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Problems

h d
(1)Is 0 =la,b,c,d,e, f,g,h] a perfect elemenation scheme of Qﬂ ?
a e C

(2) Prove the following statements:
(i) There are infinitly many triangulated graphs that are not chordal.
(i1) There are infinitly many triangulated graphs that are chordal.
(iii) Every triangulated graph that has a universal vertex is chordal.

(3) Let o be a PES and K, be the clique consisting of v and its subsequent neighbors w.r.t. o.
Prove that K, is a maximal clique < there is no predecessor u of v such that K, C K,,.

(4) Show that a minimum vertex cover can be computed efficiently on chordal graphs.

(5) Let G be a connected graph. Prove that G is a tree < every family of paths in G fulfills the
Helly property.

(6) Prove that if the line graph of G is chordal, then G is chordal. Show that the reverse does

not hold.
AT



Exercise 1

1 for each vertex v do A(v) + 0;

2 fori<1ton—1do

3 v o(1);
X + {z € Adj(v) | o(v) < o(x)};
if X = ( then go to line 8;

u <+ argmin{o(z) | z € X};
add X — {u} to A(u);

if A(v) — Adj(v) # () then
|| return false;

10 return true;

J—abcdefg,

OO ~NO O b
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Exercise 1
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1 for each vertex v do A(v) + 0;
2 fori<1ton—1do
3 v o(1);

X + {z € Adj(v) |
if X = ( then go to line 8;
u <+ argmin{o(z) | z € X};
add X —{u} to A
— Adj(v) # 0 then
|| return false;

10 return true;

if A(v)
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o(v) <o(x)};
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Exercise 1

A,

o= abcdefg,
=1
v=a, X,={e,g,h} #
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1 for each vertex v do A(v) + 0;
2 fori<1ton—1do
3 v o(1);

X + {z € Adj(v) |
if X = ( then go to line 8;
u <+ argmin{o(z) | z € X};
add X —{u} to A
— Adj(v) # 0 then
|| return false;

10 return true;

if A(v)

OO ~NO O b

o(v) <o(x)};
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Exercise 1
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o= abcdefg,
=1
U:a1Xv:gah}7é®

=
|

S

P
~ —_
] | |
= P e
—— M~

{9, h}

N N N N N N S
~ — \%

| |
,—Hr—H,—M
—

D>D>D>D>D>D>D>D>
> o

1 for each vertex v do A(v) + 0;
2 fori<1ton—1do
3 v o(1);

X + {z € Adj(v) |
if X = ( then go to line 8;
u <+ argmin{o(z) | z € X};
add X —{u} to A
— Adj(v) # 0 then
|| return false;

10 return true;

if A(v)

OO ~NO O b

o(v) <o(x)};
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Exercise 1
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1 for each vertex v do A(v) + 0;
2 fori+ 1ton—1do
3 v+ o(i);
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4 | X+ {zeAdj(v)|o(v) <o)}
A(d) — 5 if X = ( then go to line 8;
A(e> — {g, h} 6 U argrr‘l{in}:{a(x) <| x) e X},
7 add X —{u!l to A(u);
J—abcdefg, A(f>_{} 8 |if A(v) — Adj(v) # () then
_ Alg) =1{} 9 | | return false;
v =1 A(h) — {} 10 return true;

v=a, X,={e g, h}#
Line 8: A(v) — Adj(v) =0
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Exercise 1
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1 for each vertex v do A(v) + 0;
2 fori+ 1ton—1do
3 v+ o(i);
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4 | X+ {zeAdj(v)|o(v) <o)}
A(d) — 5 if X = ( then go to line 8;
A(e> — {g, h} 6 U argrr‘l{in}:{a(x) <| x) e X},
7 add X —{u!l to A(u);
J—abcdefg, A(f>_{} 8 |if A(v) — Adj(v) # () then
Alg) =1} 9 | | return false;
L =2 A(h) — {} 10 return true;

v=a, X,={e g, h}#
Line 8: A(v) — Adj(v) =0
v=>b X,={c,d e} #0
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Exercise 1

A,

J—abcdefg,

1= 2

v = a, Xv:gah}#(b
Line 8: A(v)
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1 for each vertex v do A(v) + 0;
2 fori+ 1ton—1do

3

OO ~NO O b

v+ o(i);

X + {z € Adj(v) | o(v) < o(x)};
if X = ( then go to line 8;

u <+ argmin{o(z) | z € X};

add X — {u} to A(u);

if A(v) — Adj(v) # () then

|| return false;

10 return true;
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Exercise 1

A,

J—abcdefg,
1= 2

U:a1Xv:gah}7é®
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1 for each vertex v do A(v) + 0;
2 fori<1ton—1do
{d 6} 3 v o(1);
X + {z € Adj(v) | o(v) < o(x)};
if X = ( then go to line 8;
u <+ argmin{o(z) | z € X};
add X — {u} to A(u);
if A(v) — Adj(v) # () then
|| return false;
10 return true;
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Line 8: A(v) — Adj(v) =0
v=>b X,={cd e} #0
Line 8: A(v) — Adj(v) =0
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Exercise 1

A,

J—abcdefg,

=3

v =a, X 'gah}#(b
Line 8: A(v) — Adj(

v=">b X,={cd e} #

Line 8: A(v) — Adj(
v=c, X,={d, e} #£
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1 for each vertex v do A(v) + 0;
2 fori+ 1ton—1do

3

OO ~NO O b

v+ o(i);

X + {z € Adj(v) | o(v) < o(x)};
if X = ( then go to line 8;

u <+ argmin{o(z) | z € X};

add X — {u} to A(u);

if A(v) — Adj(v) # () then

|| return false;

10 return true;
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Exercise 1

Ala) = {}
Ab) = {}
A(c) =1d, e}
A(d) = {e}
an-p
A(f) =
J—abcdefg, Alg) = [}
L= A(h) ={}
v=a, X,={e g, h}#
Line 8: A(v) — Adj(v) =0
v=>b X,={cd e} #0

Line 8: A(v)

— Adj(v) =)

(
v=c, X, ={d e} #0

1 for each vertex v do A(v) + 0;
2 fori+ 1ton—1do

3

OO ~NO O b

v+ o(i);

X + {z € Adj(v) | o(v) < o(x)};
if X = ( then go to line 8;

u <+ argmin{o(z) | z € X};

add X — {u} to A(u);

if A(v) — Adj(v) # () then

B |_return false;

10 return true;

AKIT



Exercise 1

A,

J—abcdefg,
1 =3

v =a, Xv:gah}#w
Line 8: A(v) — Adj(v) =0

v=>b X,={cd e} #0
Line 8: A(v) — Adj(v) =0

v=c, X, ={d e} #0
Line 8: A(v) — Adj(v)
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1 for each vertex v do A(v) + 0;
2 fori+ 1ton—1do

3
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v+ o(i);

X + {z € Adj(v) | o(v) < o(x)};
if X = ( then go to line 8;

u <+ argmin{o(z) | z € X};

add X — {u} to A(u);

if A(v) — Adj(v) # () then

|| return false;

10 return true;
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Exercise 1
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1 for each vertex v do A(v) + 0;
2 fori+ 1ton—1do

{d 6} 3 v+ o(i);
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4 | X+ {zeAdj(v)|o(v) <o)}
A(d) — {6} 5 if X = ( then go to line 8;
A(e> — {g, h} 6 U argrr‘l{in}:{a(x) <| x) e X},
- 7 add X —{u!l to A(u);
J—abcdefg, A(f>_{} 8 |if A(v) — Adj(v) # () then
Alg) =1{} 9 | | return false;
=4 A(h) — {} 10 return true;
U:a1Xv:gah}7é® U:erv:{eafah}#(b

Line 8: A(v) — Adj(v) =0
v=>b X,={cd e} #0

Line 8: A(v) — Adj(v) =0
v=c, X, ={d e} #0

Line 8: A(v) — Adj(v)
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Exercise 1

A(CL) = {} 1 for each vertex v do A(v) < 0;
A(b)—{} 2 fori<1ton—1do
3 v+ o(1);
A(C) {d 6} 4 X + {z € Adj(v) | o(v) < o(x)};
A(d) — {6} 5 if X = ( then go to line 8;
A(e> — {f g, h} 6 U argmin;a(x) (| x) e X}
_ 7 add X — {u} to A(u);
J—abcdefg, A(f>_{} 8 |if A(v) — Adj(v) # () then
Alg) =1{} 9 | | return false;
=4 A(h) — {} 10 return true;
U:a1Xv:gah}7é® U:erv:fah}#(b

Line 8: A(v) — Adj(v) =0
v=>b X,={cd e} #0

Line 8: A(v) — Adj(v) =0
v=c, X, ={d e} #0

Line 8: A(v) — Adj(v)

0
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Exercise 1

A(CL) — {} 1 for each vertex v do A(v) < 0;
A(b)—{} 2 fori+ 1ton—1do
3 v+ o(1);
A(C) {d 6} 4 X + {z € Adj(v) | o(v) < o(x)};
A(d) — {6} 5 if X = ( then go to line 8;
A(e> — {f g, h} 6 U argrr‘l{in}:{a(x) <| x) e X}
- 7 add X —{u!l to A(u);
J—abcdefg, A(f>_{} 8 |if A(v) — Adj(v) # () then
Alg) =1{} 9 | | return false;
=4 A(h) — {} 10 return true;
v=a, X,={e g, h} #0 v=d, X,={e f,h} #0
Line 8: A(v) — Adj(v) =0 Line 8: A(v) — Adj(v) = 0)

v=>b X,={cd e} #0
Line 8: A(v) — Adj(v) =0

v=c, X, ={d e} #0
Line 8: A(v) — Adj(v)

0
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Exercise 1

A(CL) = {} 1 for each vertex v do A(v) < 0;
A(b)—{} 2 fori+ 1ton—1do
3 v+ o(1);
A(C) {d 6} 4 X + {z € Adj(v) | o(v) < o(x)};
A(d) — {6} 5 if X = ( then go to line 8;
A(e> — {f g, h} 6 U argrr‘l{in}:{a(x) <| x) e X}
- 7 add X —{u!l to A(u);
J—abcdefg, A(f>_{} 8 |if A(v) — Adj(v) # () then
Alg) =1{} 9 | | return false;
L =9 A(h) — {} 10 return true;
v=a, X,={e g, h} #0 v=d, X,={e f,h} #0
Line 8: A(v) — Adj(v) =0 Line 8: A(v) — Adj(v) =0
v—b,XU—{c,d,e}%@ ’UZQ,XU:{fagah}#@

Line 8: A(v) — Adj(v) =0
v=c, X, ={d e} #0

Line 8: A(v) — Adj(v) =0
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Exercise 1

A(CL) — {} 1 for each vertex v do A(v) < 0;
A(b) {} 2 fori+ 1ton—1do
3 v+ o(1);
A(C) {d’ 6} 4 X + {z € Adj(v) | o(v) < o(x)};
A(d) {6} 5 if X = ( then go to line 8;
A(e> — {f)g7 h} 6 u(—argrr‘l{in];{a(x)!x)EX};
7 add X —{u!l to A(u);
o =la,b,c, d e, f,g,h A(f> {9, h} 8 |if A(v) — Adj(v) # () then
Alg) =1{} 9 | | return false;
L =9 A(h) — {} 10 return true;
v=a, X,={e g, h} #0 v=d, X,={e f,h} #0
Line 8: A(v) — Adj(v) =0 Line 8: A(v) — Adj(v) =0
v=bX,=@Bdc}#0  v=c X, = {Bg.h} #0

Line 8: A(v) — Adj(v) =0
v=c, X, ={d e} #0

Line 8: A(v) — Adj(v) =0
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Exercise 1

A(CL) = {} 1 for each vertex v do A(v) < 0;
A(b) {} 2 fori+ 1ton—1do
3 v+ o(1);
Ale) = 1d, e} 4 XT— {(:13)6 Adj(v) | o(v) < o(z)};
A(d) {6} 5 if X = ( then go to line 8;
A(e> — {f)g7 h} 6 u(—argrr‘l{in];{a(x)!x)EX};
7 add X —{u!l to A(u);
o= abcdefg, j(f)_{g,h} 8 |if A(v) — Adj(v) # () then
(9) =1} 9 | | return false;
L =9 A(h) — {} 10 return true;
v=a, X,={e g, h} #0 v=d, X,={e f,h} #0
Line 8: A(v) — Adj(v) =0 Line 8: A(v) — Adj(v) =0
v=>b X, ={dd e} #0 v=ce, X, ={[flg.h} #0
Line 8: A(v) — Adj(v) =0 Line 8: A(v) — Adj(v) =0

v=c, X, ={d e} #0

Line 8: A(v) — Adj(v) =0
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Exercise 1

A(CL) — {} 1 for each vertex v do A(v) < 0;
A(b) {} 2 fori+ 1ton—1do
3 v+ o(1);
A(C) {d’ 6} 4 X + {z € Adj(v) | o(v) < o(x)};
A(d) {6} 5 if X = ( then go to line 8;
A(e> — {f)g7 h} 6 u(—argrr‘l{in];{a(x)!x)EX};
7 add X —{u!l to A(u);
o =la,b,c, d e, f,g,h A(f> {9, h} 8 |if A(v) — Adj(v) # () then
_ Alg) =1{} 9 | | return false;
1 =0 A(h) — {} 10 return true;
v=a, X,={e g, h} #0 v=d, X,={e f,h} #0
Line 8: A(v) — Adj(v) =0 Line 8: A(v) — Adj(v) =0
v=>b X, ={dd e} #0 v=ce, X, ={[flg.h} #0
Line 8: A(v) — Adj(v) =0 Line 8: A(v) — Adj(v) =0
v=c, X, ={d e} #0 v=f, X,={h}#0

0

Line 8: A(v) — Adj(v)
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Exercise 1

A,

U—abcdefg,
1 =0

v=a, X,={e g, h}#
Line 8: A(v) — Adj(v)

v=>b X,={cd e} #0
Line 8: A(v) — Adj(v)

v=c, X, ={d e} #0
Line 8: A(v) — Adj(v)
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— {} 1 for each vertex v do A(v) + 0;
{} 2 fori<1ton—1do
3 v+ o(1);
{da 6} 4 X {g; e Adj(v) \ a(v) < J(a:)};
{6} 5 if X = ( then go to line 8;
={f,9.h} 6 | u< argn?n}{m <| ! € X}
7 add X — {u!} to A(u);
=19, h} 8 if A(v) — Adj(v) # () then
— {} 9 | | return false;
_ {} 10 return true;
UZd,Xv:fah}#(b
Line 8: A(v) — Adj(v) =0
v=e, X, = {Iﬂagah} 7&@
Line 8: A(v) — Adj(v) =0
U:vaU:{h}#@
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Exercise 1

A(CL) — {} 1 for each vertex v do A(v) < 0;
A(b) {} 2 for i< 1(.t)o n —1 do
A(C> {d’e} . UT—U;;A'U o(v) < o(x)};
)Nﬂ\ A(d) = {e} s |#xpaengatoined
A(e) — {f, g, h} 6 u e)a(rgmin{a(xﬁﬁ r e X}
o =la,b,c, d e, f,g,h A(f> {9, h} ; iafdil(v) —{Xc}ijzz) ;él(;))’then
Alg) =1} 9 | | return false;
1 =0 A(h) — {} 10 return true;
v=a, X,={e g, h} #0 v=d, X, ={el f,h} #£0
Line 8: A(v) — Adj(v) =0 Line 8: A(v) — Adj(v) = 0)
v=>b X,={dd, e} #£0 v=-e, X,={flg,h} #0
Line 8: A(v) — Adj(v) =0 Line 8: A(v) — Adj(v) =0
v=c, X, ={d e} #£0 v=f, Xy ={R}#0
Line 8: A(v) — Adj(v) =0 Line 8: A(v) — Adj(v) = {g} # 0
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Exercise 1

A(CL) — {} 1 for each vertex v do A(v) < 0;
A(b) {} 2 fori<—1ton—1do
3 v < o(2);
Nﬂ e 4 | X {(513)6 Adj(v) | o(v) < o(x)};
A(d) {6} 5 if X = ( then go to line 8;
A(e> ={f,g,h} (73 udj)a(rgmin{a(xjy re X}
a —1uy to A(u);
o =la,b,c, d e, f,g,h ﬁgf; B :{{”}q’h} 8 |if A(v) —{Aij(v) ;é<(2))then
A = ) 9 L Lreturn fale
v=a, X,={e g, h}# v=d, X, ={e f,h} #0
Line 8: A(v) — Adj(v) =0 Line 8: A(v) — Adj(v) = 0)
v=>b X,={dd, e} #£0 v=-e, X, ={flg,h} #0
Line 8: A(v) — Adj(v) =10 Line 8: A(v) — Adj(v) =10
v=c, X, ={d e} #0 v=f, X, ={H} #0
Line 8: A(v) — Adj(v) =0 Line 8: A(v) — Adj(v) = {g} # 0
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Exercise 2

(1) There are infinitly many triangulated graphs that are not chordal.
Idea: triangulate C with £ > 4
® induced C;; —> not chordal

(2) There are infinitly many triangulated graphs that are chordal.
Idea: stacked triangulations

® start with Cj5
B repeatedly choose inner triangle ¢ and add vertex v with N(v) =t
B resulting graph is a 3-tree — chordal
B resulting graph is clearly triangulated
These graphs are also known as planar 3-trees or Apollonian networks. A

Every triangulated planar graph with treewidth at most 3 is such a graph.

AKIT



Exercise 2

(3) Every triangulated graph that has a universal vertex is chordal.

® | ook at induced Ci(k > 4). It partitions the plane into two parts.
® No vertex on the cycle is universell (otherwise it would not be induced).
B There are vertices inside of C and outside of C because GG is triangulated.

One vertex is universell and thus connected
to the other part.

AKIT



Exercise 3

Claim: K, maximal = 3 predecessor u such that K, C K,
m |f there is such a predecessor then obviously K, is not maximal.
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Exercise 3

Claim: K, maximal = 3 predecessor u such that K, C K,
m |f there is such a predecessor then obviously K, is not maximal.

Claim: K, maximal < 3 predecessor u such that K, C K,

m |[f K, is not maximal then there is a clique C' such that K, C C.

m Everyue C — K, isleftof vino. Thus, K, C K,, C C.
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Exercise 4

Show that a minimum vertex cover can be computed efficiently on chordal graphs.

Let G = (V, E) be a chordal graph.

(i) Compute a maximum independent set. HISRELCROICE RIS
(i1) Then, V — I is a minimum vertex cover (exercise class 1, exercise 2) HISRELCNOICARINE

Vertex cover can be solved in linear time on chordal graphs

AKIT



Exercise 5

Lemma
Let 1" be a tree and let P, P>, P5 be paths in I’ such that

(i) P =(a,...,b),
(i) B, = (b,...,c),
(ili) P3 = (a,...,c).
Then, there is a vertex x € Py N Py, N Ps.

Proof:
m Let x be the last vertex on P5 that is on P;.

m Then, b - P —x — P53 — cis a path from b to c.
m Therefore, b - P, > — P3s —c= P.
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Exercise 5

G is tree = every family of paths fulfills the Helly property

Let {Pj CG:jge€ J} be paths with P, N P; # () for all 4, j.
Goal: (;c; P # 0.

We do induction on |J|.

Base case: |J| =2

= let |J| > 3 and fix j1,72 € J.

= By induction there are a € (), ;.

Let P/ = mjeJ—jl—jz P;. Then:

(i) P;, contains a path from b to c,

P bGﬂ PjandcerlﬂPj2.

jeJ—72

(ii) P;, contains a path from a to ¢ and
(iii) P’ contains a path from a to b.
= By the lemma thereis z € P;, N Pj, NP = z € (), ; P

AKIT



Exercise 5

of subtrees

G is tree = every family ofwhffulfills the Helly property

Let {P; C G:j € J} be pathis with P, N P; # () for all i, 5.
Goal: ﬂjeJ P; #0. subtrees

We do induction on |J|.

Base case: |J| =2

m Let |J| > 3 and fix ji,j2 € J.

= By induction there are a € (), ;.

Let P/ = ijJ—jl—jz P;. Then:

(i) P;, contains a path from b to c,

P bEﬂ PjandcerlﬂPj2.

jeJ—72

(ii) P;, contains a path from a to ¢ and
(iii) P’ contains a path from a to b.
= By the lemma thereis z € P;, N Pj, NP = z € (), ; P

AKIT



Exercise 5

Contraposition: Let (v1,...,v;) be a cycle in G.

m Choose:
- P = (v1,v9,...,05_1)
- Py = (vg,v3,...,0k)
- P3 = (vg,v1)

m {P, %, P3} does not fulfill the Helly property.

9 July 2, 2025  Laura Merker and Samuel Schneider — Algorithmic Graph Theory
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Exercise 6

G L(G)
@ (@]
(@) @) (@)
o (@)
chordal not chordal

L(G) chordal = G chordal

m Let C' = (vq1,...v;) an induced cycle in G.

m Then, {v1vs,v2vs, ..., v,v1 } induces a cycle of length k in L(G).
m L(G) chordal = k = 3.

m Thus, G has only induced cycles of length at most 3.

AKIT



Exercise 7

Prove that a graph has treewidth at least three if and only if it contains K4
as a topological minor.

Refer to: https://doi.org/10.1016/0012-365X(90)90292-P

Example. We will show that the complete graph of 4 vertices, K,, is the only
forbidden minor of partial 2-trees. Partial 2-trees are easily recognizable by o — @ —
reducing a graph to an edge by application of the following “rewriting rules” (cf.
Fig. 2(a)): remove vertices of degree 0 or 1, and contract 2-paths (“‘series
reduction”: replace by a single edge two edges incident with a common degree 2
vertex). Applications of these rewriting rules create minors of the original graph.
By absence of vertices of degree 2 or less (which would lead to a smaller minor
through a rewriting rule), a minimal minor is cubic, since deletion of any edge
must create two vertices of degree 2 or less (every 2-tree has at least two 2-leaves,
which are present in partial 2-trees as vertices of degree at most 2). To create two
vertices of degree 2 by contraction of any edge, every edge must be in at least two
triangles: take such an edge (x, y) and consider two common neighbors of x and
y, u and v. Since (x, u) must be in another triangle and x has already three Figure 2(a): Rewriting rules for
neighbors, the third edge incident to u must lead to v giving a K,. recognition of partial 2-trees
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