E]‘V‘g:'ﬂl\fu\v\a - orab\ 2.0, 5

U(_ : abUnO: fie = 9:4:/ [VU,/\(";“”"S)
(Pff;la»"ﬂa'- 'MU"V‘dUCL I S méa(id\z (f)rdfunaslvockcn / 2 40 wmin

Uﬂbs;)ei beine. Tolien - Hond ghft ; alle Tolien ﬁaf in alkn [las
= Lein Ib'as-[,/uvs ,updales and Websile

heuwer TZQMM‘- 'Bcw:'wscw'eur—?xw { Vcw.m A0

AGT SCYIP) © 037 b\L) Macdines  Huber s Licensee  under
cc BY Lo, To vew o Copy ol lhis license ,uvisik:
lfl“ps /i Creadive Cammons .ora /(.t'ce:-ases /65/ ¥.0f

1 von 55



Efﬂ Pc;Lruna - pa.cLL«'c. h 7‘3 OC{ i

“eora—leclurc —7 6((0[:1]06 Ound FOrrwa) ot)roors ,H\en a/af)lf“,,,,.s on 810P}«.5

Ocl: A Graph G =Wl wih: V= (fuile) veler sed ; V12
£: cel of ecfﬁes £ { Uuxv |
pairs of velices — () = “— uv el , ufvl
2 unclicecled Sf'mlolé yalb})s o clowblt chacs

l/\o!aln'o.q : fu,vs - v L\Cmce Uuv =viu

n._-? usaql/b Maluya{ /{/Uy;. bcf n € /M

2 von 55



,]_‘{._thllc"""l aEP_L—S— [nl = i/,...,ﬂ

d
(nl
_EOW'PICJL ﬁ{gf)lﬂs chz2/ [ [/,,,r ({/f,---,hj / ( [4 ))
V“(m) : fh:lc ]"7 Las n yuhces W Nunbts of vehcas
E-([(n) = ( QJ
exow,oje'i\'. ° / A. E
(/(/' L(‘z L(:l, L([,l

=3 in r-'m'l-c %rapln Pavm'(xa

Cowplak ]o:fa!“ﬂ agr)ﬁ_ nN,m 2 A
Up o = L fape @l 0 Lbyie, bl E(U, )3

v ()
E( uh\w) lq Qs ba
QKQHP,ES'- qAH bd 0!,44' ‘)-, bn/b‘bg md'/\' Gy

L(,,,A (v {(1) t{Aﬂ- l(,q,z, L('z/f ( Uy
= In DM-‘LQ %WPL ?Ollml-llj

C_%C_,(_{S . hz23% ,Cy,'-'([h], {8iiall (e [h-Jﬂiu An)
V(C) 9w wurbe of veghces

£ (¢c,)
-&KOwPIES'. A Ij D

¢, G C
-3 (h - ,P,, VA 2 Cr'rc,({ 1S )064”,. Ut'lln Qdﬁ{ /!h

’oOH\S nz/ er z (Eh] {ff,i&/l‘s I)'é va/!]})
V(P
ECP)
exciples - b
" LR 7,
=) 'Ph gh Ch - An -7 POH‘ s c_,'rc[-Q WfJLml ealﬂe /’Vl

—% o

3 von 55



bopadenl amphs
_ﬁ__[rf‘F_}ﬂ__%f_qP-b h 2 /{ é, (L—qul ,@) =7 £,-, Cha,olo) ﬂrafgl\s L.:.'«H,, ewPJS

VIE) = (n] 4366 Sel

E fE,,.\ - Ch«.oltj 5

-Q.KG\MP“. H b - 8 & = o
Exl,xp,  Erll 0y, & E, -

{Md,U\C€O( sakarmPLS
‘for 3 C'Oraloh Gh':(l/, 6) ; VUJ_Q_,( gubs{,]' /1_91/ -”na; f'nO{ucecf Su%fa’?},
G, (s clabived as V(G =A, E(G)= [ yu ¢l uv ey

A
= A

—_—

‘QKDMWLQ

nolakon: GJ c G

nole: A can be %PJDJ , bul e Usuu “3 olop,'d lalll  aboul cararolns
withaut  vekices

in duced Subﬁu‘o]ns can Gl Jaa” r'nlo oﬁlu ﬁrap})-Cc;l«Jo.,.'es

q-i'.q/l__llﬁ and I'nC"ﬂfOCnd_p,l sef
Pel . G=(V,E) %mpln ,AE-V
-2 Al o C_(.l'_c.‘p_g_ \ if G, J5 & camplek ‘3‘0}0)\
- A is an |'ndeiaomdcn-l seh, if Gy is on -(‘,VMP)U ﬂf&PL\ (has e M(aeaj
=) Cmc3 5:‘:\01@ ve_;[-ex s &G clu'cwz AUD an fnoler)t‘.nd(hc’ set
( = @ (G) = moximum %ite of A, s lthal A V(G] ¥ o clique
C:b 5 0 (G) =5
- (G = max AVARY.E V(iG) is a c&'c,,u.e‘g
2 @ lCG) = par SIAL Y A ¢ V(G) s :'nclaroenofenl gel (j-ged)?

|

—? oS (ons L) arc.f,h lnas &1 lec.slr 6ne, \,UJLx ! QCG] L o (G}]}A s
c (G) = c(_l'q,ut V\Ulmla'(.}" CX (G) ‘lncfepandence hunbc.r

4 von 55



/Uo}akgv\-_ d,'s'o\'nl Un'on (of sds]

D i
o) onlb allsved o be sed (or a!r'.a'o:'nl Lnt'ons

A.‘.E: ./4()% bb\)— l'f AﬂRT¢

‘po-’};hcm
(DJ-'- Pa(l\'kon 0[ a sel Vs V,, i .. 4 Vl: =V
=7 Parl\'Hon ol Vin | ,oorls } L=/

=) evc(j valex s (h 8Kac‘H‘A) one pafj ol o po!”r’oln

Coloring _and  cligid cover

Deti G =(VE), AU, Y. il-U
P V7 T N P C"_{"Li’l'a Cif Vo rs on i-sel Wie [€]
2, x4V, 5 G chique Cover if V. is a chigiue Vie [¢]

note: if Vil=A Wie (b1 |V, +.1V, s « Co(OII'V\'a cenol
e c,(,.'%e Copas .

=) ln" &r%\n'ﬂn:) G(/Uu:hkor\ : P:'nc[ Minipn M (., S ”ﬂal VA bt \/t fa &
colonn Qr G c(iq,ue Couur
N(G) - hr1n E é'- ]’ CO((JH'II“] l/, +.. 4 V(: Or 6 3 =2 CLlrovw&L'c Wi b

‘F(GF hin u 3 \/,, p. b Vi C(I'clm cover of (3 “"'C(d'quc Coves pumlocs

AL XCG) K(6) ¢ V|
~ ausaaspmc.ku.-. L(c.f:pa-.

/Ubh,\ous For fm‘poflaﬂj Gmfgll_l

-’—\\\L(In A l Ch__ _’PV‘ | E"‘
3 hay A, ncA
), CG 2 \ 1Linzi [:. nz1 d*’qm V\uhlau

n A
A max (h'h)\ \Eh‘J lh/:\ n indepundenct wumbu
H——L(G )—\ A Q \ 3? It :;ii {’:1;';:1 ‘\\Aﬂ_ OLfOrhf:‘:- \nuhlo:

\/[\ (Cl) \ / mw(h\m\vrhli\ F\/'l’\ W

C[l'qM{ ovy Numbt

. i p) e ' '
nalc. ‘l co(o.mlolf & Y(G} ¢l & B]PMH{ \h/J , P Olvel 55 t
T

T n ol cp
Ihl—.‘\ - n d!vl-d.(c{ You dl o

rFoundy ¢f

“p

5von 55



5906 95

&, }Vﬂ,n G, n=4 ] P, n=zt £,
(0f3€91[ C(«'cfue e (G) " 1 2 L A
gmalles) colon g X(aG) n z nt (n moel2) Z A
(a,aea) -sel o« (G) A1 max (pan) L%J f:’;%] n
1 meux (o n ] [Lﬂ? /%/ d

& malles ) eligue cove I (6)

CL-q,Uc number €0 (G,) . sze of a (QIGCSI cb’crue,
chomabc quumbe,  XCG) : smalls) number o colors hal can be wsed lo colos
cize of o {ases lndaFenda,,,./ scf

¢

mofefcnaler_e pum. ¢ (G)°
spclles) C[J?{,«e (over Z{(GJ Emalles) pumbes of cL.q‘ue.s V\ccessfcfj lo cover dhe 6myo10

Tor eucrn ﬁraf)}q e have: * XCG)Z e (G)

Obgcsvahbon -
* K (6)= o (G)

Pool: 1F 1 eV, & ;no/apendml
CelVy 1 o clgue |
THEM: ,Iﬂ C | q‘u / Preax :(:[r.n }{MSVUJ-%xIn Comgom,d«e lo
hence bor ANY Co[c)fm\'j 14* + U= Vg ) onel
and  AUY c&'q,ue C e have. | C A V,I e/
[F <= ¢ ¢6) , THew Lzl THUS Y(6) = o (6)
suwme (o /{Ml( Cv[r'cw(’_ coves |y ot V) Vq
and  AUY (-seb T e have [T Vil eA =4 ¢
[F Il: x ¢6) THERM ¢ 2 II1 THUS JA(G) 2 o (6)

Can be. C{rs\)OmI ot Cun L)aue_ (o]

] l' = /{,,é

Main  queshon  of  AGT: when does il hold, }hot :
A D(G) = o CG)

V) (G) = x (G)

Ioon'n:)_‘orl‘SiU"- Gy am‘o]ﬁ G ulh Y(G) 7 o (G): Jash odd lem-—xfé)
“0 ‘H"E 6"0\0}‘ ! G' - G 4 [(M Q2 (GIJ =n o= 9((6)
(G )= >
U CorvPld-t ﬂfafolﬂ vith [Vi=n (G ) i D((G)

6 von 55



]fa.forvmulako’ ricen q,ues}fow Lhen Ooes P X(G,) = G-)CGJ) hold
Pz) M CGA): (04 (GA)
Par /"”.L fndc,.ceol Subal‘a)o]n.s 6/4 Por 7 ﬁraf))ﬂ G
=) ((P/” [7//49 Va-’ 9((64]' CJ(GA)
(72) VA< (/6.: Jh(6): o (6,)

Grqlo]nj ‘”'Ie,l L\cwe. ‘U\u'S PJO,OUJ'IJ: Conﬁr?'e,lt. jqu}qg L(h - £ IN
emphj 6;QP|,\5 gh N e N
CDMPIEJQ b,cpal)':k (j‘aPlﬂs L(hjlﬂ [ M, n €’U
Pa‘hs ?y; | n éN
%uem Cicles  Cpy nelN, n med 20
Qbscrvakon:  [F GraPhs G and U e Verlex -J,BJ'ofnJ—
o (63 H) = @ (6) 1+ o (H)
b (GeH) = B (G) + K (H)

F (o odd cicles, oy Acly , X(6,) 5 ©2(Gy) and U (G,): e (G,), bul
P{J.r /4= le dhose pro‘ooJl'CS do MOT Ifza/c/, Lo ocdd icles
oo not heve meUlfts (/Pﬂ) Cuﬂof(?z)

%ﬂﬂ_’t_ﬁi: a&rap\'\ G is  called 'Ioer(\ecl b G hes Proroh'es (PA) andl (P2
anc.nesl ﬂraph, -anl cenn lOreo.Lt @4) ahcf('PzJ is Cg . 'E:s ﬁfalphs L;r'“‘\

V] ¢ &, (B) AuD (P, ALlAYs holds ¥
(‘Ven ¢y s edd, C3 cloes  wnof brech (734) or@z) be cay,se G - V.g ).

7 von 55



L/QalA -F-erf\ecl- 6%@')1— —“neonj’_CL//PG’T)

n olk e If Con ‘oler
%r Luer raP]n G ff/ ha(cfs,ﬁnq} }Obj “ue, S Co[ F
) c; hes (P) & 6 hay (P) AL indincecl Sub praph

Uoening. VA s Vg X (G- ©(G,) @ U6a) = o (G4)
& MoT Trug ¥
- ((P,,) anc! (@2] Con loreaL on o [lvent Substds of vuk'ces/ §o
thve con e grophs Vith X(G* & (G4) and U6, > x(G,)

Tor o afct‘o)s G = “/tE) I“ﬂ Co.nPIEnnemJ of 6 Is the ﬁ”‘[o}" GE(VIE)r
Wwhee L= ("7/-} - £ {all ea{ﬁes, exepl lhose dhal are in G )
exumple : £y s Comp’&&-u.} ol 1(3

‘3fq13lﬁ G | AclY s chiome Co(o/,',.j Yoo alf= U
L) «x(G) | X(G)= [ (¢)
graph G A s j-sel - cligue cover V. . olf=V
o (GQ): (G JALG) = X (6)
i G lhas profgc,;hj (’P/‘ G has Fro]odlld (?Z
(G les propesly (?2 G has roPo/'ﬁ (P4)
= il G s perfec.l I's Fufec/

8 von 55



Necosse 1y tools Jo ool UPGT

[/O Iordop the L./(PGT e considy  a Pro‘oul% ('P.'s)
(P2) VAV : 0 (6) -Gy = 1Al
(o Co thel  does  nob hold, as ot -co: 2.2 5 =Ml = Cg rol pefecl, as e sau )

e will Proof G In;cd\s (PA) €2 G has (P
G hes (T’Z)/

\'/ful-c.x ve!o(.«'ml-‘om /u'pj}-.‘o—m /_’_/V‘e_c\./::r
Pel: bor a cdra‘o g = (V.,é) and | € N ) N - {0,/’,...3
lve  olefline Goh gs lhe 61’0‘0'/\ on

*Vedex - gab | (Gen) = (J 4. T
"éuc‘

° eelges uyl if and only f Ve [h@l, jelh] ,uv eb
called] Vflf-ez ri&h'cai—:‘on '/ rephon ol G

hﬁ]n: L ] a I/cc,]-on “ml 41”5 s, t\eu ham} Fe‘oe[x'l{ons e [,,a,\l— 10 Lave of “-Q
Voh.ces of J;\L G”'O{nc‘l 3(‘qu|. |'f1 ]n‘— A * (’:) , Lot 31-1 H\ﬂ. O’iJ'-”aJ 8rqp}| 6r
v)
t'f L\=(é) - Lse 9:..[ na vuk‘ccb tnol -‘hoefa:e ho edaos.
U(_ will Prm\,gt il ﬁrc.Pln G ha.s ((PA} ff.P?_) eucrﬁ VULLX VCPI.J’FIOH of 6 lflas
(Pay J (P2) =2 ¢ ¢ pulech | evuy vul -repekon of 6 palect

E_Ievv- L e, r4  OfRSC Kows

Dl (b 4 be ((Je N, guph G-(ne),

(ef (e Clyld . ﬁ) LJe_ lhe i-th wund veclor in WY, 4Ty

velex v €V delne G ov as Goh wilh hix)= {9. i ez v
h=A4re; f yis Jhe i-dh yulex - oubling velex

oncl G-v g5 Geh with h:d-o; ) reuoving ve lex

ObSu\rmL'Du\-' (’:vuc:) GGL\ Can Ioc ijm'hfcl fron G 103 G sequiente op

7

elepen qu:\ olouol"'bv‘s

9 von 55



/uUN; necesse - 4 leals

_l_gy:iv‘_g___i_é : (Mhb(/fns Vﬁ[(/s l() (?dbue_ m/t.s)
tor G ond H=Geh e bave () G has (PA) =2 Hhas (PA)
(Il) 6 ‘Ic.s ('P?.) =) H Inr:.s ((PZ)

)

Pocd  (or Lewme 2.6
G) withowt f(oss of 36"““’4“3 (I.J(as) . Hz Gey o H= G-v
«ceve H= G-v: dhen B s an incuced Sﬂbﬂm,oln ol 6 50
H= Gy hence il G hos (B) = H hes (BM)
becomse if 6 hes (P) all inocluced subgiaphs of
G heve (7.)
* cuse H:= G ey - VGVG 4% ]/Alu
U-v" = 6 = l-y°
labe ony Ae Uy il dan 02, 021 <2  bhes
A s o substd of G anol  hence hes (PA)
g0 X (HJ = X(6,) = (6] = o (Hi)
el v VL EA, Jhen: consicke Az A-vt e Vg
becomse G has (PAY: X(Gur) = ¢ (Gy)
v hes  lhe scme neighhexs os v' cue lo  definibon
soi X(M) e X(Gul= colGp) e o (By)
bu} os X(G) 2 ¢y (G) hold Hue ffbr ALY ﬁl’ﬁpj’\ q
Whed means XU =X (6,) = 0 (G = €6 (Hy)

2

GVH

10 von 55



—_—

Conliping _Jo_prool UPGT &0 2S

dbub -'q
OEQQr [;: eruﬁ‘ 9. "”‘&f’ {"3
(‘u‘,) .{d 6 Lmve (’PZ) ,' U(aj H= G o X ’ (e/ X ,x, 4)(' -}LL -juo afh—'s

6l % in x - (& U js G uth wiler x debled)
e les A’ corlains  x and x'l led A= A-x ¢ Uy
cP2Y L G o A6, - o (Gy) o VstV cligue cover ol Gy= Hy
vith ¢ = &« (ﬂ,ﬁ
’ E\A’J":) Endepmdwl el | of Hy sith [Tl ¢
L evey i-ced ol Y, hos o conain  eme yolex of very Pa;/ in dha cﬁ'?ue
v
Cose N« 3 1CA sl of Uy )li-t.xel
Jhen T ix' is an i-sel in Hy
=1 o (H) 2 A
2 Vb Vot $x3 % o clgse coner of H,r
2 JH,) ¢ Lid ¢ oc ( f147)
case L0 VT e A isetin Hy , 1Tl . x €1
el C - G-x = U, has oalld, )¢ €A

(%) o G = 3 C&'c(,ue over 6k Gyoc ™ l—}j_c with & €U c,b'a,,uc.s
V,(l# ae 4 V,gl_A
S 'l{,,'#... ¢ V;_}t ¢ 4 x' GL'que Conser 0-[ H_,q'
SRS RN R ICES 1
o all guphs

. Jevnma g-é

11 von 55



’jehﬂmc,\ Q,q
bul nol hcce.saah-t‘j for C'Owak_ G

T‘J
lp H=Goh  Hn . (1) for cill indluced subgeaghs ora}ﬁ (P3) Lo U
() for G

VA <cly A% Ve , UG e (G
o for sabe ol conbiaclibhion =2 L/l'chJsrtuohs[oe.wc.‘s
{_Pr_g_s_\r'ﬂsbumc_ Psac  dhod  (PY) dees o) held for H
wlog Y Aely At Yy ol axlBy) =]
e} &J([—J)'O(CH)< “/gl
W b
some  yylen s 6 G has hilg) = hza
™ in S {54 . ,,
* Congicle H- s, has (F3)
= Wl-Ae o (Hos) e (Hosd e colh)olHl= .o e |y l-A
so =3 (Vyl-A= ar(bBs). es{t-g)= co(h) - a(Hzw o= | V,)-4
= u-o = |VH)-/| o (H-s) <o, colB-s) = w.
= X (H-S)= o hecause s, nol |'um}an¥, ss _ho ooy ol s Crucial
[ becamse o (l) 2 a = (- Sp)
Olhgiise ve could use 6 By o loiged sk bul ue cond s
e J-5 oblgined Bom G-s Io'{) vedey ruuiln"ofi(-ak'on
* G-s has (P1) becamse ib's o biue (nolmce Qabara'ah of & eand bj
Lewmee 9.6 H-S hag P [G-s hes (B) 2228 415 hay (P2]
~ cb'que Cover Vb vl of Y-5
Wy-sl = [Yl-h = wa - (h-A)
: ]€}=’0 ¢ o = o () since S I-sed in . ol moel /1-/1 of

VJ + Vo hewe Sl'zc <« W
ey [V L= (Vo tnm ]2/
' [e-l \( V d .. Va-(n-/\\ 4 54

co (Hy) = m(lJ): b
( h )]M[
- Sineg {?3) lf\bld% FDI “* - cA ( [’lx PXI _J ]\’—_&_J—_—A—_’

— < o (M)
=faf(h-/l)+e-, - (h-A) 44

3 L isel in Ue Iz a- (hdlid  sie T > To {64,_._,gn3 oed in N

12 von 55



Piool o LUPET

'(e.l G=(VE) be c jwfh . be fomop (F1) & (Pz) &> (P3) fos G bnindw,h‘m.
On ”/}

i V=4 [ dhen 0 (Gl=A | X(G):A | aGl=4, Y(G)=A, 2(G) - o (G)=A2 )]

Yo 6hou (PA) =2 [P3): . S ay (PA) holds (or G
. [eJ /{_4 VG
1 A4+ Vq ! (?,,) hold s K;r 6/
Inducion %‘%Jltsb s (P3) for Gy rie. :(G,)-a (G4) 2 IA)
'uf::s A=l , ie. e need o ehow (Gl (G)Z ,VC,)
-(PA) 5 3 Co(o:.’n:) Vpiwd Vi = Uy with £ 5 (G
-V e x(G) Vi o= CJCGJ'a(C))zIVGI

fo gho, (P3) = (PA):
-[&l (?3) ”\Uld Far G. To Show (?/U for G N is enouﬂl Cl«:(cj) lo s}mu
X(G) ¢ e (G)
* Consiclr el c(rq)ues of size ¢u(G)
Cused: T isel in G Ve cligue , lel=a,(G): Th c 4 &
ccongide G- o e5(G-I)e w (G)-4
by M we have (P1) foo G-T: YyrosVy =T vith
L2 o (6)-2
> Vit Ve 2 T coloring of G uy ALG)EbiN 2 culG) -A 3, $0 X6)z(y(5)
cuse 90 Y] ised 3 clgue CO), | CD=e(6), ¢ nT=¢f
L by tvery iseh boe 3 a (arjebl (ouccfwnolfnj elique | Jhed coes pok
chare o LR Lty fhe indi‘omobml cef

13 von 55



Boof Lor /PCT - (P22 (PA) conbinees A1 05 . Qo25

case 9:-¥] iseh 3 chgue ¢J) | [ CD]=coC6), ¢ nT=¢

Vo T etfo | Tos i-sebd

chGW=[iTeV ]| =il

» Cconsicls M= G ol

e (P) for G » (P2) Por Gy: YA sV, (A= 33 (o) g
UMY 2 WVl = X san Xe Uy (T uibh el - duplicedion]
- Ix/ i:zl,jal,.(ul = c2(G) Vi

+ ol]) « (G)

e oCH) = oo T2 h0)3 = mox ST 1CCT) A TIR 2 LY -4

Te W vel, TeV 1TV 0 o A eiwst ((NaT=0

Y9 e Q) - UV-Nz (B - () 21X @) - (Y] Y4

=) Cuse L Conmol %aralobh?

(P2) &> (P3)
*(P2) for G &> (PA) for G e (PR for G ¢=2 (P) Poc G

O weet
é:q,u.‘mlw\l: hﬂ_‘au‘&ol ﬂf,‘_‘P_L‘_‘i
() for G ode eycle Cp o, £2€
-(P2) for G " complemunts of odd C; 426
“(PY) for G - ﬂra'ohs uith 1noluced odd  Cp Z(_. . {z5
-G pufcc..’- =) these are all pon -PUI‘f.c} ﬁmPLs
"G malect

14 von 55



gJ-rCJ\(\S (PEI (\éol GfaPh /ﬂqtzorew\ ( Q(PGT)

"FOr evu:j ﬂrapl, Cl it is eq,uu'va\lph]-:
> C;_ , Zt: £ tzs odd Vs no  induced Sabampl‘ sl G v
G is Pufeol' @

Inkrcechion rcloresenlahom
Def: L= {50 ) 1veld colechon of gels
‘s an_inluse chion cepresen lafion of G-=(v € il
uv €€ & S nS+a8.

Inkfval%_r_o_np_\n__
Def.. G is an l'njuuul%raplq, i G hes en inkuse clion ref)re.s&hJa}-{ow with iadbvalg
of R, e L={T0)1veV]
V: =[t,rnl ¢R
we €€ € Jln TV & & min [fq ot Z max 1L, 03
Bs,io: Uv E[:u’t';'au ;_ui—4|, }_:-::—,
uv €€ ;T e—y

£-holes £ ¢-ankholes
’DC:.'. For @ ﬂrarJ)-p G, ,'nkac: £z
“a thole in G s an induceol cubﬂfaf)ln GA?-' Ce
Ce

we

e« o b-ankhole «n G js an inouced Subﬂmrg],, G;’
(Q'PGT-' 4 FJUF&.! &) po odd  bhole | E-anbihole )

J.emma\-' G indoved ﬁra,o]'\ & no  E-hole bz G

Paal: inkrval rePresenJak'oJ\ I - {1—(\1‘ z [_[-\“Fu] l‘/ €Vl
'ASSu\Me_,‘ '“‘Ua ‘s o £'I"°[°* Cé : EVMVT-!" 'V‘71 ! éjl(: - I'HL_I(L:;J @Slbr"% (or
~ I(\u\ ;I(Vs) Cover dll'.':}n-n CI‘ ev\clPoi'n‘ 6‘r .I(V'L) '741- I'_"T‘ } Ve

=1 T(v,) nl1lw) =@ 2wy, d £ g,
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lemmo\'- G fnk/va’ﬂrqf)ln = G Fxrpec.nl
Proof: e use SPGT
s po odd L-hole

° Np Oo{d é'an/-{]ﬂo[e . gee P{dv;ms JCMMG\ Cg - Cg

cee ptc.ufous ,zonnmo\
e (f-lﬂole N Ze For 521 cloes ro) ]ﬂaﬂaw Ioﬂ Pl'u} Aemma. U

Ve sheowed:

G & l'mluva/jfa'olﬂ = G has no  odd £-leni-) holes =0 G 1 pufec-‘-
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Ao s

jnj(rvu] ﬁm‘g}q —7 hp é'holc 74 - yo odd hole =7 'oc;fm‘
no odg ankhole ¢t

@___Cj\ ocded Gmf)vs
%’ G = (V| E) IS dmra/a.’ r'f G ’was n J—Am’e . é 2 0 . S
Eq.ualﬁj . eumj Cicle Cé . 24 in G has o chesdl , g >

LLe. on edaa uv t,.n'“q v ha} aoﬁ'acehj en cle

Lr uv ol Hu'a\\bour‘v On C'é"[f'

=7 r'ngceo{ (',16(_/25 lnaue maox 3 vu}.u:;l dg(,leé uf”\ L{ Of mor @ wka5 mus! }\a\,c (a) duo;c/(s)

@Kawplzs: COWIP’LJ( c\irar;hs , (nlrvel %rap)ns 'Po.“nb ,era}b Smpl.s,l?‘ieff_l

| MHeces hove Loy,
G{Eu-'d(.. V4 Corqu¥

(&D&(\.‘ G '-(V, E) %rap)\ | l/u!C.x VE V fa 5im'0b'c_|'a| [() /46’[\’ CV):[UGV l v GE‘X 3 e
L L—-’V_'J
cfx'q,ug . (y\e..'a&\n houwrs alse all Pairvise. ac{[‘amnl) velbices &!adii?ﬁl,,{? v

(ln o diee l@wﬁa (ea..rag fure 5,’mPUa'al. In cawplbk 1

1raph5 Lall vulices are 5,‘mr_,(,,-ol-u_|) . @3 . 5\:;- lq:m)
t

L-".\—) V\Uj'lbffab\’a{ 9_-6! viod an e;ﬁ'e

C?oaf ¢ Shou {hed evma chorddl G hos =2 J s.',upb'céul Vesh COS.

Mg 3V’€ﬂd O&orda’ d LWS one _Or more SI'MPlA'u'a, Va!ices.

J.ehnma'- Vv simplicial in G ] G s Pdr\&ul’- (adc(r'ns Sr'n-pf"u'al node  yeleing
G o-v )OU‘:L of (aro\oln ‘ouféo“ow]

Prool: Veily (PO VAV XG0 (G, Ads ()
? Cons chr Otha n'xed /4 ¢ UG V

Gocase: v A then AC V., and  A(G) = 5 C6)) , as G-v is

1 pufu.i (has (PN).
7 Cuse 4. Vi éA : ée,l A"—A‘V 2 VG-V —) Q(CGA')= C)(G"]

=1 coloring Al . b, s - ¢V €= 0 (G4
- %; (ee ewishul ne Tarbe L. G, sodacy it hein Machbar von v

ho=y v lana oliese Fzibe  cwnchwen =3 glles 3(,.))
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b cose & Adjl) o A28 = e (G40
™ is o cigue (0 Ggom Adil) n N = 0 (6, ¢
7 (Ad‘)’(u] nA)u vl is a GL'qu. in Gy ol size £/
~ 5 (G,) 2 A = 3 (Gu)a = D (G ih = N(G,) 2 ¢ (Gy)
) (ofo,l-n\) VootV e §03 on b4 A colars T

@loeuuc.h'ow: G = (U‘ﬂ is choidal = \‘//4 < Vq 64 is c,f-:oro(ul pAn Pm):'cu’ar
G-v s c]notcjal Vvel
7 vewaovl'nj veshces  Clpes NoT das}vorﬁ (‘,Lorda[a'lv

£ e i’
i gb /\ X
%irnr.; A :; &’@ :'\7 @—-/@ _:7 @—@ :VJ ®
Chorlal ¢ hordlal Chorcla| CL\Ordal chordal

Pefeck Puf:.c.# pefect Pelect perfect
b’j rEMou|'n3 v hees  One al o Jl—m(_ , One e(,bnlua.”rﬁ Qi yves ok L(A

[/

(ue o in o) ﬂraPhJ are.  thorddal v chorchl Urafﬂas bre Paﬁec,/—
= inkvel %rup}\s Lie Ioo'ff_c,l N u:'“nou.! SPGT)

Rl G =) Jl=n
A ‘OUCMJ eliminakon _scheme (PES) of G (s o vaksx Co[OlfnU
6= Lugyvnd 2L vois gmplical 4 Gey v
(aine %Amfalae, in du  man  Unolen  andlent. De entbiumlen Wnoltn miatste zum
Z&'*puﬂ/‘fb Bles Em”e/wws Sfm}oL'cfal SN, L(walfml tlie w'chl Sllmpln'o\‘al sined L,,‘,mm
ouech Clas Enlfuntn von  Mahbar bno b smeL'u'al veucl. . Siche exahpk obin ,
Tus corpleh d/qPLs jesls ﬂa“-mpolaej lic Ploc immo gin lmkn  am Enct | b
Boure  mme Btk andlmen @ FEL).

Prevfou': lcwma = odra‘o]n.s m'”\ "PES '5 ore Fa[eol
bolakon, Convem hon FU/ Uules( Occly (ngs o} ’-EUA,...,an

1'(| you (A%\ﬂ p lhe verkices  gopdec < |n Lvucj PES ,bverrj Y\'?)H
Prom v, lo Vi 1”!!.11\ the hg'ﬂmobrlwoo{ V\&'%}\loomrkoocl 15 & C,[t'c[/h(_
On H\( n's]lls' of JLC_ TESPEC,}I'V{ Uukx

s a cb'qy\e_
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el .. G:(U.EJ aﬂ"‘f"”' SelV 1y = Gn.f::uralc:r

————

il G-5 e disconmecicd .,
Colts commscked: G has al lexs) 9 Componuls, that are ol comecled by o eclse)
Lac,‘w‘ot“ A Y
S e on abo —Sc.aqucwf ,J'r alb nol OOISOCLV\} in G ond 2,6 in
ol flerenl Co.,..Ponwls of &G-S .
DF ﬂ'af’]“ ¢lisconneckd a.freoo((ji """P}‘j seb is sepurator]

Ge;(,.l! Pr'nol & Sc.chraJo{, ”'\ol S o Cb'q,ue n_ & GLoro[a' ﬂrarok ”\arl is
VoT Compl&k-
lree: tvery ‘JNJJG. voles Jhal s nel o leave is & sepealor gndd o clique

cgmphk OjrqPLS'. lqavg no Sc,PuaJc)rs

—

Lommo, BU: G is Chordal, o ancl b Cliskinel velices , ab ¢ EG.}:: - =
S ¢V, inclusion -minimal ab - Selcma#or
===) 8 15 a Ob'alue ‘
inclusion minimel : e use  the mimmel omount ol vwhices el e oy aé-ée,ouo-lw.
b every hue  aubse)  of S 5 om0 (ona(! on 0b- sepuodor . I/ a a/readj
clisconeckd o b in ok ectan ) CUMfJor\w\tS = S -11. '>emF}U sel )
3 Thee m(c&\f\l' be.  sueal  indusion - minimal OJO'SQPerad-DrS /nﬂbﬁ cun have Cliflyent
@izes . impoclanl euwhiion s kel ome  connal  remove  veshies bom il , o lhe
o anddl b are gkl Olisconneckd.

(PfOOI-' - lf \S\ ¢ . “w.n C i a o&cwe . CS in cdiasion “min/re el ab-sEPUoJor)
e ISz dake X4 €S, x Ay Le shou, dhal xg €.
- &x ie JOT on a.b- sepualor
- Gy G are the COmponents of G-S wilh 6a€6, be Gg
> X hasg erfﬁa ls A gnd JoT’:-SoclaesU
= we haye o c(dc,l-e. C = [)g‘al '“"‘0""‘bj {ond bao o xJ.
Clioose C, so  that ié S o shorks} 2uch gac,/e.
“C has ol least U vebices la, b,x.ré).
-G (5 chordal =7 C has choed e.
Where i6 el -7nol behneen G;,a; [ by by be cams C is shodesl, not bhuen
T;o(—b{ bcc;m&e a,b Yok Oc(iﬁcelnl =) bebeen X Gndd Y
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LJlnue g et
nol befveen ¢, q; Ib,-,bj be canse  Cvs charkes! ey cle

V\UF b::']m.en a, ,b; [Otcaws GA cmel GB &[/501;}1&/ Co,uf_)onu./(
ho{ bclweren L G / X ,b,- /5 & / ‘j‘]"-' beconnse C sLoflch

=7 e 19 [Ochc,en X anol j
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Jopmmor 3.0 A4 0518
G chosdel o b€ UGr cb & te S in clusion pinima| alo “Sepaador
= & c&'q,ua_
j.(,w\ma 2.6
G chowcle! =2 G has of (east on simplicicl verKx
= W G4 U lhen G has cb teast Hwo non-adigcenl simplicic
veslicag

Proof: by incuclion 6/ nz U]
n: A 2 G=f,
NZ29 hcoace: G- f(,,, -3 CUUﬂ velex 1% S.'mpla'u'al v
-1 so ceser G ll, » (el ob e V, ,abd tg
2 (el S be an inclusion minimel ab-Sepquor

Gsuq -1 COrnrDOncnf 64 Conlains G '(Z)w’ooncn/ GB Corlains 6
L oof G-
GSHS - aﬁ]% induckion On GSM Gnd Ggg

™ in Gep: Cilbe all vakces %l'n.PLu'c.{af , hen C-w,oloh ﬁ’”Fh
or lhee e tup pon -ad\s'auml s:'th'cr'a' weihce s
= 3 g,'wpbcdo.\ welex x e 4 Simpb'u‘a' in  Oein bad alo
i~ G
- sLahmcH\'c'- 3 4 e B s]rn{gb'a'a] in G
-y d £
G chocae ————— G’V,l chocdal ,parebl}
s, 5:'n-p[n'c4'a'| Pa(.’cbl 4
PEs !
G=U +————— chorcldl
rJUIe_H W —_ P pu.ct.“

Vl 5;m '9 Ll (4'0.\
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((-) G CLOrcIc..,\I |I_e__ CUuﬂ C‘aClQ I,J|I“\ {!nalh 2 (' L\a5 GO"‘CH'Q! D
GU (,(,(J-.j incluc ed %C(Q Is aq ln'awal(. (mol- G !'Lolb)

~U/ Lewmmo LG
(i) euu:j inclusion minimal ch:.ro»l-or 1S _a C&'q,ae,

‘U’ Jamma 5.4 @
(l'v) euu:j inClicee Sbtbararo}\ has ad lead ont Sl'mP&'ol'a) verbex

12

Q/) -Hnere s Q @55 (,oufecl é&'mfna}fan CC‘CIMLJ

ﬁoop Gp ®-'
- we  have arafah G, PES 6 Cﬂolc C wilh t'enaHn 24 é_%%_ %

-V Iy Leﬂmoel vulex of C jn O , Sey V= & ()
- %y € Adil) 0 [ aliuty,., 63
‘P:E:% Kﬂ €lg — chord in C 1

T%]ma J’l':ﬂ?:)'. (’Dr (l) eafmenkal ({hee could be ufgonu-.ka/ man ad(,/q)

pOr (i) é_KPonbnl{al
For (iir)  unclear ,Po%hom[al o ol e, byt oll?
for Civ} Q,xpone.nh'ql
-faaf (v) @xponemhal {o g0 over all  vehs ara&rinas
L, idec,: Pod onl s:'m(JLicial olex  rewoue Gned  new g.'m,ob'c.'ql voltx , ...
~ l-éacfs lo r'ecoam'/r'ah a/(j-on'.l/qm wilth  runkhme -
O( n-* ér'mc_-'-O,ﬁnd,.sfmFUdal'__VURx) = O(an td f)olidhmv--'a’
?eithe e GQJ PES o e (Anow thal %rapl'\ ‘s nob chordal .

hext sle‘o: ‘Oﬂn runhme clown ﬂmw 'aoﬁbnom'ql lo quac{ral.'(_ Or  evup C'ngo,,-

=) P.'rsl OLISOH'“')M . alaoﬁ'“nm Jel ¢ l"[ dhere s o “PES o Gmr.;]q s InoJ
CLQ:JC,.‘. Q{S Can ”\Gh [Of_ ULSCC! In {al‘(r a[ﬂorl'ﬂlms

22 von 55



A(_ﬂod”\m A dec S o le-«'coampln-'cal bewdih fisd seaich
inpul 1 unclirecked arale\ G =(leE)

au}Pu;! veriex Ora{uinj E  (ng necessanly o “PES 36“

=) frel Pal-[ of re(th:'}:'on a[aou'Mm.

/U aSs,'ﬂn éaaL vulex [abcl @;—Lg e;.,.PJ-UJ 5[—“'n3 -7€vu.]o,u %ﬂmls Chlahj [able_
2 Lo ien to A do

=1 firs) one rondom , secord canclom néiﬂhbwt ol Cicsl
b) f Cheose G veslex v

. . ) slark :.u'”': (a, esd orr ‘H,...g;/
Llr”\ no asnaud humbe in O jvdky p— wm;g iq d
wilh [e)cr'coﬁraf)]n-'ch% larﬂeal (a[rx/]" Salles] 2 lelf most

(‘l} G(IJ é’U"
5) | fo every volex W € Adj v)
\ vilh no ass.'tamol Numby ™ G

6! appwo{ i do label () 2 lable (s dm'na, (bl i aPPu\oflol ot enol
j] QII\Or por

S)C’.nd por
\@ Cabe.l af-' Ao . 8,
J: 40
g : A0.9
7: A0.93
Vt'eu\ooin})l, 6: A0.8
(ool newt slcl 5: 401
L: 4.9.6
3. 1.5
7: 4
A 3

=) alaoﬁ'”nm is “BFS wilh (al:[as as -{{e-bfao&e.rs. Houe.w:,“ue ace. gkl Jies
Le.ﬁ 1”‘“1 nud Jb bc b(a&:.h '0.6- par ”u-_ w.rﬁ ﬂ'rs) vesrdex

:'JO.ISOr-I”\w] Com‘oukb 4} UuJLx-O;c(u.'nj Fo{ evgnj SimJIc, !Anof.'ltCJ(C’ ﬂra‘glq
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dox Y5,
v:'euPofnJ A: o lables ol wokices
. sh.'n:as over Lhe alPhabcl T4, .03
- le xfcoampl,.;c L AL 4
* leble (V) = &, .. o, o, Ly, By OF
« lable (u) = P, . Po = @ o
ot oy K KBy Pop e P Ky =B, Cnol Oy Oy Loy Tor B

Vl'eu@fn} Q: » Q quue of all ho}'numbucé vokces

v & (ish (O) At ED—C ¢ .

* demenle of D are sels of vehces of the same (oble  gorlcd

Z f:é_acr'caofaPLf[‘auUj in_ Q
1 Sels fhﬂ 5F(Al wpe, When ’aldmbofs ore cddid 1s lhe lables onel
[Meps “\1 sabst in (e.au C‘oaraph cal ordles

—(@ @ [0 ¢006¢00d¢ ol
(AOAoJoua &g o ﬂ
Q, = [40.3 s0.4[10 (310 4 4]
@3 : @o a38l0 8 &
- EAlFIAST 08T
stk‘iﬂﬁﬁﬁ_u—@’i‘-f
Q< [a2¢ [1s]e o

O; = r-lgwlf,éj
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Preal  Jex BFS: éb& al leckice  glicles

Vall.)c Orc&n'nj G s PES l{ and anha e

loliels)

UULt* G\'ce.uf'nr\-) s JLX@TS’IC.SU-” ,if‘ anol O"L‘j i’

(p[om : 6‘)r'vtn 6-‘
s (Un .Zu’L%TS m> Oblqin Verk, adu,'nj o)
v o
Pmop thel - éﬁbj i & isPLS in binecur é‘mc
O RESE G chordal l'mFlthLh)' ,le.xBTFS in_ bnece bimme

L’I'nkrtéin:) dictelion; €&
Tﬁesv_n_'li@,aiagﬂ’ﬂ
- O & JexBF5 CG)
L Les) & (’af PES
) \(ES 2 G s chorled
=2 No > & 5 ol chodal

[fwlma\'.
G & Loy BFs (G)
- -”nem Vqllo,C. € UG ! lno/ds .'

a < ¢, c = Jdelf :

Ge € é’a IBC¢EG
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[_gm-,_ 18 o5, 95
G & loyBFs (G)
2 dhen Vab,ce Vg 1l holds :
a <ehb ¢, = Jdely @ c ¢d, addé, | bdekg
aee &,  bedl,

Prool:  Consicler -/J’\ ""GJG{' --- ﬂoh-?cfﬁe
— a b C
- when € i chessecf % lex RFS .
AN lable C&) = lable (b)
then aflnids  luble () 5o, lable (6)  and fhus will ol
Ino{d, when b fracessed ) conkadicle choice of o %
= 9) lable (o) 3 lable (b then  (able (b) S, (able (ol
" Consicles Slfp belore  [irel lime , when  [nble(a) + (bl (b)
- tshen Proce.ssfnj vesle s d C S ol
- holds o € Adj (

ho]e_.‘ — .
il [ heve m . con hucle “‘al {,m

— Xo %, ¥Xq | X Rq X, R

-‘Dﬁﬁrc\q’\ ’5%
G is chodal il arc onby if' lexBFS oudguls FES.

it h

Pook: & elee (Lo, BTs oubpds PLs 2,6, ghodal)
B fircoug Lhe CC?nquf)ast-'on e, O __y_;g__)— YES = G 2_0_4[ chovcle.l
- O pal PES , dhen I a,l'J,C— bl e - oob,ace b,
bc_ A Eq CFe, b,  C= %
- ’03 Ly (notcu. Lepnme) : ﬂ‘ﬁ" X, Co Xz 5 X%y & gq P XXy &Q
i) oxoRy € b i o xgX XK induce (o o9 G not cherdal
i) ke Xyl bo: by 45 An X €ba KX € B K LK,
o if Yo X, €& condrachicds the choje  of X, as n'alnlma.sl
ST oo XKoXyq @l A) xyXq €& o then Glxor %17 Cs v

2) xzx‘qé £at dhen G(x,,...,mj = % wilh
ehd'oa'nl-_-, Xyt Xy
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s x;‘ x;h'x: x, *5 il xo0xs € € dhen x,x, X bad (Pé'S—J.r,'F,/Q wilh
xg furkhes o the sighi , corttadicl on Y
° o X, xs 4L,
il x x5 €€ dhen Y choice of %y
' S0 X Kg € £,
A) XyXg €L = induced (4 on x,. X
2 x, xg &€, ) [nduced P, ond Orgurment  conkinues .

/52’5 5
lox®B15 in Ol +1ED Qi AR vt on) o eplel lhe
Dalg struch re Q:-qw«eue wilh cels sels by using he
- '-r;'r.d (O) [abl&

olouble (inked List
S:.sef of uehces
ik but non-emphy (F eraply > remave)
'f{as (8) boolean , if 5 has been splt
L Verkes
S : sel S, lhat inclucks s
Fixdist /. - bl of cels thal have been spolit
“Tirsh (L)
Pseuclococle  on slicks,  =» A[joa{lhm Q
Anccbs:;is-. e A-9 - Linear in lAdj(v”-v O(IAdJ'(uJU
Line AD- A6 lineas i1 [Tixdd| = O Fr Lidl) - O(Mdj(um
Upcae _sleg i O(|Adi)) 4 Hixkistl) o = [Adj (v)]
Lo BFS lolal rupbiee: O(—Z;: }/Jcﬁ (I 4V = o lE]]
= 2 1&f

we okl neecd lo: ded, if' oulpud of lex"BES s PES
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—Towt  whedhes aibe,n Vesfa x -o:of.ufna O is a/f)é'S_-:
Ncive -ararbac/): Aes) all diples for AN 2 O6Y

for gt
o) lest ”3“ he-’ahbow of each verde< %'Mdj(v”? z  Oln)
L, ¢

oolis Gl velices mor dhon once - polenkial lor ;'m[oroucmo»*

=7 ldéa X

v dells l's  lofl e n'aH h&'ﬁfqbouf U o sel of vehees, thal should be
pairwise adjacent (so Ihey sheuldd farm o cligue) = v alss wenbs wu lo be ecjacom?
lo ol of lhose n&'ﬂlnbow.s

-3 Peguclocadt on slichs: /’@oril%m 3

g tn Aly) bt pel cdjacent to W

falbc .
——
AFE SN oot the 2y %

[lb( Vi X {V-z,Vq‘s A= Ve A(U) & agclol X-u - A(Vzkflqu , A{V,‘ﬁ {.ng
p(ﬂ Vg: XK= {V“,Vg‘s U= Vi

ﬂDf Vi
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“Thee e wn 02.06. 75
/“aotf”wh 'S ( /ecJufE. g - J(s) ﬁ:/ @55) ]s CUfrch, .Uuu} haeans:
4/3 L rehuine due &2 O s PES for G

T._M‘Q:(:
/Hﬁ.s refurns Jme E> O is PES lor G .
{‘7 €Cfﬂ"V"’6h/-' /”8-3 refuins alse =) O s /Vm‘ PLS Fx G
=" Ju vedex vilhi Ml -Aely () # @, sy 1€ M) - Adje)
L ulno ,oal R /4((;)?"7 Zome eaier = A (eﬂhosl In X,,,wé X.,-{u]
= NN D G nod PES, pallen bubideen o TES
vV U W — -Edde -~ Non- ealac_

assume O ol PES for 6. Jhen:

lah_ m Wwilth 1, u closeed JQD&//\U

Vv U W

] &

= C‘{g‘_@_: U is dhe  Lellpes] n'ﬁ}\l ner'amef of v
il ae€eX, ,veia fu
- oau & EG i~ L\’, conkadicd ¢ choice. O/I/rllp)b
~ow & bg ‘11/ Vaw  bellu Jn"o/e
- o WweEbs ™ b auw belles Jr:'f))e—
é ‘5’_‘\‘ Tg” cases conhaclcled
v o U W’
=] s0 U (s [eﬂhasJ In X.,
=) /j/(do 3 Pul v inlo /J(u) Lhen (,;.ro(essfn v
= /a]c/(,orocdssins W Ve have wE ﬂ(a)'/fcfj(u)j
=)/Hso 3 relups  FASE 7
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41’\?0!&1—.:

A’go.n'“mfs Uéc)urc &. les) for PESY caum be  clone in Ol + 1)

Proot: < bor lop  Guesr each vekx v once Jolal
- Lines  3- 1 possible in O ([Adj()1) O(%. Adi)= O (lul+ ] €1)
b line 3. _cppend X-Tud do Alul uithal checking
for oupb'calq,
- cheek line 8- Ao, i{ lolal
A= AdiG) # F 7 in (AW J 0@ 1AW )z OG | Ad;)] )=
_— = o(lv1 + 1€1)

C’ G}ﬂ'C.“.(j Sch’Ai-h% .'n O( I/’fu” 4 I/Io’.)(v”) = O(IAGIHJ

=1 e Con rlrogrnte in {A'hza.r Jr'w-o_ L/.zg,”m’ 6 s ctnada/ ancl campak_ (4]

PES 6 ol G

We compuk  RG) 0 (6), 0 (G) K (G) for choclal graphs
@ [ Algoithe & compuls @ (G) andd R(G) (uhich ere the seme for chordal)
Lk Cb’q,ue_ C ,Co{w-'ns @) bcn'na oPJv'ch
D /Hson'lhm 4 (‘gwlFukS & (G) encl U (G) (ohich art dhe sume By c.lnoao(alﬂmfyi.&)
with 1-sed U, (,[/q,uecovef b bdns OF})'rvno‘.]
® lochue & ,alﬁorilhns 5 and 6
(br  woles , looli of sbides of locluwe 8
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“Theotew:
/f/ﬁon'“wws 5 (ZG’CJU’E &) C(ﬂmFuks [+ anu?. C ancl & Caﬁlall'.ﬂa ®
wilh 1Cl= &3(G) and Mev OL) = X (6)

Prao!: wloy: uithaul fass of genectily
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=Y thew X Oldjac&/lf o lﬁ ’jé{-("'"'l l{‘s vith x € TVj'C’Ta -2 thofo/ ot xUJ.

(12 (i) : —led G- (U0 be dardeal ; UCG):{x & Ui x inclusion manimal cligue in G
~vie Pind lree T bla inQuchon an lVal v cVik, = {xe f.(CG).-ué'x]

Y T
base cose: Wgl=A = Up <« U(GI= A pylex G. e c W
slep = LVol2 8 - lof u be smplicial i G } T *&H]

(%) indices Subkee inT
- incluckon on G- v —

: < AO{[(U)
b b T lae of k(G-v) V
cuse A: Adilv) ¢ [(G-y!

2 Ady (v) 4 fvl € U(G) and K(G-v) ~Adilu) = U (G) - (Adit) + {u3)
relable /‘fdj(v) in T Jo Adjl(v) bWl in T

obSuvel Hhal &) ghll holds as Yy + v M chd yol clmoc,
L(V: {Adj(v) v §13
cose <: AdJ'(u) ¢ [ {6-u)
“led x e UG-V ,Aaﬁ'(v)fx
—in 1" lhee is o verlee for X
-add hew yerdex Adjll i I odjacent only fo x
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Cora[ar%: A{Son'“qm 1 delymines (_‘amedho hether G 15 ConFmaJoi[Jj ﬁm‘gh
In O(A (G) » ] y V1) Pa%nor\m'al

46 von 55



/rlf\eorcm: Ao 95

A‘%O Q COYV\(JALC5 X (G) i U(G) can-ec,l&a or G ('omPamlol'fl'LD ﬁ,a[o}')

Proof:
vh i propes (‘a(or-'na L e Vuv e £(G) = ghow dhat hlu)# hiv] :
‘wlo% uw €F ~ olu ¢ 6
~ h(ud s ged alread,fg when v = 0]
“h() e Aimex{hWlweFts Aahw N

= mox h) 2 X

vel/

o C e O qu{{_ﬁ_
_teb =1 Wy Woged ooy WY 0 i h(ugl= At may {hv) Vi € F1

~ WU, )= Ys | Unylig €F

o (Ugep) = XAoi ) Uy g Wy €F

C is o direclional palh in T

- IO‘G Jrar-s”fv{ha ol T Cis a clique V4

5 X :=[C]¢ QJ/SG)
Wf\lmx hivl = o6) !

veV

Y(AHJI'th OF /’/ﬁo g (fh?af O(“” + IE,) : exerol (_fne A

Theorem : (Mém'a]

A{so 3 CDMPMJ-CS Ol(GJ ,H(G) .Por G COMP. ara'o)n mn P()L\jnom,'al J;‘m{
SPQC.['&’ Cuse: G brfﬂ'l‘lk g

(@g_fli MQ €G 1S /ualc,lq;na if Vvél/j/;_ EM:vee
k (G)e Y] - mox (M. M malohn'n(j} ( Cese bf(awl:l-u eq,ual.«'ln) ~
Del: S Vg is a yeglex cover if Veél.:i/\/és'-vee. holels {or
kCG) 2 ea (G) = WI-wmin{ISl: S verdex cover§ e m === - tvery 3"4‘0"’
NMobe p) ks dhe numbu of cliques in G
) S yolex cover & V-5 indepenc(m‘
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slides

Nule ,
V]LJ cong e Crbive Tn CL{.PUE_ Coyey &2 Vv W”€ /{'l
clique coves Vet o s YV of 6
= GL'q-ucs in QG (Parlfh'ohr'ﬂa VGJ
(= 9k slards and ends of PaH;s
(=) 2k yerlices of B are unmedched

= [Vgl-b = [M]
oy LGz V- max LM U ma!cﬁfnﬁ in 183 “ary V1= min {181 : 6 yerkex cover in B}

e oel vedex cove S of B
"VUES'- S-yv s NOT [/ Vukx coyer

Ohos... fgn {v’, V”‘SI c A Vv el
S-v' not vedex cover ~23€ Vo , wd S, vueF

' W .
Assume pod: Y o - Since
. /) ’
- Since. S-v" nol o verlex cover ~ Juelly, u'dS, uveF

f

“ &' — ' N
1o S verkex TuweF = u'u € EE
coover

Hence Y- {véVg : Sy RAE @5 has @cacl&a l-161= IVI- 1M1= k(6) elemends

Obs.: Y {5 l'hdaptndm-l sel in G

——

"yl € Eg w[aa vu € F

= V,U,,e E& l’)us S N {\Iflwu} = ¢ l1 “lo S qutal cover

Hence o (G) 2 [Yl= k(6) 32 o (6) = | V] = x (6)

Yon ]’fhn&

Alao S
O((lvi + 1ENY

- ComFuk hansilive cduenlohon T

- Coyn,aaul{ bt'P&,}.,'k %T&P"’ B 0 (’U“ [E)

- CDVhPuk mox. Vhalolnirha M O('EIAIS)

- compuk Min. yerlex cover S oLVl + [£])

- derive cligue cover on |VI- 1M

- clerive  1-sed on | Vi-1S] 0
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incluced C,_'
@ P, ne ePL.'lcijh 22 .01. 26

Theorem .5
() G is chordal and G is  chodel (split 3mr,m

= () V=WK+S wilh K DL'qM(’_ and S ino‘CPtnchnf sed
@ (i) ¢, Cg ‘Ti""d G and Cy4ig G
(Q, cnol Co not wnduced g,,bjrqp},s ol G anel CL, not nclesec! Sulojra’o‘u ol g)

TProol of Theoem &.3.:

(D=2 - V=UeS ; K cligue , S inclegtnolent sef -
= C eycle of lenghh =4 in G (&4 6 chodull =
il YOS = @ then Chas a choo since I is c cligue

>l C=ly v v, 4 -1, v, €5 then v, v, €U gince S s an ;‘nclcfxz;dz.n} se
DYy € £ ie o chocd since Ul is a cligue
> G s chordul ~y G is chordal by the sume ceason (fox G: U is
indtptndnt sef, S is a  cligue]
(Y= Gi) : clecr “nave, We  ghown be_fore-)
(i 2 G): e finol split l,s
- choose W e movimum cligue wilh $= V-U, G has fewes) edges
- Assume G /E.s an e;[jz X,j'“e shall find C, o Cg_fincf G or
Co Sind G (so Uy 25y G) 2k 25 QU0 B
“ U moximum ~ Ju el - uxé €
" Jyv € - vy gdé
-7 r'r L=\ far a/[[ c]noices, then K- # {x,rs'ﬁ (arao Cb'q,uc li[(mmm'mu.m cl-a'crae.
-~ 80 U #FV K
2if vx, ug €€ Jhen G, Cind G W/
= if VX,uaéé’ dhen AU, Sl G/
=) S0 u[oar ux € £, u“éE

E-Cc:ml,-r\o.cc,( nexct Poae_]
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(i) = (i) we Find sPL.'L e, s
- choose UK oo moximum c,liq.ue, with Sz V-U, Gy has fouwest ea’ﬂes
- Assume G, has cn etlge xy we shall find  Cu oc Cg ind G or
Co Sind G (so 2y iy G) Uy : T3 U, : I
- U moximum > Ju el : uxéd €
oy €K - vy éE
<5l u=y for oM Choices , then K-w 3 {x’3—5 (andu dicruc %MMO\)U'MUM cl"quc_
- S0 U #v K
2il vx, uy €€ Jhen C, Sind G W/ "__:
=il VX, uy &€ Jhen VI Cined G WV
=) 5o u(oa: ux € £, uaéé
- Corsic, K2 K- v 4 (wan!l lo ghau, that K 1¢ o cligue)
-we W-Tuud, wnéd E ~ wxd€E = va,u,x,3] = W, ™
o wx g€ = G{""’"'33 = C, v
- o Yuwel-{uv]: WLAE, £, ie U g cligue VaERd
- wanl 1o Show thal G hos Fewe edaﬂ than Gy,
- o ghow  x € ’Ad\s(ta)n Sl> x¢ Adi(v1n §]
~ossume € €S, L €€, byd b o il bd € then Grogupy = LUa D50 el
i Ly dE Jhen G{u’vl,c,3'£] =G v }:7 so no such £ ¢ S exisls.
=il tu el Jhen G‘fu,é.wd.x'i =C, V
~ /Add‘(lj)n gl > IAdj(V)” Sl ~ Gy hees /aewcr eo’jes
Jhe, GV—L( li lo cheice of U 1.

withoul
G C,L\orc’a, & 3106 LJ’O G c‘ownpara.bib'lnj amp}\ (——-7_3_ O ule
D % 3
G Co- Chorda’ <=7 4 C)’ wlo 5 CumPame'Ul:j ﬂraloln = 36 ’ wlo
—m—-‘—’— :-:| ) —@—9

C] SP(AL %rar)!\ <=2 ®) wlo

S5

Pl K

50 von 55



/ﬂ\eorem'-
For evy (undivec kedl ) jfaP}\ G=(V £)
(i) G andl G Gre COMPwmlofU‘U ﬂraphs

-~

=3 (i1) There exicls & veslex Ofc(u:'nj O ol G wio o ndl ylo
¢=> (i) There exsls on embeoldl'ng I/ R such {hal
(uv e €) il (u,cv, = Uy < Vi)

Proof’
()2 (i): - G hos  transitive crienlabon (V,’F,).\f¢=¢44¢g is_an Onentehon of

-a has dransihive oenleahon (1, %)

ComFLe,k chaPln on V.
Cleiipn: +., %5 fransibive => F= T, ¢Fg is dransilive
- F orenlabon of cow.P(ek 3raP)n i€ deeunsibive & T s acrjcﬁ.'c
“ vw @((mauldired«co{ adc.fcs conlain _clireckd
"ﬂcmales = not homsibve

74
not fransibive

- direcked Crdcle. R
r T T
-F heas clirecled 'l'rl'&na(es ( Q,& “F nol elransil:'ve_) or (@ T, nol hransibve)

-del G br lorv-_gjg(ua'ng ol F:-=F,1%F,

ey N\,
pa“un b Fatians, Cl.nd l/‘l,'Fg Yraams.

*"Ffl'i-d) ﬁlcul 1

MEIIE '%i\/en O ule £ ,
- obluin  drunsibve adenlabon T, of G, T, ol G bﬂ o;.‘an'nJ lefl-!o-vu'ahl
-labe O = O as oy of x-coocdinales of poinis foi ech vertex in v.
- F, +"—l:; Is alse dransihve onenlakon of CathICk_ 3raPk
" Ind Oro(m'na O«j o J‘Ofa- Orc(m'na of 1—:,J-T9_'4
UUEE,\.J[03 uv €T, 20 U<y anol g <Vy

uv ¢£ wlog v €Fy =) Uy CVx bul vueFR,* o Uy > Vy
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v

@rouc : C'oml-'nuc_c[ ]5 92 .03, 9
(i) = (Y- - given e.mlocdd.-,.a of Vi dhe plane y

- Oovenlule v €L [from wu do v (=) u is kollam- /g// of v

b Ihig is deansik G b o
5 0I5 dransibve. =3 Q js computal U e

S S compacel Ly geap

'8[\!&\ Ofdb’l'ma —“_ op H\C ﬂ':s) [h:] Numbeo s
- G = 611- V(G) =Ln]
- iy e £ (= (i-j) (1, -TJ]) < 0

'pf’coahr‘ko\n L .!,'A(qr ’rt'mc. r‘z,c_\ Wl OC’U’*I(”

B

503 menls  1nkrse cdion

- Given inkywals  T,,.. 1, . I, - (X,- , 'd") sorfed |, 80 X, %, ¢.¢x,

\

Goal: ﬁno! U\c Aumber af Minime! Jranslah'ous, Such Jhat //\&J clo pot jndusee s

]

we wankt (i) x,,lé . £ X,
candl (H) 'j." 4 "(frui '7/'-€ [h'/{j
* conghiwct The conllicl Slapl'l G with V(G)- ’(I,,,.-- L1

I.'Ij & X, - 4 < 2 (‘dﬁ _x, ) § sum of e (enaih.s of ke inkuvels  belunen i andl |
l'cth'

Shoumal G s PEImuJﬂlfm 3rapl1-' ¢ ; ) J;‘[‘;}
T I; 1, 1 J &
Ldslnou ”‘C\} Wwe L\o.v-l ”f\uag_ l'«ld Pq”-&-fns‘jl\/
2 chows  dhat the  fubiclden pa/Juns £~ pncl m are noi lhere
solution & winimal 2ed of inkrvals Jhat e moved
) maximum  seb of inlevals [hal are nol ywoved

(=5 PACAKINN L fhdcptncltﬂ} 59} in G
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’H!\EDH‘_’IM 1A ( on sf_,'clcs)

Tor every G:=(y &) Jhe f‘ollbuu'nﬂ cee equuvalint
(Y 6 is an inkrval ﬁfa.,oh
() 3 verks a,c(u,'nﬂ O withowl "
(i) G is chordlal onc G i's a Com p e 6:‘6'13 8raf>h
Uv) €, Gind G and G is & cor-pombf'“'d 3f0f1h
(v) There exists @n Grc,(.ur'nz Age ey A, of the inclusion meximal cligtes

in O such Jhat VV elf the pumbess in {;'}Vé'/f,'s Gt e Cons:w/:'b-c N {/’,...,x}

Proof :

G1=2 (i) : ‘(oob ol inlerval ref)rfswnla}a'on

- L.;{ooa all enchJr'an are dishnel

‘den'ne_ O 0% dhe Lﬁf/ Jo r:'a“ ordema af endf)orhls
—[d U<q VCGL./ tith uué&- _ub—a = vw & &

—_ v W
]
(= Gi): © has no EN e F D = bolh Lubidoen by & wio &)
=) C_L\(ch-fa.’ alﬁtphs CLI(AMCJCI!SCC/ A\o hoJ hétw'ng “\ase_

) Cowpamb[“‘n ﬂraphs chacecdts ed 'bU rot )mn'n\-) M athed 15 CO»p(-f—hwl
af bk m = G Cohpamb"b-}n ﬂraP]n

(l'lll-) = (iv): Jrl'v{a'

- Sy

(iv) => ()@ - & ts nol an induced suéara’oh al G ancd G Camp. 3”‘/011 gl
- 2“1 na} ;'hducec( quafﬁph 0/‘ 5

".Zzl Tt be Jransiln've orienlohon  of CT

“lel AR be meximal Clique s
- there 5 a V]Oh'edlot ab belueen A-T and - A \L:?a-:,Jes P
- eb et (we SCuj AcTh f bo\c‘F,ucsq,d'B<A old scnph
= ith caxs in old scrig e show dhal if A<D, then poT BeA

L ¢ is el olafined.

" odill need do show, thal < 15 o.aacbl'c
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Cy

(iu) = (v): - Cq /s nol an induced suéara'oh af G anc! G_ Compe. a,r,laiq 94y
-2 sz not  nducec sqbarqf;h ol G
- lt-l T be Jromsiln've orienkoh on of (:T

"(e.l AIE be  peximal C&'ques
- l]ncre 5 Q non-edUc ab belw&n AT and - A —

L, Ceses owe in

= ‘-r Ckk e T e .SCuj A< 1 ,' n'f ECA €EF , e 5a,d B« A old SC.H.PL
= ith Cases in-old sgv.'pl e Shou hat il AcB . then  foT BeA
L) < (s LJEJ’ O(ﬂ-ﬁlflld- -

N SJIN neeol do sl\ou, J‘]al < 15 acach'c =7 Goa' @ﬁ,
- lel AeceR<cC ; cdaal‘: Ac C (so < s ac.ac,uc] A

-
g c
-lel aub, €F a6, et b, eB
-le} by €F |, a, €B b, €C
» b, ¢ A
e i byza, 7 we alsa have: a,b; €F =2 A< C M
o assume b, # o - b,og € £ (beccse B is cligue) anol aua, €€ bbek
(s Cy hol induced Subara,oh al G =2a,b, € G
=) because F Arensibivt e lbnou theb G b, €F > A< C
* Thewo (s a doful occly Ay < ... ¢ Ay on moximal clhgues
- del ve Arn A uith (e )¢ L (v is verbex in inkrseckion of A and A,
- Qoal: show lhal v e A en?
Mssume by ¢ Ay <o Q
L’”\w\ Theee 15 veles we/i uwih v €&
iy eF = Ay 4/4) Y os ye said :'4J'<L( before
so Wy eF o A <Ak - n —

Ay /455144-1?)‘\'()” UIOV\ﬂ C(nol‘ v_€ /4)

(_[J_ﬂ__(ﬁ_ “Given A, ¢.. c Ay Ord-ufn3 On  paciximum cliques
~{ilve Ay is an inkeval
-lel T, be Jhe emalley inkeval  such that filvedte T,
" vuwel ¢ A vwe e I nl, @D

=) G is an inkrual <3raP]n
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18.01.75
Célp&-(md' Tobber -6,;.,,,5: ou  can alucuds proove thad thee s e s
a drakﬂs (or o 1cdar do  conbinue fnﬁnr'k&\j or fle ('ff& can tun  [o-
l Ca'os

Mote:  fnlerve] ﬁfap}\s spcciaf bindl of Chodk! 6rqp}75 ,'”‘Ue- & O Dnneckon lo
makices L inde vea| (J,ar;hg

fnka&l/ ‘0‘0“0)‘ C-LQCLI'- G % (Apra[a/ anol Zrlﬁ @ ccpmf'aro-b'&rln 6&;«'3)1

AT Sirmpn Q[ﬁcm'”m Jo rerodfu'le Inlervel 6"GIOLS
L C°V‘-‘OMLC. (\)Es . ‘”\@-h Coru-f;u-’-!. secondl JQKBT.S U.g'na RrCJ ’Pé‘g fo 6¢J ncer
G"C(-Ul'ﬂs re‘oeﬂt}- with cecomgl and ¢hirel ara(.l.u'/\:‘. On e Bourth oht,(dou
Cun S)wul Jret c Omr,h 1S an fnkrval graf;b

{

C_Qp,u Ancl- Robbe: -Game Far} D' tobby can now pove on G pall\ Josdecc]
of one adﬁc Lz,bul nok Jhrauﬁls Coloé) > Pobber s flus)  Tesh-Robbe
G’f" nol  Con Mo atbe.ITaHZU move -2 CoFs heve Ag,l-'fo,olvr Ha,l.'co,ok/-(o'o
Lihile COF is in dhe air, robbes Coan peur

2 Jhis vantnl: pumbr of Ca|a> needec] o win = Ireewicllh + A

oghvoide! 'M'p_h;s_'-_ Ju'pfe.s of vukces o, b, . Thee is o Fadl\ Fom a to b,
lhet owods dhe h&'akbourlrmo/ of ¢ AMD a palk fon o lo c  Jhe!
avode  dhe M'ﬁ}.bowlaoocf ol b AUD a PaJA fiom b do ¢ dhat avods }he
nu'ﬁhbowlmol of o.

C'Q':)E;a_nd—’,?obbu ’ja__ml f&cl LY ()‘rd'r'na.r& 8aw\a me &Uinm‘na.

f,or anJ num bs af Cost Hcfe i5 o (‘w-'o. 8mr)]n ,L,huc JLL f()bb:‘f Ufn%
boe Chordal ‘-Jra}ol»s ane  ee ) enouSL i E ’s chordal (s0 G is co-chordal)
ﬂDu V\QQc‘J on C-UFS
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