

1
1
1
1
1

1

1

1

1
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Radial Layout

How to avoid crossings:

Algorithmen zur Visualisierung von Graphen

Tamara Mchedlidze

IT

Karlsruhe Institute of Technology

®m 7, - angle of the wedge
corresponding to vertex u

® p, - raduis of layer ;

® /(v)-number of nodes in
the subtree rooted at v

iﬁl Institut flir Theoretische Informatik
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Radial Layout AT

Karlsruhe Institute of Technology

How to avoid crossings: ®m 7, - angle of the wedge
corresponding to vertex u

® p, - raduis of layer ;

® /(v)-number of nodes in
the subtree rooted at v

® 7, = 2arccos % (correction)

1+1

? _ _p)

14
w7, = E(qf)qleu
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Radial Layout AN{]]

®m 7, - angle of the wedge
corresponding to vertex u

How to avoid crossings:

® p, - raduis of layer ;

® /(v)-number of nodes in
the subtree rooted at v

® 7, = 2arccos % (correction)

1+1

¢
E(u(le Tu

¢
07 = E(zf)qll

II. Tp

Ty

@ Alternatively use number of leaves in
L the subtree to subdivide the angles
""""" [book Di Battista et al.]
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Baloon Layout AT

Karlsruhe Institute of Technology

NEVRON-Visualize your success: WWwW.nevron.com

IBM L%OG JViews Diagrammer: www.ibm.com
o

L7 3

o e it Vel *?ﬂj
o\ £RE K
o 2 d

b\ éJ_I s ff"
e /\ o #
o - o =
a8
) fJ’J\JJ_{ﬁJ-ﬂ\J JE’:JJ&J J:I_IJ:IK:I'JJ
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Baloon Layout AT

Karlsruhe Institute of Technolog

A baloon drawing has the following properties:
® All the children of the same parent lie on circle centered at their parent

® The drawing is planar
@ The further an edge from the root is, the shorter it becomes

P E “F F C
All subtrees at the  Subtrees may have Subtrees may have
same depth have the  different size, the tree  different size, the tree

same size. is ordered. is unordered. Drawn
by Lin& Yen Algo-
rithm.
Algori o 4l e . .
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Baloon Layout AT

Karlsruhe Institute of Technolog

A baloon drawing has the following properties:
® All the children of the same parent lie on circle centered at their parent

® The drawing is planar
@ The further an edge from the root is, the shorter it becomes

Induction base: @

_ . Induction step: ’ A A A
2 L Pogan e Ve it 12 13

A
C C T 4 -
W D _.
T “ Ty
Gp - e ,
D F I s = » H= | g ; G
P E “F F ‘e Ty
All subtrees at the  Subtrees may have Subtrees may have
same depth have the  different size, the tree  different size, the tree
same size. is ordered. is unordered. Drawn
by Lin& Yen Algo- \)
rithm. U T
T2 3
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Karlsruhe Institute of Tec

Baloon Layout AT

Aesthetics:

largest angle
smallest angle

B Aspect ratio =

® Angular resolution =
min{angle between two adjacent edges}

Question: Can we find a baloon drawing with max
angular resolution and min aspect ratio in an un-
ordered tree? (Algorithm by Lin & Yen)
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Karlsruhe Institute of Tec

Baloon Layout AT

Aesthetics:

largest angle
smallest angle

B Aspect ratio =

® Angular resolution =
min{angle between two adjacent edges}

Question: Can we find a baloon drawing with max
angular resolution and min aspect ratio in an un-
ordered tree? (Algorithm by Lin & Yen)

- =~

® We investigate drawing with even angles
(drawing with uneven angles might have a
better area)
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Baloon Layout A\[{

Karlsruhe Institute of Technology

Aesthetics:

largest angle
smallest angle

B Aspect ratio =

® Angular resolution =
min{angle between two adjacent edges}

Question: Can we find a baloon drawing with max
angular resolution and min aspect ratio in an un-
ordered tree? (Algorithm by Lin & Yen)

- =~

® We investigate drawing with even angles
(drawing with uneven angles might have a
better area)

® An arrangement of the subtree at a level can
be describeed by a permutation
o=1{1,4,2,3}

@ 0, - angle of the wedge containing the circle r;
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05, t00,

- 2

+1 - angle between two edges
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Oy. +0,.
W ———* -angle between two edges
_ 0,. 410,
@ AngResl, = minj<;<,{——51}
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Baloon Layout. Algorithm by Lin & Yen. QAT

m =74l - angle between two edges

_ 0, +6,.
B AngResly = minj<j<n{ — QGZH}

@ Permute the circles (o) so that the AngleResls 1S

minimied.
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Baloon Layout. Algorithm by Lin & Yen. QAT

Karlsruhe Institute of Technology

0, .40

W — L - angle between two edges

_ 0,.+0, .
B AngResly, = mlnlgign{ — QUZH}

@ Permute the circles (o) so that the AngleResls 1S
minimied.

W Letmyi,mo,...,my,mid, My, My,_1,..., Mo, My
be the angles 6 in the increasing ordering, i.e. m;
(M;) is 2-th minimum (maximum), mid-unique
medium, in case of odd number of circles.
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0, .40

W — L - angle between two edges

_ 0,.+0, .
B AngResly, = mlnlgign{ — QUZH}

@ Permute the circles (o) so that the AngleResls 1S
minimied.

W Letmyi,mo,...,my,mid, My, My,_1,..., Mo, My
be the angles 6 in the increasing ordering, i.e. m;
(M;) is 2-th minimum (maximum), mid-unique
medium, in case of odd number of circles.

B Leto = {My,mo, M3, my,..., My_1, my, mid, My, mp_1,..., Mg, m3, M, m1}.
We show that o gives minimum angle resolution.
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0, .40

W — L - angle between two edges

_ 0,.+0, .
B AngResly, = mlnlgign{ — QUZH}

@ Permute the circles (o) so that the AngleResls 1S
minimied.

W Letmyi,mo,...,my,mid, My, My,_1,..., Mo, My
be the angles 6 in the increasing ordering, i.e. m;
(M;) is 2-th minimum (maximum), mid-unique
medium, in case of odd number of circles.

B Leto = {My,mo, M3, my,..., My_1, my, mid, My, mp_1,..., Mg, m3, M, m1}.
We show that o gives minimum angle resolution.

M;+m; mzd—l—m My +mad .
R J k . . gpTrmed
B lLeta;; = s—>. Angles ) Q5 —1)4 5 Q;(;—1) areino.
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O, +0s.
W — L - angle between two edges
@ AngResly, = m|n1<z<n{ Zitl

@ Permute the circles (o) so that the AngleResls 1S
minimied.

W Letmyi,mo,...,my,mid, My, My,_1,..., Mo, My
be the angles 6 in the increasing ordering, i.e. m;
(M;) is 2-th minimum (maximum), mid-unique
medium, in case of odd number of circles.

B Leto = {My,mo, M3, my,..., My_1, my, mid, My, mp_1,..., Mg, m3, M, m1}.
We show that o gives minimum angle resolution.

M;+m; d M d -

W leta;; =~ Angles TP o gy, SEETS oy arein o

@ Relations among ay;:
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O, +0s.
W — L - angle between two edges
@ AngResly, = m|n1<z<n{ Zitl

@ Permute the circles (o) so that the AngleResls 1S
minimied.

W Letmyi,mo,...,my,mid, My, My,_1,..., Mo, My
be the angles 6 in the increasing ordering, i.e. m;
(M;) is 2-th minimum (maximum), mid-unique
medium, in case of odd number of circles.

B Leto = {My,mo, M3, my,..., My_1, my, mid, My, mp_1,..., Mg, m3, M, m1}.
We show that o gives minimum angle resolution.
M;+m; Trwd—i—WL],C M. +mad

B lLeta;; = ——". Angles ———£& » O 3—1)5> 5

a;(;—1) areino.

@ Relations among a;;:

Q12 > 032 < Q34 > oo > o1 <t 2> Opg-1) < Mkszd > mid;mk <

Qp—1)k > * " > Qa3 < 23 > Qo1 < (12.
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M . .
B Recall a;; = — "

@ Relations among o;;: Mo tmmid -
mt m m
app > azxp < g > o > o) < v > Ope1) < TEy— > 5k <

A —1)k > > 43 < Q3 > a1 < Q2.

® Smallest angle in o is either: ™4™k o aj(j—1), While the size of the biggest

>
angle is either 5™ or oy 4y, 5,1 € {2,...,k}.
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M . .
B Recall o; = —0™4

@ Relations among o;;: Mo tmmid -
mt m m
app > azxp < g > o > o) < v > Ope1) < TEy— > 5k <

A —1)k > > 43 < Q3 > a1 < Q2.

B Smallest angle in o is either: % or a1y, While the size of the biggest
angle is either 5™ or oy 4y, 5,1 € {2,...,k}.

. . M -
@ Assume the minangleofois a; ;1 = "+;”Z L

Algorithmen zur Visualisierung von Graphen iﬁl Institut fiir Theoretische Informatik
Lehrstuhl Algorithmik |

Tamara Mchedlidze | 4 [ 4



Baloon Layout. Algorithm by Lin & Yen. QAT

Karlsruhe Institute of Technology

@ Recall Q5 — 5

@ Relations among o;;: Mo tmmid -
m m m
app > azxp < g > o > o) < v > Ope1) < TEy— > 5k <

A —1)k > > 43 < Q3 > a1 < Q2.

B Smallest angle in o is either: % or a1y, While the size of the biggest

angle is either 5™ or oy 4y, 5,1 € {2,...,k}.
® Assume the min angle of o is ; ;1 = M“;”i—l.

B Let § be a permutation with maximum angle resolution
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@ Recall Q5 — 5

@ Relations among o;;: Mo tmid it
m m m
app > azxp < g > o > o) < v > Ope1) < TEy— > 5k <

A —1)k > > 43 < Q3 > a1 < Q2.

B Smallest angle in o is either: % or a1y, While the size of the biggest
angle is either 5™ or oy 4y, 5,1 € {2,...,k}.

. . M -
@ Assume the minangleofois a; ;1 = ﬁg’“ L

B Let § be a permutation with maximum angle resolution

@ If M; and m;_; neighbor in  then opt AngResl = a; ;—1 (?77)
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M . .
B Recall a;; = — "

@ Relations among o;;: Mo tmid it
m m m
app > azxp < g > o > o) < v > Ope1) < TEy— > 5k <

A —1)k > > 43 < Q3 > a1 < Q2.

® Smallest angle in o is either: ™4™k o aj(j—1), While the size of the biggest

>
angle is either 5™ or oy 4y, 5,1 € {2,...,k}.
® Assume the min angle of o is ; ;1 = M“;”i—l.

B Let § be a permutation with maximum angle resolution
@ If M; and m;_; neighbor in  then opt AngResl = a; ;—1 (?77)

@ [f they do not, let =, y be the neighbors of m;_1 in §, then:

m; < ... < mii—1 < ... < M < ... << o< y< M
N -~ 7/ N -~ 7
i—2 1—1
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® Thus, M; and m;_1 neighbor in § and therefore AngRes, = AngResg, i.e. o
maximizes the size of the smallest angle.
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® Thus, M; and m;_1 neighbor in § and therefore AngRes, = AngResg, i.e. o
maximizes the size of the smallest angle.

® Similarly, we can show that o minimizes the lagest angle
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® Thus, M; and m;_1 neighbor in § and therefore AngRes, = AngResg, i.e. o
maX|m|zes the size of the smallest angle.

® Similarly, we can show that o minimizes the lagest angle

0o, +00
1+1
max; <3< { }
@ Recall that: AspRatio, = =t +§G .
1+
miny <i<n { 2 }
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® Thus, M; and m;_1 neighbor in § and therefore AngRes, = AngResg, i.e. o
maX|m|zes the size of the smallest angle.

® Similarly, we can show that o minimizes the lagest angle

0o, +00

i+1
@ Recall that: AspRatios = max1<z<”{ +§a !
mm1<z<n{ 2 it }

® The radii and therefore the angles are independent on each level
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® Thus, M; and m;_1 neighbor in § and therefore AngRes, = AngResg, i.e. o
maX|m|zes the size of the smallest angle.

® Similarly, we can show that o minimizes the lagest angle

max { Oc +00’L+1 }
® Recall that: AspRatios, = 1zizsn +§a
mm1<z<n{ 2 Z—l_l}

® The radii and therefore the angles are independent on each level

W Therefore, if we apply o at each level, we obtain an optimal aspect ratio. O
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