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o 1 Preliminaries

7 We begin these lecture notes by defining the basic structures used in this course.

s » Definition 1. A graph G = (V| E) consist of a finite vertex set V with |V| > 1 and a set
o of edges E C {{u,v}|u,v € Vu # v} = (‘2/)

10 Note, that this definition allows for neither parallel edges nor loops and thus can be seen as
u  a undirected simple graph. In the following we use the simplified notation {u,v} = uv for
12 edges. Note, that this implies uv = vu.

s |2 Introduction

12 In this section we introduce some simple graph families as well as the parameters studied in
15 this course. Furthermore, the graph class of perfect graphs and their two most important
16 structural results are introduced.

v 2.1 Important graphs

18 In this section we introduce some graph families used throughout this lecture.
19 For n > 1 we define K, = ([n], ([g])) as the complete graph on n vertices. Here, we used

20 [n] ={1,...,n}. So using the naturally defined functions V" and E, we have: V(K,,) = [n]
a  and B(K,) = (7).

K, K, Ks Ky Ks

' o N

2 For n,m > 1 we define Ky, , = ({a1,...,an} U{b1,..., b}, {asbjli € [n],j € [m]}) as
2 the complete bipartite graph on n + m vertices.

K1 =K,

< < > X

2 For n > 3 we define C,, = ([n], {{i,? + 1}]i € [n — 1]} U {1n}) as the cycle on n vertices.

Ko1 2K Ko
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03 = K3 04 = K2,2 C15

e

2 For n > 1 we define P, = ([n], {{i,i + 1}|i € [n — 1]}) as the path on n vertices. Note
2 that [0] =0 and P, = C,, — 1n for n > 3.
P = K,y Py =Ko = Ky, P3= K= Ko, Py
[ ] ® ®
[ ] [ J
[ ] [ ]
[ ]
27 For n > 1 we define E,, = ([n],?) as the empty graph on n vertices.

= Ky Es=2Ki+ K =2 K, Es

» 2.2 The parameters

2 We continue by introducing four parameters studied in this lecture. To formally define the
s parameters we need some terminology, which we introduce first.
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» Definition 2. For a graph G = (V, E) and a vertex subset A CV the induced subgraph
G4 is defined by V(G4) = A and E(Ga) = {uv € Elu,v € A}.

We use the notation G4 C G.

Ga

We denote the disjoint union of sets as A+ B = AU B but if AN B = {}. We use this in
the next definition.

» Definition 3. A partition in t parts, t > 1, of a set V is Vi +---+V; =V.
We are now ready to introduce our parameters.

» Definition 4. For a graph G = (V,E), a set A CV and a partition Vi +--- +V, =V we
define:

A clique if G 4 is a complete graph.

A independent set if G 4 is an empty graph.

clique number w(G) = max{|A| : A C V(G)is clique}.

independence number o(G) = max{|A| : A C V(G)is independent set}.

Vi+--+V; is a coloring if V; is an independent set, Vi € [t].

Vi+ -+ Vi is a clique cover if V; is an clique, Vi € [t].

chromatic number x(G) = min{¢t : 3 coloring V1 +--- + V; of G}.

clique cover number x(G) = min{t : 3 cliqgue cover Vi + --- + V; of G}.
Note that a single vertex v is a clique as well as an independent set, so we always have
1 < a(@),w(G) < |V|. Also note that Vi + --- + V; with |V;| = 1,Vi € [t] is a coloring and a
clique cover. Thus, we always have 1 < x(G), &(G) < |V]|.

The following table tracks the four parameters across the five important graph families.

Kn Koo Ch P, E,
2 n>4 2 n>2
w(@) | n 2 { 3 n=3 { 1 on=1 | !
a(G) 1 max(m,n) 5] [5] n
2 neven 2 n>2
(@) | m 2 {3 n odd {1 n=1 | !
[%] n>4 n
&(G) 1 | max(m,n) 1 n—s [5] n
Consider the following notes and observations: We use the following terms interchangeably

2-colorable & x(G) < 2 < bipartite. We can observe that w, x and «, k often are the same
or similar.
Our aim in this lecture will be a polynomial algorithm for all 4 parameters.

2.3 Perfect graphs

This section introduces perfect graphs, their defining properties and the two important
structural results (Theorem 9 and Theorem 16).
We begin with an observation.
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» Observation 5. For every Graph G we have x(G) > w(G) and k(G) > a(G).

Proof. If I C Vi is independent and C C Vi is a clique, then [I N C| < 1. Hence, for any
coloring Vi + - -+ V; = Vi and any clique C, we have [CNV;| <1 for i € [t]. If |C] = w(G),
then ¢ > |C|. Thus, x(G) > w(G).

Analogously, for any clique-cover Vi + - -+ + V; = V7 and any independent set I, we have
[INV;| <1forielt]. If |I| = a(G), then t > |I|. Thus, «(G) > a(G). <

The main question of AGT is when these inequalities turn into equalities. Here, the
boring answer is that any graph may be modified to fulfil these equalities by adding a large
clique or independent set. Due to this we are interested in the cases when the equalities hold
for all induced subgraphs.

In the following we consider two exponential sets of restrictions.

» Definition 6. Consider two properties.

7{P1) VAC Vg X(GA) = w(GA)
7{P2) VAC Vg a(GA) = H(GA)
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We begin by considering our important graph families. Here, we note that K,,, Ey,, Ky, Py,
and C,, for even n all fulfil (P1) and (P2), while C,, for odd n fulfil neither.

We also observe the following;:

» Observation 7. If G+ H are vertez-disjoint, a(G + H) = a(G) + a(H) and k(G + H) =
k(G) + k(H).

We are now ready to define perfect graphs.
» Definition 8. A graph G is called perfect, if G has (P1) and (P2).

We observe that Cs has w(C5) = 2, but x(C5) = 3 and «a(C5) = 2, but £(Cs) = 3. Thus,
C5s is not perfect. Furthermore, we note that this is the smallest such graph.

We continue by considering how (P1) and (P2) relate to each other.

» Theorem 9 (Weak perfect graph theorem (WPGT)). For every graph G it holds: G has
(P1) < G has (P2).

Warning: VA C Vi : x(Ga) =w(G4) < k(Ga) = a(G4) is not true. This is due to the fact
that (P1) and (P2) may break on different subsets.

Before proving this theorem we consider a different approach of defining perfect graphs
and stating the WPGT.

» Definition 10. For graph G = (V, E) the complement of G is the graph G = (V, E), where
- ().



93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

Sven GeiBler

P4 P4
P+ K, (Py+ K1)

N

We can observe the following relations:
graph G ‘ A clique ‘ Vi+--- 4 V; coloring
complement G ‘ A independent set ‘ Vi +--- 4 V; clique cover
k(G). Similarly, (P1) for G < (P2) for G and (P2) for G < (P1) for G.!

To prove the WPGT we consider (P3) VA C Vi : w(Ga) - a(G4) > |A]. This property
connects w and a and informally states that not both parameters can be small. Note that
Cs has a(C5) - w(C5) =2-2 # 5 =|C5| and thus fails (P3) in addition to (P1) and (P2).

We prove that G has (P1) < G has (P2) < G has (P3).

We first introduce a technique called vertex replication.

Thus, a(G) = w(G) and x(G)

» Definition 11. For a graph G = (V, E) and h € NV we define Goh as the graph on the vertex

set V(Goh)= | {v!,..., 0"} and edges u'v? if and only if i € [h(u)],j € [h(v)],uv € G.
veV
This is called a vertex replication or a vertex repetition of G.

Note that for us N = {0,1,2,...}.

0
1 0
» Definition 12. Let 1 be |...| € NV and let G = (V,E) be a graph. Lete; be | 1 | the
1 0
L 0 -
. . R . 1 z#v
i-th unit vector in NV . For vertex v € V define G ov as G o h with h(z) = 9 e

So h =1+ e;, if v is the i-th viz. Define G —v as Goh with h =1 —e;. These are called
elementary operations.

» Observation 13. Every Goh can be obtained from G by a sequence of elementary operations.

We consider how vertex replication interrelates with our properties.

» Lemma 14 (Lemma 2.6). For G and H = G o h, we have:
i) (P1) for G = (P1) for H.

! In literature sometimes perfect graphs are defined as fulfilling (P1). Then, the WPGT states that G
perfect < G perfect.
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it) (P2) for G = (P2) for H.

Proof. We consider the two statements separately.
i) We assume w.l.o.g H =Gowv or H=G — v. We now consider two cases:

Case H = G —v: Then H = Gy _,, hence (P1) for G = (P1) for H as H is a induced
subgraph of G.
1,2

Case H = G o v: Here, the vertex v is replaced by the vertices v',v°. We note
that H —v' = H —v? 2 G and take A C V. If |[AN {v!,v?}| < 2, then A C Vg,

hence x(Ha) = x(Ga) (1) on @ w(Ga) = w(Ha). Thus, let v1,v? € A and consider
A =A—v CV,.

By (P1) for G we have x(G4/) = w(Gar). Since we can modify this coloring by adding
v! to the same color class as v2, as the two vertices have the same neighbours but
share no edge, we get x(Ha) < x(Ga/). As adding a vertex cannot decrease the clique
number, we get w(Ga/) < w(Hy). Using a previous observation (Observation 5) we
can puzzle this together: x(Ha) < x(Ga/) = w(Gar) < w(Ha) < x(Hy). Since this
chain of inequalities starts and ends with the same parameter, all inequalities must be
equal. So we have (P1) for H.

ii) Let G have (P2). We assume w.l.o.g. H = G oz (or trivially H = G — v). Let x, 2’ be
the two copies of x in H. As argued before we assume that w.l.o.g. A’ contains z,z’.
Let A = A" — 2’ C V. We note that (P2) for G = k(G4) = a(Ga) = Vi +---+V;
clique cover of G4 = H, with t = a(H ). So every independent set I of Hy with |I| =¢
contains one vertex per V;. We now distinguish on whether z is in any such independent
set.

Case 1: 3I C A independent set of Hy with |I| = ¢,z € I, then I + 2’ is independent
set in Har. So a(Hy) > t+ 1. We also note that Vi +--- + V; + {2’} is a clique
cover of Hys. Thus, we have k(Ha/) <t + 1 < a(Ha/) using previous observations
(Observation 5) we obtain equalities.

Case 2: VI C Aiset of Hy with |[I| =t: a2 ¢ I. Let C =V, — z then Ha_¢ has
a(Ha—¢) < t—1. Due to (P2) for G we know 3 clique cover V| + -+ + V/_; of
Ga_c = Hy_¢ with <t —1 cliques. We construct a new clique cover and note that
Vi4--+V/ {+(C+2') is clique cover of Har. Thus, k(Ha/) <t < a(Ha) < k(Hy).
Again we have equality.

The proof of ii) is visualized in the following graphic.
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Vi Va Vi

We use this result to prove a lemma needed for the WPGT.

» Lemma 15 (Lemma 2.7). If H = G o h then,

P2) for all proper induced subgraphs of G
?pgﬁ e — (P3) for H.

Proof. Assume f.s.o.c. that (P3) does not hold for H. We assume w.l.o.g. VA C Vy, A #
Vi : w(Hya) - a(Ha) > |A]l but w(H) - a(H) < |Vy|. Otherwise we take a smaller H as
counterexample. So some vertex s of G has h(s) > 2, since otherwise H is subset of G. So in
H we have S = {s1,...,s,}. Consider H — s, this graph has (P3) per assumption. Thus,
V| —1 < w(H —sp) - a(H — sp) < w(H) - a(H) < |Vg| — 1 using the above inequality.
Again, we get a chain of equalities. Due to this we know w(H)-a(H) = |Vy|—1,a(H —sp) =
a(H),w(H—-sp) = w(H). By iteratively applying a(H) = a(H —sp,) we get a( H—S5) = a(H).

As H—S is obtained from G—S by vertex multiplication and since G—S has (P2) we know
due to Lemma 2.6 (Lemma 14) that H — S has (P2). Take a clique cover Vi + --- 4 V() of
H—S. Then, we can use |Vg—S| = Vg —h =w(H)-a(H)—(h—1). Here, the minus one is due
to the Viy — 1. Also |S| = h < a(H) since S is an independent set in H. As we have a clique
cover of a(H) cliques in a graph of w(H)-«(H) vertices, each clique -bar one - in the cover has
size w(H) before removing S. So at most h—1 of Vi, ..., V,(m) have size < w(H). We assume
wlog Vil = = |[Vom)—h—1)| = w(H). Let X = Vi + -+ + Vy(gr)—(h—1) + 51. We can
compute the size of X. | X| = (a(H)— (h—1))-w(H)+1. Due to our definition of X we have
w(Hx) = w(H). Due to (P3) for Hx we have a(Hx) > [w(‘gl(ﬂ - ((a(H)—(Zzllf)))M(H)ﬂw _
a(H) — (h—1) + 1. Here, we use the ceiling as we consider integer values and lower bounds.
So 37 independent set in Hx, |I| =a(H)—(h—1)+1,s1 € 1. SoI+{s2,...,sp}isan
independent set in H = a(H) > «(H) + 1 which is a contradiction. <

This proof is visualized below.
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S
1?1, .., 8n
X Viu—s
a(H)
Vi VQ(H)

We can now prove the WPGT.

Proof. Let G = (V, E) be a graph, we prove (P1)<(P2)<(P3) by induction on |[V|. The
base case of one vertex graphs is trivial.
(P1)=(P3):
Say (P1) holds for G. Let A C G. If A # Vi then (P1) holds for G4 and by induction
= (P3) holds for G4, i.e. w(G4)-a(Ga) > |Ga|. So we assume w.l.o.g. A= Vg, ie. we
need to show that w(G) = a(G) > |Vg|- We know (P1)= 3 coloring Vi +--- + V; = Vg
with ¢t = w(G). Here, |V;| < a(G),Vi. So w(G) - a(G) > |Vg|.
(P3) = (P1):
Let (P3) hold for G. To show (P1) it is enough (w.l.0.g) to show x(G) < w(G). We
consider all cliques of size w(G).
Case 1: 3I independent set in G VC clique, |C| = w(G):INC # .
We consider G —T and note w(G—1I) < w(G)—1. So due to the induction hypothesis we
have (P1) for (G-I),ie. Vi+---+V; = Vg —1 witht < w(G)—1. Thus, Vi+---+V;+1
is a coloring of G. So we have x(G) <t+1=w(G) — 1+ 1 and we are done.
Case 2: VI i-set 3clique C(I), |C(I)] = w(G),C(I)N T = {:
Consider the set of all independent sets Y = {I C Vi : I independent set}. We choose
h(v)=#{I €Y :v e C(I)} and consider H = G - h. Since (P3) for G and (P2) for
Ga,A C Vg, Lemma 2.7 (Lemma 15) tells us that (P3) holds for H. Here, (P2) for all
proper subgraphs holds due to induction.

Say Vg = X. Then, w(H) - a(H) > |Vy| = |X|. We also know |X| = > h(v) =
veVg
w(G) - [Y]. Also w(H) < w(G) since each clique of H has at most one copy of each

original vertex. We have a(H) = maxjey » h(v) = > |C(I') N I|. Here each
vel I'ey
summand is 0 or 1. The second term is an alternate formulation of the sum where

we sum over all other independent sets and consider how much they contributed to
h(v). This is < |Y|— 1 since C(I) NI = (). Combining this we have w(G)- (Y| —1) >
w(H) a(H) > |X| =w(G) - Y] which is a contradiction So case two does not happen.
(P2)<=(P3):
We have (P2) for G & (P1) for G & (P3) for G < (P3) for G. In the last step we used
that multiplication is commutative and that a and w switch roles in the complement.
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To end this section we summarize our results:
So we know the following to be equivalent:
(P1) for G

(P2) for G

(P3) for G

G perfect

QG perfect

So far we know the following non-perfect graphs:
odd cycle Cy,t > 5

complements of Cy, odd t > 5

every graph with induced odd C;, odd Cy,t > 5

It can be shown that these known non-perfect graphs are all that exist.

» Theorem 16 (Strong perfect graph theorem (SPGT)). For every graph G it is equivalent:
Cy, Cy fort > 5 odd is no induced subgraph of G
G perfect

3 Intersection graphs

So far we have considered perfect graphs without further restrictions. This graph class is still
to broad to find the desired polynomial algorithms for our four parameters. In this section
we consider a subclasses of perfect graphs that are also intersection graphs.

» Definition 17. A collection of sets S = {S(v) : v € V'} is an intersection representation
of G=(V,E) ifuv €& S(u) N S(v) # 0.

3.1 Interval graphs

We begin by considering interval graphs which are a subclass of intersection graphs.

» Definition 18. G is an interval graph if G has an intersection representation with intervals
of R, ie. I={I(v):veV}, VIW) =][ly,r]. wwe FE & I[(u)yNI(v)#0< min{r,,r,} >
max{ly,ly,}.

» Definition 19. For graph G and integer t > 4 we define:

a t-hole in G is an induced subgraph G4 = Cy.

a t-anti-hole in G is a induced subgraph G 5 = C;.
Due to the SPGT we know that a graph being perfect is equivalent to there being no odd
hole and no odd anti-hole.

To show that interval graphs are perfect we consider their relation to holes.

» Lemma 20. G interval graph = no t-hole for > 4.

Proof. Consider an interval representation I = {I(v) = [ly,r,] : v € V} and assume f.s.0.c.
that there is a t—hole C; = [vy,...,v¢],t > 4. Then, I(v;—1), I(v;11) cover distinct endpoints
of v;. Thus, I(v1) N I(vy) = @ = vyvy # E. This is a contradiction. <

We use this result to prove perfectness.
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» Lemma 21. G interval graph = G perfect

Proof. We use the SPGT. We first note that G has no odd hole due to the previous lemma
(Lemma 20). To show that G has no odd anti-hole we consider C5 separately. Here, we have
Cs = C5. For all other odd-anti-holes we find a 4-hole in them. Consider Cy,t > 7 :

So we find a 4-hole in C;, which cannot happen by the previous lemma. |

What we showed is actually: G interval graph = G has no holes = G is perfect.
Or more detailed: G interval graph = G has no t-holes ¢ > 4 = G has no odd hole, has no
odd anti-hole = G is perfect. In the last step we used the SPGT.

In the next section we generalize these ideas.

3.2 Definition and recognition of chordal graphs
We begin by defining chordal graphs.

» Definition 22. G = (V, E) is chordal, if G has no t-hole, t > 4. Equivalently every, not
necessarily induced, cycle Cy,t > 4 in G has a chord. Here, a chord is an edge uwv with u,v
non-consecutive on the cycle.

We begin by considering examples of chordal graphs.

complete graphs

paths

empty graphs

trees, forests

interval graphs

more ...
Remember, that trees are very nice graphs because we can use divide and conquer to find
fast algorithms. Furthermore, trees have leaves and thus we can induction-like build up trees.

We show that chordal graphs have similar vertices.

» Definition 23. G = (V, E) graph and vertez v € V is simplicial if Adj(v)={u € V : uv € E}
s a clique.

Our goal in the following is to show that every chordal graph has > 1 simplicial vertex.

v simplicial in G

L 24,
> Lemma G — v perfect

= G perfect.

Proof. We verify (P1) VA C Vg : x(Ga) = w(G4). Consider any fixed A C V.
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266 Casev ¢ A:
267 Then, A C Vg, and x(Ga) =w(Ga) as G — V is perfect

268 case v € A:

269 Let A’ be A—v C Vg —v. Then, x(Ga) = w(Ga/) due to (P1) for G. So there is a
270 coloring A’ =Vj + -+ V; with ¢ = w(G ). We consider two cases.

271 Case 1: |AdJ(U)ﬂA/| <t:w(GA/).

n Then, 3 : V; N (Adj(v) N A’) = 0. We add v to this V; to get V/ = V; + v. So
73 X(Ga) < x(Ga) =w(Ga) <w(Ga) < x(Ga) and thus all these are equal.

74 Case 2: |Adj(v)NA'| >t =w(Ga).

275 Then, due to the fact that the neighbourhood of v is a clique we have |[Adj(v) N A'| =
276 t=w(Gas). So (Adj(v) N A")+ v is aclique in G4 of size t + 1. So w(G4) >t+1=
o w(Ga)+1=x(Ga)+1>x(Ga) > w(G4). Here, the second to last inequality is
o8 due to the fact that V4 + -+ + V4 4 {v} is a coloring of G on ¢ + 1 colors.

279 <
280 In the following we want to remove such simplicial vertices iteratively. We thus must

s show that the class of chordal graphs is closed under the taking of subsets.

22 Observation 25. G chordal = VA C Vg : G4 is chordal. In particular G — v is chordal
w3 Yo eV.

va
Lemma 3.6 Lemma 3.6
R —> chordal
- . perfect
previous Lemma previous Lemma
U3
chordal chordal
perfect perfect Lemma 3.6
previous Lemma
Lemma 3.6
v
chordal . ER— ” chordal
—>
perfect previous Lemma perfect
284 If each chordal graph has a simplicial vertex we can remove one such vertex in each step

»ss  while maintaining chordality. We end with a K3 which is trivially perfect. We then use the
26 previous lemma (Lemma 24) to go back and maintain perfectness.
287 We formalize this idea:

28 Definition 26. For graph G = (V, E),|V| = n, a perfect elimination sceme (PES) of G is

20 a verter ordering o : [v1,...,vy] 8.t v; is simplicial in Gy, . ..y, Vi € [n].
200 So by the previous lemma (Lemma 24) we know that graphs with a PES are perfect.
201 We visualize a vertex ordering o : [v1,...,v,] in the following fashion.

1 V2 V3 V; Uy Un
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We then say that v; is left /before of v; in o and that v; is right/after v;. If o is a PES,
then every right neighbourhood Adj(v;) N {v;,...,v,} is a clique.

In the next step lay the groundwork to prove that each chordal graph has a simplicial
vertex.

» Definition 27. For a graph G = (V,E), S CV is a separator if G — S is disconnected. If
a,b are non-adjacent vertices in G, S is a a,b-separator, if a,b are in different components

of G—S.
Our goal is to find a separator S that is a clique in each chordal G that is not complete.

Gchordal,a,b € V,ab ¢ E,a # b

. . . - = S isa
S C Vgis an inclusion-minimal a,b — separator

» Lemma 28 (Lemma 3.4).
clique.

Proof. If |S| < 1, then S is a clique. So we assume |S| > 2 . We take z,y € S,z # y and
show that xy € F. First, note that S — x is not a a, b-separator. In the following we use
G 4,Gp for the components of G — S with a € A and b € B. We know that = has an edge
to A and to B (so does y). Consider the cycle [z,a1,...,ap,Y,b1,...,by] and take C to be
the shortest such cycle. Then, C has at least 4 vertices. Since G is chordal C has a chord e.
Where is e?

e = a;a;? No, as C' is shortest

e = b;b;? No, as C is shortest

e = a;b;? No, as G 4,Gp are distinct components

e = xa;? No, as C' is shortest

e =ya;? No, as C is shortest

e = xb;? No, as C' is shortest

e = yb;? No, as C is shortest
So e must be zy € E. <

We use this lemma to prove the desired result. As we use induction we show a stronger
result.

» Lemma 29 (Lemma 3.6). Let G be chordal. Then,
G has a simplicial vertex.
If G 2 K, then G has two non-adjacent simplicial vertices.

Proof. We use induction on n = |Vg|.

n =1: G = K; and we are done.

For n > 2:

If G 2 K,, then every vertex is simplicial. So we have G 2 K,,. Let a,b € Vg,ab ¢ E
and let S be inclusion-minimal a, b-separator. In the following we consider the components
of G — S. Here, G4 contains a and G contains b. Apply induction on Gg4+4 and Gg4p.
These are smaller since a or b are missing and these are chordal. In G4 4 either all vertices
are simplicial or there are two non-adjacent simplicial vertices, by induction. By Lemma
3.4 (Lemma 28) there is a simplicial vertex € A. This is due to the fact that either all
vertices are simplicial and we can choose any vertex or that at most one non-adjacent vertex
can be part of the clique S. This vertex is also simplicial in G' as Adjgg, ,(z) € S+ A
Using a symmetrical argument we get: Jy € B simplicial in G. Since A and B are different
components we have zy ¢ Eg. <

We thus achieved our goal of showing that each chordal graph has a simplicial vertex.
Consider the following definitions:
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G chordal, i.e. every cycle of length > 4 has a chord
every induced cycle is a triangle (no-¢-hole)

every inclusion-minimal separator is a clique

every induced subgraph has a simplicial vtx

there is a PES

s So far we have seen the equivalency of (i) and (ii) as well as the implications (ii)=(iii) by
s> Lemma 3.4 (Lemma 28), (iii)=-(iv) by Lemma 3.6 (Lemma 29) and (iv)=(v). By showing
a3 (v)= (i) we show that all these definitions are equivalent.

us  Proof. Let G be a graph, o as PES and C cycle of length > 4 in G. Also let v be the
us  leftmost vertex of C' in o, say v = o(i). Consider x,y € Adj(v) N {o(i+1),...,0(n)}. Since
us o is a PES we have xy € Eg. So any vertices x,y on C' that are right of v must share an
s edge which is a chord. |

348

So (v) leads to a trivial recognition algorithm with runtime O(n?) as we need to find a

o simplicial vertex n times.

350

351

3

a
o

Consider the following algorithm called LexzBFS.

Input : undirected graph G = (V) E).
Output : vertex ordering o.

1 assign each vertex label §;
2 fori< ntoldo

3 | choose a vertex v
with no assigned number in o

with lexicographically largest label,
4 | o(i) < v

5 | for every vertex w € Adj(v)
with no assign number in ¢
6 append i to label(w);
7 | end for
8 end for

Algorithm 1 : LexBFS

We use this algorithm to build a simple recognition algorithm for chordal graphs based

on property (v). We use LexBFS to find a vertex ordering o that is a PES if and only if the

353 graph was chordal.

354

355

356

357

358

359

360

Here, we have two viewpoints of LexBFS.

Viewpoint 1: We have labels at each vertex and consider strings over the alphabet

{1,...,n}. We use the lexicographical order 1 <jey - -+ <jez n. So for label(v)=ay ... as
a1 <iex B1

and label(u)=p31 ... Si wehavea =y ... a5 <jez B1...0: =084 a=0,8#£0

a1 =Frand ag...as <pex P2 ..

Viewpoint 2: We consider a queue of all not numbered vertices with v €First(Q). The
elements of @) are sets of vertices of the same label, sorted lexicographically in @. Then
for Adj(v) we split each set X in @ into Adj(v) N X and X —Adj(v).

13
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The plan in the following is to run LexBFS and obtain a vertex-ordering ¢ and then
test if o is PES in linear time. For this we must prove 0 PES< G chordal and implement
LexBFS in linear time.

We use the following lemma to characterize LexBFS results.

» Lemma 30. o € LexBFS(G), then Ya,b,c € V, it holds a <, b <, ¢ and ac € Eg,bc ¢
E¢ = 3d with ¢ <, d and ad ¢ Eg,bd € Eg.

Proof. Consider such a triplet. When c is processed by LexBFS one of the following cases
occurs.
If label(a)=label(b), then afterwards label(a)> e, label(b) and thus this will still hold
when b is processed, contradicting the choice of b.
If label(a)#label(b), then label(b)<;c.label(a). Consider the step before the first time,
when label(a)#label(b). This occurs when processing vertex d, ¢ <, d. It holds that b €
Adj(d) and a ¢ Adj(d) as a <, b. So we have bd € E,ad ¢ E.
<

Note

If T have e , I can conclude, that / ==

We use this property to show the desired result.
» Theorem 31 (Theorem 3.9). G is chordal if and only if LexBFS outputs a PES

Proof. ‘<’ clear

‘=’ We prove the contraposition, i.e. ¢ not PES = G not chordal. Consider a ¢ not PES,

then Ja,b,c;a <, b <, ¢;ab,ac € Eg;bc ¢ Eg. We chose a triplet with maximally right

c. We use the naming convention a = z9,b = z1,¢ = z3. By the Lemma 30 we know:

dxg : 19 <, w3; 1123 € Eg;xoxs ¢ Eg. We consider two cases:

i) Tox3 € Eg:
Then, xgz1x223 induces a Cy and G is not chordal.

i) xows ¢ Eg:
By Lemma 30 we know: Jzyx014 € Eg, 2124 ¢ FEg, 23 <, x4. If zox4 € Eg, the choice
of xo as rightmost is contradicted. So we have xgx4 ¢ Eq: If 2324 € Eg :, then we find
Glzo,...,x4) = Cs. If x324 ¢ Eg, then we find Gz, . ..,x4] = Ps with endpoints 3, 24.
We continue and get Jzs by Lemma 30. If xzoxs € Eg, then zgzoxs forms a PES-triple
with x5 further to the right. This is a contradiction. So zoxs ¢ Eg. If x125 € Eg, then
we get a contradiction to the choice of x3. Similarly, z425 € E¢ implies an induced Cg
on zg...x5. And, z4x5 ¢ Eg implies an induced Ps and the argument continues.

Since the graph is finite we eventually find the desired induced cycle. <

In the next step we want to show how LexBFS can be implemented in linear time.
LexBFS in O(|V| + | E|):
We use the following datastructure: We use a queue @ with sets that supports First(Q) and
is implemented as a double-linked list. For each set S of vertices in () we use a non-empty
doubly-linked list and a Flag(S) that is true if S has been split. For each vertex w we store
the set S(w) that includes w. Finally, we need a fixlist L which is a list of all sets, that have
been split.
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We then use the following algorithm for the update step.

1 for w € Adj(v) not numbered do

2 if Flag(Set(w)) = false then

3 insert new set S before Set(w) into Q;
4 Flag(Set(w)) « true; add Set(w) to FixList;
5 end if

6 S « set before Set(w) in Q;

7 remove w from Set(w); add w to S;

8 Set(w) « S;

9 end for

10 for S € FixList do

11 | Flag(S) < false;

12 if S empty then

13 ‘ remove S from Q;
14 end if

15 remove S from FixList;
16 end for

Algorithm 2 : Update step in LexBFS

We then use the following runtime analysis: Line 1 to 9 is linear in |Adj(v)| and line 10
to 16 is linear in |FixList| = |Adj(v)|. So the update step can be done in |Adj(v)|. Thus, the
total runtime of LexBFS is O} |Adj(v)| + |V]) = O(|V]| + |E|).

v
It remains to test, if the output of LexBFS is PES.
The naive approach for such a test would be to test all triplets for the property. This

takes ©(n?). Alternatively one may test the right neighbourhood of each vertex for cliques.

This takes >°|Adj(v)|? = O(n?). This approach looks at vertices more than once, so there is

potential fo; improvement.

The idea is for v to tell its leftmost right neighbour u a set of vertices that should be
pairwise adjacent. These form a clique. The vertex v also wants u to be adjacent to all of
those.

We use the following algorithm.

Input : graph G = (V, E), vertex ordering o.
Output : true, if o PES, false otherwise.

1 for each vertex v do A(v) + 0;
2 fori<~1ton—1do

3 v o(i);

4 X +{z e Adjv) | o(v) < o(2)};
5 if X = () then go to line 8;
6 u < argmin{o(z) | z € X};
7 add X — {u} to A(u);

8 | if A(v) — Adj(v) # 0 then
9 ‘ return false;

10 end if

11 end for

12 return true;

Algorithm 3 : Test for perfect elimination scheme

15
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» Theorem 32. Algorithm 3 is correct.

Proof. We must show: Algo 3 returns true < ¢ is PES of G.

Equivalently we can show: Algo 3 returns false < o is not PES of G.

‘=’ 3 vix u with A(u)—Adj(u) # 0, say w € A(u)—Adj(u). Who put w € A(u)? This was
done by some v earlier. So w is leftmost in X,,, w € X, —u. We thus found a tripled forbidden
by PES and the result is no PES.

‘<=’ Assume o is not PES and take a forbidden triplet u, v, w with u, v closest together.
We claim that w is the leftmost right neighbour of v. To show this we consider a vertex a
inbetween: Cousider a € X,,, v < a < u. If au ¢ E¢ the choice of the triple is contradicted
as vau can be used. So au € Eg. If aw ¢ E¢ the choice of the triple is contradicted as vaw
can be used. So aw € Eg, but then auw is a better triple. So w is the leftmost in X,.

So Algo 3 puts w into A(u) when processing v. Later when processing u we have
w € A(u)—Adj(u) and return false. <

Next we consider the runtime of this algorithm.
» Theorem 33. Algo 3 can be done in O(|V|+ |E|).

Proof. We for-loop over each vertex once. Here, lines 2 to 7 are possible in |Adj(v)|. Line
7 appends X — u to A(w) without checking for duplicates. So this takes O(> |Adj(v)|) =

O(|V] + |E|). The check in line 8 to 10 uses the below algorithm. Here the test runs in
O(|A(v)| + |Adj(v)|). This is also in O(]V| + |E|) since this list cannot be longer than the
time spend to build it up. <

Input : lists Adj(v), A(v).
Output : true, if A(v) — Adj(v) # 0, false otherwise.
for w € Adj(v) do Test(w) < true;
for w € A(v) do

if Test(w) = false then

‘ return true;

end if
end for
for w € Adj(v) do Test(w) < false;
return false;

Algorithm 4 : Test for A(v) — Adj(v) # 0 in line 8

O N A WN =

So we can recognize in linear time whether G is chordal and compute a PES of G.

3.3 Algorithms on chordal graphs

The aim of this section is to compute x(G),w(G), a(G) and k(G) for chordal graphs using a
PES o.
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Algo 5 finds w(G) and x(G) with clique C' and coloring ® optimal
Algo 6 finds «(G) and «(G) with independent set U and clique cover ¥ optimal

Note that previously we defined a coloring as V; +- - -+V,, where V; is an i-set. Equivalently
we can use ® : V — [t] with ®(v) =i < v € V; and ®(v) = 0 for uncolored vertex.

Input : chordal graph G = (V, E).
Output : clique C and coloring ¢.
compute with LexBFS a PES o of G;
C+ 0, ¢« 0;
for i+ n to1do
v« o(i);
Xy — Adj(v)n{o(i+1),...,0(n)};
¢(v) « min(N — {p(w) | w € X, });
if |C| < |X, + {v}| then
| C + X, + {v};
end if
end for
return C and ¢;

Algorithm 5 : Compute w(G) and x(G)

© 00 ~NOSO G WN =

-
- o

» Theorem 34. Algo 5 computes a cligue C and a coloring ® with |C| = w(G) and
max, ®(v) = x(G).

Note that we traverse the PES from right to left.

Proof. We show the different partial statements.
C is a clique:
Note that C is of the form X, + v. As o is a PES we know that X, is a clique. So
C = X, + v is clique. We thus have max, (| X,|+ 1) = |C| < w(G).
® is coloring::

We set the color ®(v) of each vertex once and never change it, so ®(v) > 1. Let uwv € Eg.

We can assume w.l.o.g. u € X,. Then, we choose ®(v) to be different from ®(u). So we
obtain a coloring and we have x(G) < max, ®(v).
C and ® are optimal:
For every vertex v we have ®(v) < |X,| + 1 as at most | X, | colors are blocked. Hence
X(G) < max, ®(v) < max,|X,|+1 = |C| < w(G) < x(G). Again the last inequality
holds for all graphs. So we have equalities everywhere and thus |C| = w(G) and
max, ®(v) = x(G).

<

We consider the runtime.
» Theorem 35. Algo 5 can be done in O(|V| + |E|).

Proof. The for-loop iteration for vertex v takes O(|Adj(v)|). Here, line 6 is similarly to Algo
4 doable in O(]X,|). Thus, the runtime is O(|V| + |E|). <

17
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Input : chordal graph G = (V, E).
Output : independent set U and clique cover .
compute with LexBFS a PES o of G;
U<+ 0, ¢+« 0;
for i < 1 to n do
v 0(1), Xy «+ Adj(v) N{o(i+1),...,0(n)};
if ¥(v) =0 then

U+ U+ {v}

for w € X, + {v} do

| ¥(w) « |U];

end for
end if
end for
return U and v;

Algorithm 6 : Compute a(G) and k(G)

e
Ho@m\l@(ﬂhwl\’l—‘

[uy
N

» Theorem 36. Algo 6 computes a independent set U and a clique cover ¥ with |U| = a(QG)
and max, ¥(v) = k(G).

Note that we traverse the PES from left to right.

Proof. We show the different partial statements.
U is an independent set:
We use the following invariant: w € U,v >, w,¥(w) = 0 = vw ¢ FEg equivalently
weU:v>,w:vwe Eg = ¥(v) =0. This invariant is true since v € X,, gets assigned
U(v) < |U| # 0. So we have |U| < w(G).
¥ is a clique cover
In line 8 we set ¥(w) <« |U| = i,Vw € X, +v. Since o is a PES, X, + v is a
clique. Additionally, the value |U| is never assigned again. In the final ¥ we have
{v:¥(v) =i} C X, + v and thus this set is a clique.
U and ¥ are optimal:
We have k(v) < max, ¥(v) = [U| < a(G) < k(G). Again the last step is true for all
graphs. So we have equalities everywhere. Le. |U| = a(G) and max, ¥(v) = &(G).

<
We consider the runtime.
» Theorem 37. Algo 6 can be done in O(|V|+ |E|).
Proof. Similar to proof for Algo 5. |

3.4 On the relation between between intersection graphs and chordal
graphs

In this section we aim to find an intersection representation of chordal graphs. We consider
the following representation of substrees of a tree.

» Definition 38. Let G = (Vig, Eg) be a graph. We find a underlying tree T = (Vr, E7)
such that we can assign each vertex of G a subtree T, of T. We call the tree a intersection
representation as subtrees of a tree, when uv € Eg if and only if T, N'T,, # 0.
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The plan is to show that a graph has such an representation if and only if it is chordal.
For this remember that interval graphs have a intersection representation of subtrees of a
path.

The main ingredient we use in our proof is the Helly-property.

» Definition 39. A family {A;}icr of sets has the Helly property, if VJ C I :Vi,j € J:
AiﬂAj:> m AJ#V)

JjeJ

So informally, this property requires pairwise intersection to imply intersection in one element.
The following proposition was proved in the exercises.

» Proposition 40 (Proposition 3.13). T tree = {T; C T|T; subtree} has the Helly property.
We use this in our main theorem:

» Theorem 41. For every graph G = (V, E) the following are equivalent:

wo (i) G is chordal
soo (ii) 3 tree T = (Vr, Er),{T, CT)i € V,T subtree}such that vw € E < T, N Ty, # 0.
sa(#i) I tree T = (Vp, Er) such that Vp = {X C V|X inclusion-mazimal clique in G} and
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Vv eV, K, ={X € Vr|lv e X} induces a subtree.

Proof. We show the three implications and close a cycle.
(ii) = (i):
Let G be a intersection graph of subtrees of a tree. Let C = [v,...,vx],k > 4 be a
cycle in G. We consider three subtrees of T. T} =T, UT,,,Ts =T,, U---UT,, , and
T35 =1T,,U---UT,, are subtrees as the trees of adjacent vertices are non distinct. We note
that T) N'Ty # () as vovs € Eg, To NT3 # () as v3vy € Eg and Ty N T3 # () as vpv; € Eg.
So using the Helly-Property and Proposition 40 we get 3z € Vp 1 x € Ty, € T, x € T;.
We distinguish two cases:
Case 1: z € Ty, :
Then, z is contained in T,,, € T5 for j € {3,...,k — 1}. So there is a chord.
Case 2: x € Ty,:
Then, z is contained in T,,; C T5 for j € {4,...,k}. So there is a chord.
(i) = (iii):
Let G = (V, E) be chordal. We use the notation K (G) = {X C V|X inclusion-maximal clique in G}.
We construct a tree and check for (*) Vv € V, K, = {X € K(G)|v € X} C K(G) induces
a subtree in 7. We find the tree T' by induction on |V|. In the base case we have one
vertex in G and one in K(G) =T. We can verify that (*) holds.
In the induction step we consider |V| > 2. Let v be a simplicial vertex. By applying the
induction hypothesis to G — v we get a tree T” of K (G — v).
Case 1: Adj(v) € K(G —v):
Then, Adj(v) + {v} € K(G) and K(G —v) — Adj(v) = K(G) — (Adj(v) + {v}). We
relabel the vertex in 77 and get the new tree. We observe that (*) still holds as Vw # v
nothing changes and v is only in one vertex label.
Case 2:Adj(v)# K(G —v):
Let X € K(G —v), Adj(v) € X. Then, there is a vertex for X in 77. We add a new
vertex Adj(v)+{v} that is adjacent only to X. Then, (*) holds as Vw € Adj(v) : w € X.
(ifi) = (ii):
Let T = (Vp, Er) be the tree with (*). Then, take T, as the subtree induced by K,. We
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verify:

vw € Eg < 3X e K(G): {u,v} CX
<3IXeK(G): XeK,, X €K,
SIXeVr: XeT,NT,
S T,NT, #0

Here, the first equality holds as {v,w} is a clique.

4  Comparability graphs

In this section we consider graphs where the vertices are given by elements and the edges by
a better-than relation. So we consider directed edges (u,v) where v is better than wu.
Formally, we use a binary relation.

» Definition 42. A binary relation <C Vg x Vg = {(u,v) : u € Vg,v € Vi} is called
irreflexive, if v £ v,Vv € Vg, and transitive, if Vu,v,w:u <vAv <w=u<w. We call a
irreflexive and transitive binary relation a strict partial order.

Throughout this section we use the following notation: We consider only directed edges
and have graphs G = (V, E) wit finite V and E C {(u,v) : u,v € Vju #v} = VxV —{(w,w) :
w € W}. We again use the shorthand uwv for (u,v), but note that now uv # vu. We call a
graph G = (V| E) undirected, if Vu # v : uwv € E = vu € E.

We begin this section by considering how we can orient such undirected graphs.

» Definition 43. An orientation of a graph G = (V, E) is F C E such that Vuv € E : uwv €
F & ou#F.

» Definition 44. For a subset F C E we define F~1 = {vu : uv € F} to be the reversal of F.
We also define F = FUF~! = {uv:uv € F orvu € F} to be the (symmetric) closure of F.

We use this idea of orientations to define comparability graphs.

» Definition 45. For an undirected graph G = (V, E) an orientation F' is called transitive,
if Va,b,c:abe FANbce F = ace F.

» Definition 46. A undirected graph G = (V, E) is a comparability graph, if it admits a
transitive orientation F'. We then call G transitively orientable.

We note that for example complete graphs and paths are comparability graphs.
» Observation 47. F is transitive orientation < F~1 is transitive orientation

We now show that comparability graphs are perfect using the SPGT. This will also be
implied by later structural results.

» Theorem 48. G comparability graph = G perfect

Proof. We use the SPGT and first observe that if G is a comparability graph, then any
subgraph G4, A C Vg, also is a comparability graph. Hence it suffices to show that C; and
C; are not comparability graphs for odd ¢ > 5. Here, we take a transitive orientation F and
show a contradiction.
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We begin with odd cycles. W.l.o.g. we may assume v1vy € F. Using the transitivity of F'
we can conclude that vovs ¢ F = v3vy € F and vyv3 ¢ F = vzvy € F. In general we know
that each v; with even ¢ must be a sink and each v; with odd ¢ must be a source. Then,
v € Fyvjvy € F but vvg ¢ F, so F is not transitive.

Next, we consider complements of odd cycles. We first note Cs = Cs, so this case has
already been handled. For t > 7, we may assume w.l.o.g. that vjv3 € F. Since vqvz ¢ E, we
have vivy € F or F not being transitive. So v; must be a source as this can be repeated
for the other vertices. Using a symmetric argument, vz to v;—1 must be sinks. This yields a
contradiction as this forces vsv;_1 € F and v;_qv3 € F.

<

We note that C; is a comparability graph for even ¢ or t = 3. More general we note that
all bipartite graphs are comparability graphs. Here, we use the orientation that orients each
edge from the left set to the right.

We observe that the above proof used the following attribute: If F' C FE is a transitive
orientation and ab € F and a'b’ € E where either a = o’ and b’ ¢ F or a = o’ and aa’ ¢ E,
then o't/ € F.

We formalize this notion.

» Definition 49. We define the Gamma-relation as follows: For ab € E,d'b € E define
abl'd'V if a=a' andbb' ¢ E orb="¥" and aa’ ¢ E.

We can restate our observation using this relation.

F transitive
» Observation 50. abc F = a'bt € F.
abla’t/

We say that ab enforces or implies a’b’.
We now apply this result iteratively.

» Definition 51. A T'-chain is a sequence a1by, ..., arby of edges with not-necessarily distinct
vertices such that a;b;l'a;1b;41,Vi =1... k. We use a1b11"*apby, where I'* is the transitive
closure of T'.

We again restate our observation.

F' transitive
» Observation b2. abc F = db e F.
abl'*a't/

We can see I'* as an equivalence relation of E as it is symmetric, transitive and reflexive.

Here, symmetry follows from the two symmetric cases in the definition of I'. Thus, I'* splits
E into equivalence classes Z(G). These are called implication classes.
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» Observation 53. G comparability graph = number of Z(G) even.

This is due to the fact that if there is a A € Z(G) with ab, ba € A then G is no comparability
graph. The reverse implication is also true but non-trivial. We show this in the following.

» Definition 54. For A € I(G) we call A = AU A" a color class of G. We then define
I(G)={A: AeZ(G)}.

Since abI'™*a’b’ < bal*b'a’ we observe:

» Observation 55. abl'*cd < cdl™ab < bal™*dc
AeZ(G)e A e 1(G)

This results in the following theorem for transitive orientations.

» Theorem 56 (Theorem 4.1). For A € Z(G) and transitive orientation F of G, we have
FNA=AorFNnA=A"

Proof. We consider an edge ab € A. We assume w.l.o.g. ab € A. This is valid due to
Observation 55. We consider two cases:
Case 1: abe F
Then, we have ab € F N A. We take an edge cd € A with abl™*ed. Due to Observation 52
we can follow the I'-relations and get ¢d € F. Hence, A C F. Since F' is an orientation
we have FNF~1=0. So A~ NF =0 and thus F N A = A.
Case 2: ba € F,ba € A1
Here, we can apply an analogue argument.

This theorem yields the following corollary.

» Corollary 57. For a comparability graph G and an implication class A € T we have
ANA=L =0 and not A= A=1.

Proof. We consider such a graph and take a transitive orientation F'. Then, F'N A=Aor
FNA=A"'".But FNF ' =0 and thus AN A~! = 0. <

This corollary yields the first direction of the theorem used in our recognition algorithm.
In the following we prove some preliminary results and then combine them to show the
backwards direction.

» Lemma 58 (Triangle-Lemma). For an undirected graph G, implication classes A, B,C € T
with A # B, A # C~! and a triangle abc in G the following two parts hold.
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o0 (1) Ve A=ab €C,ad €B

630 (ZZ) abeCbd e A=a'd eB

631

632

640

641

642

643

& A ®) CI.‘ A 'b,

Here, the existence of the black edges, vertices and classes implies the orange ones. It is
important to note that A= C,B~' =C,... aswell as @’ = b,b’ =c,... is possible.

Proof. We prove the two parts separately.

(i) We first note that is enough to consider one step in the I'-chain bcI'™*0'¢’. Here, two cases
arise. Either b="0",cc’ ¢ E or c=¢,bb' ¢ E.

Case b=V ,cc ¢ E:

We first observe that ¢’ # a as ¢’ ¢ E. If ac’ ¢ E, then bal'bc’. Thus, ba and bc’ are
in the same implication class. Thus, A = C~! which we ruled out. So ac¢’ € E and
aclac’, so ac’ € B.

Case c =, bl ¢ E:

We use a similar argument. We first observe that b’ # a as bb' ¢ E. If ab/ ¢ E, then
b’ clac. Thus, b'c and ac are in the same implication class. Thus, A = B which we
ruled out. So ab’ € E and abl'ab’, so ab’ € B.

23
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o (i) We apply (i) to a,b,¢, A, B,C. We verify C = A# B=A"" Bt C = A #C~' =
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648
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652

653

654

655

656

657

658

659

(B~1)~! = B may be not true. We consider two cases.
Case B # C:
We apply part (i) and get a’c € B,b'c € A. By applying part (i) again to the triangle
a’b’c and alternative base ¢'b’ we get '’ € B.

a=b a =0
C=B""1 _ _
C=A C=A
c=a%————9yPb=c c A =7
B=A""
Case B=C:

We use part (i) to obtain ab’ € C,ac’ € B. Again if ac ¢ FE, then b'a’'TV'¢’ and
A=C"1 Soad € E.

We still have to find the implication class of this edge. Now let a’¢’ € D € Z(G). We
assume D # B, or we are done. We apply part (i) to a,b,c. We verify B~! = C~! =
A#B=D"'andC'=A#C'=A Weuseba € A= C~" as the alternative
base. This gives ac’. But then we have B = D.

a a =c
B=D!
B D C A=cC!
C
C A 'b C’: {1 'b/:b
C=A"1

We continue by proving that implication classes are transitive in our cases.

» Theorem 59 (Theorem 4.4.). A€ Z(G) = A= A"t or ANA™L =0 and A, A~! transitive
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Proof. We know that A= A=Y or AN A~ = () (Theorem 56). In the case AN A~! = () we
show that A is transitive.

In this scenario we need to show ac € A. If ac ¢ E, then abl'ch and due to ab € A and
cb € A= we have A = A=L. This contradicts our current case. So ac € E. We consider an
implication class B € Z(G) such that ac € B and show B = A. For this we assume B # A
for the sake of contradiction. We apply the triangle lemma part (i) with b’¢’ = ab as the new
base. We note that we can apply the lemma as A # B and A # C~! = A~!. We thus get
ac’ = ab € B and thus A = B. This is a contradiction.

We use this result to recognize comparability graphs. As this result shows that an

implication class is transitive we can add an arbitrary implication class to the orientation.

We then remove the full color class.

by

Consider the above graph. After removing B; one may choose orange and yellow classes
but not green and orange. So some dependencies exist.

In the following we consider Algorithm 7 and prove its correctness.

25
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Input : undirected graph G = (V, E).
Output : transitive orientation T, if it exists.

1 T« 0;

2 i+ 1, FE;, < E;

3 while E; # () do

4 choose z;y; € E; arbitrarily;

5 determine implication class B; of E; containing z;y;;
6 |if B;nB; ! #0, then

7 ‘ return ‘G is no comparability graph”;
8 end if

9 add B; to T';

10 E’i+1 «— F; — Bi;

11 L4141

12 end while

13 return T

Algorithm 7 : Recognition of comparabilty graphs

675 We formalize this notion of iteratively removing color classes.

ss  » Definition 60. [By,..., Bg] is a G-decomposition, if
677 é1+~--+ék:E
678 Bl€I(.BAZ++.BAk) fO’l"iG[k]

679 We note that Algorithm 7 computes a G-decomposition or stops with not a comparability
eo graph. To prove the algorithms correctness we first investigate how implication classes change
1 when removing color classes. Here, we introduce Theorem 4.6 that states that in this case
sz either the color classes are independent and the order of removal could have been changes or
63 two former classes were merged.

684 This theorem uses rainbow triangle which are structures similar to triangles, but care
es only about color classes.

C

686 Here, we require /1, B and C to be pairwise distinct.

& » Theorem 61 (Theorem 4.6). For A € Z(G), D € Z(G — A) we have
s (i) DeZ(G) and A € I(G — D)
o0 (11) D =B+ C, A, B, C in rainbow triangle

o
o

s Proof. We first note that all edges in I'-relation before the removal of A are still in relation
s afterwards. But removing the color class may introduce additional relations as it introduces
ez non-edges. So implication classes can merge. We consider D € Z(G — A) which is a disjoint
63 union of some previous implication classes.
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604 case 1: D=B+C+...,B,C €Z(Q):

695 We show that in this case only two classes merge. In this case there must have been a
696 rainbow triangle ABC. If B also merges with X, then there must be a rainbow triangle
607 ABX. We then apply the triangle lemma part (ii) to get X = C. So D = B+ C.

608 case 2: D € Z(QG)

699 By case 1 we know that every implication class of Z(G — 15) is a union of at most two
700 implication classes of Z(G). If A merges with X in G — D, then there is a rainbow
701 triangle ADX. But then D merges with X or X~ !in G — A. This is a contradiction. So
702 Ae I(G — ﬁ)

703 <

704 We are now ready to show our main theorem.

s B Theorem 62. The following statements are equivalent:

ws (i) G is a comparability graph

w7 (i) ANA™!=0,VA € Z(G)

ws(iii) Bvery G-decomposition [By, ..., By] has B;N By ' = 0,Vi € [k]

00 Note that every graph may have a G-decomposition but these may not fulfil the niceness-
70 criterion.

m  Proof. (i)=-(ii) is done by Theorem 56.

712 (ll):>(lll)

73 We consider any G-decomposition [By,..., Bi] and use induction on k. For k = 1 we
74 have B; € Z(G) so By N By = () by (ii). For k > 2 we again have B; N By'! = () by (ii).
715 We note that [Ba, ..., Bi| is a G-decomposition if G — B;. We need to verify (ii) for this
716 graph, namely AN A~ VA € Z(G — Bl) By Theorem 61 we have D € Z(G) and then
ey DN D™! =0 by (ii). Alternatively we have D = B + C for B,C € Z(G). Then:

718 DﬂDilZ(BﬁLC)ﬁ(B‘FC)il

719 :(B-}-C)Q(B_l-i,-c_l)

720 =BnB HuBnCcHuCnB Hu((CnCc™

721 - @

e Here, the first and last are empty due to (ii) and the other two are empty as B # C~!
723 and C # B~!. This is as there is a rainbow triangle B, BC and implication classes are
724 either the same or disjoint.

725 So (ii) holds for G — By and by induction B; N Bi_1 =(,Vi> 2.

726 (iii):>(i)

o We again use induction on k for [By,..., Bg]. For k =1 we have By N Bl_1 = () and thus
728 by Theorem 59 B is a transitive orientation. The orientation part is due to the fact that
729 B contains all edges. For k > 2 we consider the G-decomposition [Bs, ..., Bi] of G — By.
730 As this fulfils (iii) the graph G — B; has a transitive orientation T by induction. We claim
731 that B; 4+ T is a transitive orientation of G. The orientation part follows easily from the
732 fact that By orients all edges added to G;_p . We show transitivity. As transitivity can

733 only break when edges of different parts are involved we consider the two possible cases.
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B T

If ac ¢ E, then abl'cb. Then, ¢b € B;. This contradicts bc € T. So ac € E. But this edge
may be oriented in the wrong direction. Then, ca is either in T or By. If ca € T, then T
is not transitive as ba is missing. If ca € By, then B is not transitive as cb is missing.
So one must orient ac. The case where B; and T switch positions follows analogous.

<

This proves our algorithm correct.

» Corollary 63. Algo 7 determines correctly whether G is a comparability graph in O(A(G) -
[E[+[V]).

This is as the algorithm stops when is finds a not nice decomposition. We can analogously
show that the above T is in fact the By U --- U By, computed by the algorithm. For the
runtime the critical line is line 5. This can be done by exploring the neighbours of the
starting edge. This contributes the factor of the maximal degree A(G).

We are now ready to state an algorithms computing our parameters.

Input : comparability graph G = (V, E).
Output : vertex coloring h and clique C.

compute transitive orientation F' of G,
compute tological ordering o of (V, F);
for i < 1 ton do

v+ o(i);

h(v) < 1+ max{h(w) | wv € F'};
x - max{x,h(v)};

w 4 argmax{h(w), h(v)};

nd for

9 fori+<+ xtoldo

10 | C«+ C+{w}

11 | w ¢+ argmax{h(v) | vw € F'};

12 end for

13 return h and C;

O~NOOO A WN =

]

Algorithm 8 : Compute x(G) and w(G)

» Theorem 64. Algorithm 8 computes correctly x(G),w(G) for a comparability graph G in
O(|V|+ |E|) (when given a transitive ordering).

Proof. We show the partial aspects.

h is a coloring:

Yuv € E(G) to show: h(u) # h(v). We assume w.l.o.g. uv € F. So since o is a
topological ordering we have o(u) < o(v). So h(u) is set already when v = (). Thus,
h(v) = 1 4+ max{h(w)|wv € F} > 1+ h(u). As this includes u we have the desired
outcome. We thus know x = max,cy h(v) > x(G).
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C is a clique:
Let C' = {wy,wy—1,...,1}. Then, h(wy—;) = x—i and h(wy—;) = I+max{h(v)jvwy_1 €
F}. So h(wy—i—1) =x —t—1and wy_;—1wy—; € F. So C is a directed path in F. By
transitivity C' is a clique. So we have x = |C] < w(Q).
The coloring and clique are optimal:
We combine these results to get: x(G) < x =|C| < w(G) < x(G).
The runtime is linear except for line 1.
<

We now introduce Algo which computes a(G) and k(G) for comparability graphs. We
first consider the special case of bipartite graphs. Remember that these are comparability
graphs as we can orient all edges from the first to the second set.

We introduce some terminology.

» Definition 65. A set M C Eg is a matching, if Vv € Vg there is at most one e € M with
v € e.

We note that x(G) < |V| — max{|M]| : M Matching} as each edge of the matching
improves the trivial clique cover of isolated vertices by one.

» Definition 66. A set S C Vi is a vertex cover, if Ve € Eqg there is at least one v € S with
v E e.

We note that S is a vertex cover if and only if V — S is an independent set. So we
have a(G) < |V| — min{|S| : S vertex cover}. These two hold for all graphs as well as
a(G) < k(G).

» Theorem 67 (Konig). For a bipartite graph G we have min{|S| : S vertex cover} =
max{|M|: M Matching}.

Proof. We need to show that the two inequalities are in truth equalities. As G is perfect we
have a(G) = k(G) and it is clear that we can use a maximal matching to find a minimal
clique cover by using the matching edges and the remaining isolated vertices. |

So on bipartite graphs we can find the desired properties by computing a maximal
matching.
For other graphs we construct a bipartite auxiliary graph B = (V/, V", E). This graph uses

two copies of V' as vertices. So V' = {v'|[v € V},V" = {v""|v € V} and vw € F < v'w” € E.

Here, we note a correspondence between clique covers of G and matchings of B. We use
the following rule: v, w consecutive in the clique cover < v'w’” € M. Here, two vertices are
consecutive, if the are neighbours on the oriented path in a clique of the cover.

clique cover Vi +--- 4+ Vj of G

& k cliques partition Vg

< k distinct paths in F partition G
& 2 - k starts and ends of paths

& 2 k vertices of B are unmatched
&2Vl —2-k=2-|M|

& Vol — k= M|

So k(G) = |V| — max{|M| : M Matching in B} = |V| — min{|S| : S vertex cover in B}
using the Konigs theorem.
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707 To show optimality consider a vertex cover S of B. We note that for all v € S the set
s S — v is not a vertex cover due to the minimality. We then use the following observation:

0 » Observation 68. |SN{v,v"}| <1,Vv e V.

w0 Proof. We assume the contrary. Since S — v’ is no vertex cover: Jw € Vg, w' ¢ S,vw € F.
s Since S — v” is no vertex cover: Ju € Vg, u” ¢ S,uv € F. By transitivity there is uw € F
g2 and thus there is an uncovered edge v'w” € EFg. This is a contradiction. <

ss Hence, Y = {v € Vg|SN{v',v"} = 0}, the set of all vertices where neither copy is covered,
e has exactly [Vg| — |S| = |Vg| — [M]| = k(G) elements.

ws B Observation 69. Y is an independent set in G.

s Proof. We assume vw € Eg and have w.l.o.g. vw € F. Then, v'w” € Ep, but SN{v',w"} =
sor ). So there is an uncovered edge and thus a contradiction. |

ss  Hence, a(G) > Y] = k(G) > a(G). So |Y| = a(G).
809 So we obtain the following algorithm 9.
compute a transitive orientation F’

compute the bipartite graph B

compute a maximal matching M in B

810
811
812
compute a minimal vertex cover S in B from M
derive clique cover of |V| — |M]| cliques

derive independent set on |V| — |S| vertices

813

814

A S

815

816 Here, the first step takes O((|V|+|E|)?), the third takes O(|E|!*®) (with modern algorithms
sz nearly linear) and all others take O(|V| + |E|).

as 9  Graph classes derived from chordal and comparability graphs

a0 We first characterize split graphs.

20 P Theorem 70 (Theorem 5.3.). For a graph G = (V, E) the following are equivalent.
o1 (i) G is chordal and G is chordal (G is a split graph)

e (i) V =K+ S5 with K being a cliqgue and S being an independent set

823(iii) 04, C5 ,d_ind G and 04 gmd é

s Proof. We show the following three implications.

825 (11):>(1)

826 We have V. = K + S such that K is a clique and S is independent. Then, let C' be
827 a cycle of length at least four. If V(C) NS = (), then C has a chord as K is a clique.

828 If C = [v1,v9,v3,04,...] with vg € S, then vjv3 € K as S is an independent set. So
820 viv3 € E and C has a chord. Thus, G is chordal. Analogously, G is also chordal as for G
830 the set K is independent and S forms a clique.

831 (i):>(iii)2

832 This implication has been shown before.

833 (iii):>(ii):

83 We find a split into K and S. For this we choose K as the maximum clique such that
835 Gg for S =V — K has the fewest edges. Assume that Gg has an edge xy. Then we find
836 an induced Cy or Cs in G or an induced Cy4 in G. In the later case this is equivalent

837 to finding an induced 2K5 in G. Since K is maximum there exists u,v € K such that
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838 ux ¢ F and vy ¢ E. If u = v for all choices, then K — u + {z,y} is a larger clique. This
839 contradicts the maximality. So u # v. If we have vz, uy € F, then a Cy is induced. If
840 we have vz,uy ¢ E, then a 2K, is induced. So we may assume w.l.o.g. that va € F
a1 and uy ¢ E. We then find split K’ and S’. We now consider K’ = K — v + y and show
842 that K’ is a clique. So take w € K — u,v. Assume that wy ¢ E. If wx ¢ E, then
843 v,w,z and y form a 2K5. If wx € E, then u,w,z and y form a Cy. So all such w are
84 connected to y and thus K’ forms a clique of the same size. We now show that Gy _ g~
045 has fewer edges than Gy _g. To show this we prove |Adj(y) N S| > |Adj(v) N S|. We
846 assume t € S,tv € E ty ¢ E. If tx ¢ F, then zy,v and ¢ form a 2K,. So tx € E. If

847 tu ¢ E, then u,v,z and y form an induced Cs. If tu € E, then u,t,2 and y form an
048 induced Cy. So no such t exists. Thus, |Adj(y) N S| > |Adj(v) N S| and Gy _ k- has fewer
849 edges. Then, this is a contradiction of the choice of Gy _k.

850 <4
851 Next, we introduce permutation graphs.

2 B Theorem 71. For every undirected graph G = (V, E) the following are equivalent:

3 (1) G and G are comparability graphs (G is a permutation graph)

s (10) There exists a vertex ordering o of G without <~~~ AN

sss(iii) There exists an embedding V — R? such that (uwv € E) if and only if (uy < vy < uy < vy).

ss  Proof. We show the three implications.

857 (i):>(ii):

858 Since they are comparability graphs there exist transitive orientations (V, F}) of G and
859 (V, F») of G. Then, F = F; + F; is an orientation of the complete graph on V. We claim
860 that if F; and Fy are transitive, then F' is also transitive. The orientation of the complete
861 graph is transitive if and only if F' is acyclic. So if F' is not transitive it contains directed
862 cyclic triangles where either all edges are in one orientation or where one edge is in a
863 different orientation from the rest. In either case the F; with two edges is not transitive
864 as well. So the claim is true. So let ¢ be a topological ordering of F. This exists due to
865 the transitivity of F'. Then, the first pattern contradicts the transitivity of F; and the
866 second the transitivity of F5.

867 (ii)é(iii):

868 We are given a o without those patterns and can obtain a transitive orientation Fj of G
869 and Fy of G by orienting left-to-right. We then take o, = o as the order of x-coordinates
870 of points for each vertex in V. Since F} + F; ! is also a transitive orientation of a complete
871 graph, we can use a second ordering o, that is the topological ordering of F; + FQ_l.
872 So consider two vertices u,v. If uv € FE, we have w.l.o.g. uv € F; and thus u, < v,
873 and uy < vy. If wv ¢ E, we have w.l.o.g. uv € F and thus u, < v, but vu € F2_1 and
874 Uy > Uy

875 (iii):>(i):

876 Given an embedding of V in the plane we orientate uv € E from u to v if and only
877 if u is to the bottom-left of v. This is transitive and thus G is a comparability graph.
878 Analogously, we use the bottom-right for G.

879 <
880 We can also use an alternative definition for permutation graphs. Given an ordering 7 of

1 [n], we define G = G, as V(G) = [n] and ij € E(GQ) < (i — j)(n(i) —7(j)) < 0. That is G
s2  has an edge if 7 inverts the two vertices.

8

o
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We can recognize permutation graphs in linear time and can compute x,w, @ and s due to
the connection to comparability graphs. Furthermore y and w can be done in O(|V| + | E|).

We now consider a different problem. We are given intervals Iy,...,I, with I; =
(24,y;) sorted such that 1 < zo < -+ < z,,. Our goal is to find the number of minimal
translations such that these intervals do not intersect. So we want (i) 2} < --- < z/ and
(ii) y; < i, Vi € [n — 1]. We construct a conflict graph G with V(G) = {I1,...,I,} and
LI; e E(G) e z;—y;j < Y. (yr —xr). We can show that G is a permutation graph and

i<k<j

that the maximal set of intervéls that are not moved is a maximum independent set.

We are now ready to return to interval graphs and characterize them through chordal

and comparability graphs.

» Theorem 72. For every G = (V, E) the following are equivalent.

s (1) G is an interval graph
w5 (1i) there exists a vertex ordering o without TN
sos(iii) G is chordal and G is a comparability graph

s7 (1) G has no induced Cy and G is a comparability graph

ws (v) There exists an ordering A, ..., Ay of the inclusion-mazimal cliques in G such that

899

900
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916

917

918

919

920

921

922

923

924

925

926

927

928

Vv € V the numbers in {ilv € A;} are consecutive in {1,...,x}

Proof. We show the implications.
(i)=(ii):
We look at the interval representation of the graph. We may assume w.l.o.g. that all
endpoints of the intervals are distinct. We then define o as the left to right ordering of
these endpoints. So let u <, v <, w with uw € E, then the interval of v ends between
the endpoints of the other two intervals. Since uw € F the interval of w intersects the
one of v and thus the one of v.
(ii) = (iii):
The ordering ¢ has none of the triplets characterizing chordal graphs as they are forbidden
by the above triplet. Similarly, complement of the forbidden triplet of comparability
graphs is part of the above triplet.
(iii)=(iv):
This is trivial.
(iv)=(v):
We know that Cy is no induced subgraph of G and that G is a comparability graph. So
2K is no induced subgraph of G. Then, let F' be a transitive orientation of G and let
A, B be inclusion-maximal cliques. There is a non-edge ab between A — B and B — A. If
abe F, wesay A< B. If ba € F, we say B < A. It can be shown that if A < B, then
NOT B < A by case distinction. So < is well-defined. We now need to show that < is
acyclic.
Solet A < B < C and show A < C. Then, let a1b;y € F,a; € A,by € B and let
asby € Foag € B by € C. We know bs ¢ A as otherwise there would be a non-edge from
B to A. If by = a9, we also have a1bs € F' by transitivity and thus A < C. So assume
b1 # ao. Then, byas € E as B is a clique and ajas € E,b1by € E as otherwise transitivity
must be violated. Since Cj is no induced subgraph of G, we know that a1by ¢ E. Due to
the transitivity we get a1bo € F and thus A < C. So there is an total order A; < --- < A4,
on maximal cliques.
Let v € A; N A with ¢ < j < k. We have to show that v € A;. We assume that
v ¢ A; and show a contradiction. Then, there is a vertex w € A; with vw ¢ E as A; is
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inclusion-maximal and does not contain v. If vw € F, then A, < A;. This contradicts
Jj<k.IfwveF,then A; < A;. This contradicts i < j. Sov € A;.

(v)=(0):

We are given an ordering A;,..., A, on inclusion-maximal cliques. We note that {i|v €
A;} is an interval. So let I, be the smallest interval such that {ilv € A;} C I,. So
vw € E & Jiow e A; & I,N1, = 0. Here, the first equality is due to the fact that each
edge forms a clique and thus two neighbours must be in atleast one inclusion-maximal

clique together. So G is an interval graph.

We end with a short overview on these different graph classes.

property P:
property P:
property C:
property C:

G is a comparability graph.
G is a comparability graph.

G is a chordal graph.
G is a chordal graph.

P P C C graph class

v comparability graphs

v chordal graphs

v v interval graphs

v' V' split graphs

v v permutation graphs

v v cycle-free partial orders

Chap.4
Chap.3
Chap.7
Chap.5

Chap.6
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