
AGT Script © 2025 by Antonia Heiming is licensed under CC BY 4.0. To view a copy of this license, visit https://
creativecommons.org/licenses/by/4.0/ 



T
.Vorleun 23.04.

2025

gDef: Agraph GFCVE) consists of Ve finide setof antics and Easet of edges with FSEEB/ureV , nor3= (2)
↑Candirected

, simple, noloops ,
no parallel edges Notation

Notation:Eu ,
v3 := ur .

We have UV=VU.

Notation! VC) denets the vertusetof G
,

ECS) the edgeset

Importantgraphs
· complete graphs : 121 ; kn = (31.
· complete bipartite graph : n

,
ma1; kum*(Ean,...

an BUEbeibm3
, Eaibj) ins

, je (m33)
· cycle : na C =(an3

,
EilicCnz30 in

· path n27 Pr = (Cn]
,
Editisline]] (Py = C-1n (nz3)

· emptygraph 221 En = ([n]
,
0)

Def: Foragraph G =(VE) and a vertex subset ASV
,

the induced subraph 31 is defined as VCSL-A,
E(Ga)= EureE()) u,veA3 % A can be an empty set.

Notation: G15G

The 4 important parameters
Def: Let G(V)graph ASV . Net

every graph contains small digues .

· A is clique, if So is a complete graph Note: asingle vankux is both adique and inset so (V) <(3)
,
w($ 21 .

· A is an independent st if Gy is an empty graph CiseD
· w(G) = maxElk : KCVCS) is actiques dique number
· <(9) = maxEIAl : ASUCS) is an i-sets in dispendance number

Notation: disjoint union of sets : A+B =AUBwith AlB =0 Note: There is always a clique cover and a coloring for eneg
Def: A partition int parts ofa set V is Vit ...= V with tst

,

graph ,by taking (Vil=1 FieCt].

Fre: +Vl.
- Unt...tVe is coloring if Viisaiset Vie 26]. se

,
15X(),(3) = IVI.

· Vet...+Ve is a clique cover if Vi is a dique VieCt]
.

· X(3) = min Et : 7 coloring Ut...t of G3 chromatic number

· k(g) = minit : J dique cover Vet....+Ut of G3 Clique cover number

w(g)a() X(g) k(s) Hote: Grisbipartike ()X(g) =2 Z-colorable

Kn U 1 n T i

Knim 2 maxming Z maxm,n3

In E3
,

n =3 E Sen {2
, hx2 1 ,

413
-

In Sehr # geinst2 , 432

En T h · T H

-1
---

concide
conside
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Observation : For
every graph G wehave
·X(g)w(g)
· k(g)-<(g)

proof

-FEV is independent and CSVg isa dique thenIn C151
.

Hence for
any coloring Vit....+ V

+= Vg and
any diqu C

,
we have INV: 151 for FieSt. If IC = w(g) then/C

.

Thus X(*w(g).

Ear ang dique caver VittVFVg and
any

isetI,
we haveIn VISL , FieCA IfFS(G)thu SI

.

This agla(g)
.



Main Question of AGT : When is X(g) =w(g) and (G)=2(8).

boring answer: Fors w(g)=X(g)
Letf be agraph .

Construct 5 by adding a cliqu
&

of size X(g) next toG

Extention of the quations Equality should also hold for every
indeed subgraphi Proporties hold :

↑

In : P1
,
P2

(P1)ASUg : X(37)=w(Gi) En : P1
,
P2 ⑧ Cycles onlyheld P1

,
P2 if they are even

(P2) FASVg : in (31) = 9(51) kn
,
m

: 41
,
P2

P:1
,
P2

Observation : if Sit are radux disjoint:

· a(5+ (t) = ((g) + a((t)

· (S+ ( = 1(z) + 2(H)

Def: Agraph G is called perfect if I has P1 and 42.
.

See: Every graph with14 is perfect.
-> Cs is the smallst graph,

that is not perfect.
De: For a graph G = (VE) the complement of G is

Relation:
E Clique coloring Un+...+Vo= Vg PlafonG is P2 fors

thegraph=CV, E)
,
with F=)- E & Iw] (5)= X(f) and the other

way around
.

Seg : dis perfect , if PT for Sand5 or P2 for Sand5)
S clique cover Vet. ..+= Vg PTfogisPT forg

Theore (Weak Perfect Graph Theore WPGT) Warning.
V ASUSXCSWSSA SCSA =CSE) is not tren

,

For
every graph G it holds : G has (1) <E Ghas (P2) because P1

,
PC could break on different subsets.

To
prove WPST we consider

(P) : VAVg : wCSD-2(S) IA) Alwags satisfied for Iston
.

(PB),doesnot hold for G
We will

prove thathas
Def: For a graph G-(VIE) and hiV+No

.

We define Goh as the graph on

Vertexset V(8h) = USV, ..,
vh] and edge set E(oh) =Quiri)weE VieChan]

, jeChCr]]
verg

called vertex replication/repetition of g.

Def: Let Abe (1)Neh()=1 FreVs)
, graph GEV.

it [ND ei(i),with Toith coordinate
.

Vertey wel die

you as goh with her ,

hattei,
with with concinde. and

G-V as goh with he 1-ei withvbe the ith coordinate.
This are called elementary operations

Observation Every Zah con be donefrom G by a sequence of elementary operations .

[proof in exercise]

Lemma2.
6 For Gand Hegoh we have :

(i) (1) for 3 => (41) for I
(ii) (P2) forg => (42) fort

roof:
()

wlog. HeGou or Heg-v
Case: H=gV than H = Scr

= phance (PD forge 34 for I.
Case : H=Gov velgver

.

We have H-reEG and H-re F G.

Take
and AGUHI L18 AnSuu3/2 ,

then ASVg .

Hance XC= X(31)= w(SE) = w(H) observation

Let Un ,
VzEA

.

Consider A-AvVg by (PL) forGN(GWCH) *X(H)
.

So
,

CPD holds falt.
-
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(ii) Let G have (P2)
· g

without lossof generality ,betto gox .
Let xx be the two copies of x in I.

Wog . A contains X
,
X

.
Let A-A-X SVg.

Since42) holds for 8 itfollows ((G)) =C(51) => Vet ... +V diquecover ofGe with += <(HD).

Everg inset I of 11t.

1: ZIsAiset of s ,

ht
,
Xe

then Ex isaniset in HA s &(H)vtH.LVe +...+V +Ex isaclique com of Hs. -(H) sts(HA

asez: VISA iset in Ha : 1 =t : x #I
LetC=Vi-X = Hachas <(Hadst- 1

Since(2)holds for G = Saliquecover Vit ...+V of Ga = Hac with atmost -1 diques .

Then
Vit ... +VentEx is a dique cover ofHe => (HA) =t Sc(HA)= k((ta)

sique
Parallgraphs.

Lemma 2
.
7

If H =Goh then: Vindsubgraph=(3) fol (FAVAVg=S=E
proft

Assume for the sake of contradiation that (P3) does not hold for H
.

without lossof generality : VASV
,
AU :WCH](HD) /A) (otherwise wecan take a smaller It).

but w()<(H) = IV
.

LetWC ,
aCia

Some vertoxs ofGhash =hu
.
2 winH : SEs...h3

.

Consider H-se has $3).

=> (VH -1 = wClt-sy)a(H-sy) = w(H) = d(t) = wa - (yl - 1 = wa =(+ -1
,
2(H- (2) = a

,
w(lt -(2) = w

It follows : L(H-s)= a because 9(H)= a = <(lt-sa).

H-S is obtainedfrom G-s by vertex multiplication . G-s has (2) and by Lemma 2
.
6

,
I-S has (P2).

-> We find a clique cover Vit...a ofS : (VS) = IH-h = wa-th-1). Wealso observe IShsa = aCIt) since

Sis an iset in H.
↳
> at most bot of V1

, ...,
Va have size w

. Whog .

(Vl - ... Vasel = W.

Let X = Unt-tVarshal + Se
.

So (X) = (a-Chalw +1
· W(Hy) =w (H) = w

.

Since (3) holds for Hx = &(H)c.=wahath
.

E istin1
Sie] (becan rehove a-th-1)

, independent cliques).
↳ #Es

...Sub isaniset in H.
= ((H) a -(h-1)+h = a- h+ 1+h= a+1=(+14

Proof of WPGT :

Letgbeograph .

We preve (PDC)(P2)< (P3) for G by induction on IV(3).

Base case : (V(S):11

InductiveStep:
(PT) = (3)

Sag (PD holds for G.

Let ASV8) . IfAVg then $1) holds for 51
. By induction (3) helds for Sie . W(SA)(51)/Al.



Wlog
.

A = Vg ..

We need to showthat w(g) <(g) v- Igl .
Since (P1) holds G = Ecoloring Unt... Vf = Vg with tow(g). By definition of a coloring we here Vi : (Vilsa(G).

=> w(s)<(s) = IVCf))

(P3)= (P1)
Let (P3) hold for 8 .

To show (41) to show X(3) = W(g) ·

becausethe subgraphs are clearby induction).
Consider all diqus of size w(G).

se1: 75 istin G .
S .

t
. FC dique ,

(=w(3) : Inc + D.
· Consider G-I . We observe w(Gsw(g)-1 (41) holds for 3-F.

1.e. Floring Upt..Ve=V
withtow(SEw(g)-1 ·

then : Vit ..+VeF is acooringfg = X(g) S ++1 = w(g)- 1 + 1= w(g).

Case 2 : VI iset &CC) dique , (CCH) = w(g) ,
(CI) 15=0.

8

. !:

4
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s · g
Let V= EFsVg :Fissel

.

Chose for every I a disjoint clique and countfor every
voty how offen they appear

in such a

dique: ha = /Etey) (CEEv31
.

Consider H= goh.

(P2) holds for Sa , VASVg (by induction)
,

(P3) holk for 3 .

With Lamna 2
.7 we have (P3) for H

.

Thus :

w(H)9(H) - (Val = (X)
, sag X = (i)

· IX1 = Ehr = w(). 14
veV(s)

· w(H) = w(g)
(because h could beb)
·Ch=h =ma In=0

↳ w(g) (1Y1-1)<(w(s) W(lt) & (1) v IXIvW(g)(Y) -> Contradition to the assumption that (CE) exists for
allI

.

-> Case # dos not happen ,

(P2)((PS)
(P2) forg ( (P1) for -( (43) for 5((PS) forg

Equivalent : Non perfect graphs : Complete characterisation
· (1) for G · odd cycle C

,
+5

· (P2) for g
· complements of odd C,S

· (PS) forg · graph with induced odd C ,
Je +5

· Sperfect
·J perfect S Mobian-Lder(

Theorem : (Strong Perfect Graph Theorem SPGT)
For

every graph G it is equivalent :

· C
, I far + 25 odd no induced subgraph of G

· G is perfect
-

Defi S = ESCO : VEVI collection of sets is an intersection Impresentation of G-CVIE) if
ureEcSCu)nScus +

· G is an interval graph if G has an intersection representation with intervals of 1
.
im

.
I =EIveV3 VIC = Ev

,vr] &R.

Def! For a graph G
,
integerts, 4 a thole in G is an induced sabgraph SFCs

-

A tantilele in G is aninduced subgraph Gr * C



CSPGT : S perfect Shas no odd hole nor antibole).

Lemma
If Zis an intervalgraph no thole in G .

Tr4

-Proof:
Let In be an inturereprentation of G.

Assume for the sale of contradition that there is a
thole C-[V , te

I(Vi)
We have that:TFin cover distinctendpoints of I(V).I(V) (I(V)) = b =v-4

Lemma
& interval graph > G perfect

Proef
We use SPST.
·There is no odd thete

,
since prev

Lemme.

There is no odd antihele:

· C=s + previous femme

·G 77 : Wefind an induced Chole in I andwith theprevious temmer theydon't
appear :

What we showed : G'inteval graph has no holes -> Gis perfect.

5. Verkung 24
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3.Chapter:Chardal Graphs
Def: S = (V,E) is chordal if I has no thole

s
+24

Equivalently , every cycle ,
+24 in G (subgraph ,

notindrad) has achard i
.
e. edge or with ar not consegative on cycle.

-> Adding an edge magtarn an cordal graph in a noncordal graph and rice versa.

Examples Leesbut thik
· completegraphs ·devide and conquer
· paths

, empty graphs,
free · thee have leaves

· interval graphs
Neighborhood
XDef : G-(KE) graph .

Avertex ver is simplicial if Adj(V) -EneVluveE] is a dique.

-Goed: Every chordel I has at least one simplicial verter

temmasimplicieling = Gis pere

prof : Verify (P1) : VASVg X(GA) =w(GA]
· consider

ang fixed ASVg
case veA :

(then AsVgr and X(91) = w(SA) as g-V is perfect (has(1)
case Vet :

Consider A = AVEVgr EX(31) = w(St)
.

Then we have a coloring A = Unt...

+ Vo
,

+ = w(Si).
:

/Adj(r)1A/st=w(3) .

Then 7 : Vil(AdjnA) -Vi = Vitusexteds the coloring

X(SA)sX(A) =w(SA)w(31) =X(SA)



ase2

(Adj(r) +A) =+=w(51)
.

Since Adj(1A is a diqu: (Adj(r)eA) =t=(SA.

(Adju1A) USB isa diquein 31
.
of size +H1

. Then w (51) v- ++1 =w(sa+1 =X(31) +14 X(31)w(SA).

coloring Unt ... + Vf +Ers on +H colors

Observation : Schadal FASVgischerdal in particular Gr ischardal KreVg

Def: S = (VE)
,
(Ven

.

A perfect elimination scheme (PES) ofGis a vertex adering -2v] st
. Vi is simplical in Sus Viez]

From Lemma: graph with PES's are perfect.

Notation convention for verty orderings 6 : [V.....Un]T Vi is left/before is
V1 j

·

un

icj uj is right/after vi.

8 GPESC
every right neighborhood is a dique

Def: S = (VE) graph SSV is a seperator if G-S is disconnected
.

i
.e . I has at least two connected comparents

If a
,
b non-adjacent vertising .

S is an ab-separator ifa and b are in different components of GES .

Goal: Find a separator s that isa dique in chardalG unles Gis complete
AGS is nota separator
-Lemma3.4 Schordal , aber abF ,

ath
. SEVg is an inclusionminimal ab-separator. Then:

Sis adique.

=proof:
18 ISls1 then Sisaclique.

Solsk,2; take xges ,
**y. We show that XyeE.

We havethat SX is not an ab-separator· Let Sa
. So the components with <A= VC31) ,

beB = V(3)
We have that X has anedge to A and an edge to Bland so dosy).
-> We have a cycle C= [X

,91 ...,apybiribg].

Take (to be a
shortest such cycle.

Chasat hast 4 vertices
.

Since & cordal
=> C has acherd e

Where is e?

·

etaiaj ; no as is shutst
- e-binj ;

no as cis shabst

· e= aibj ; no becove Sis an a,b-separate
· e= Xai/ya;

no
as Cisshurtst

· exbi/ybi no as >is shakt
·

e= Xy
.

Ye

Lemmer3.
6 G chadal

.

Then :

6.Vorlesung 19.
05

.
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·Ghas a simplicied vertex

· If Ethn then G has two simplicial vertices.

Prof:
By induction on (V(3))=n

:Geb
mas: Case GEKn : eveg vertex is simplicial

solet GEKn .

Let abeVg ,
abeEg

.
LetS be an inclusion minimal a,b-separator. Component So containsa and Gi contains b (of G-S).

· Apply induction on Gats and GBAS



In each we have we get either all vertics are simplicial or there are two non-simplicial mutax in SStA (or Gst)
In either case : I simpliciel vertex v in A (B)

.

Then vis simplicial in SAts (Sats)and also in G.
· VUsE .

Summar
g(i) Gis chardal i

.e. everycycl length4 has achord
(

( every
induced cycle is etriangle (no thole Cs

Dil every inclusion minimal separator is lique
(iv] every

induced sapgraph as ansimplicial rake

(VThere is an PES (perfect elimination scheme

Profof )
we have

. G,
PESG

, (cycleof length 24
.

Let be the left most vertex of Cin G
. Sag V= SCI)

.

Wehave X,geAdg(u)156C)
, ...,

GCu]
. By Definition of PES,

XyeE .
Thus Chas achord.

· (v)
, (V) lead to a recognition elgorithm with runtime OCu+ time tofind simplicial max)= 0(4)

Agithphg =(1)
Viewpoint Viewpoint 2 :

· Q quere ofall retrumbered vertices

Output Vertex ording o

· strings ore an elphabet 31
.... ih3 ·Vefirst(Q) .

· Lexicographic 12 ...

In

·

assign each verkex label & Label-E ... Au · Elements ofuta Cef Some laha) sorte bus in Q

for in to 1 do
Label(u)= Be ..--Be

= Budetsart

Choose a verlay v with no assigned number ind withExicographically largestlabel; =Ey ....
Eu < Be ... Bu if · Adj(r) splits each set XinQ inte

G(i) = V
. ↳ da...-P Adj(0)1X and the others.

for evey unkexweAdjCr) with no assignal nambed in o

apped i to Label(w).

Plan:
·Given G
· run LxBFS- obtain uakexordening

Y

↓ atif Sispes inprove that

GPES Es Schandel Im the

Implant Lexists in

liner time

-> Recognition algorithm.I

· 67lxBFS(g)
· let(6) for PES

· Ye-Gehardal, NotGhatcherdal

Lemmes: 6 Flex(BFS) then : Vaib,
ceU(g) itholds :

↳3 Gaspbas --...asebg] Id EVg :d adgibdeE g
7. Vorlesung 28.05
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-Proof:
consider aie. ab andac be

When cis procured by LexBFS:

1)If label(a) = Label (b)

&Then afterwords Labelans label(b) and this will still hold
,

when bis procured.

This contradicts choiceofbi Charte be 2).
2) Label(a)Flabel(b)

Then Label (b)Lexlabel(a) .

Consider the step whenthefirst time Label(a) +Label(b).This is when
processing unted ,

co
.

It follows beAdj(d) but aAdj(d).

Theorem3
.9 G is cherdal LexBFS outputs PES.

of:
Clear

,
since only chordel graphs have PES.



-
>"Prove by contraposition, ie

,
G is not a PES butLexBFS result ->Gis notchordal. -Xa xy 42

If O is nota PES then FoneV , Vo* 1 XaF,
bekE Consider 12 be the rightmost of such vertices.

Rg(13) Exz : XeXs XXoF and XaXEE
, again pick xs as the right most such unters

2) XIXEE Then we have that xotexaxs indluce a C
.

Hence G is not cherdal
.

2) XtE Then Jxu with Xyc4s XcyF, XyXzEs by (23). Choose Xa again be the rightmostof such vertex.
· If Xoxy Eg Contradicts the cheise ofX as rightmost. Y Thre Xoxa

1) XXEE : Induced (s) G is notchardal.

2)XXE E: Then G[X..a]= Ps with end points3 ,
Xa
.

->Exs with XsXEEr XsXatE , by (13)
..

· If XoXgEE - contradicts the Choice of X2& So XoXsF.
· If YXseF - Contradicts thecheifs Y 20 XX F·1 I 1) XaYgEE - Induced Co Gretchardal.

2) XXoE- > Induced Po and the argument continuous.
! ·verlbter Kunden: contudicts Xj-1.

-
· allean va rechtsschlichs : contradies X2.

LxRFS inOCIUHIE)
& queue of sets

· First(Q)
,

as a doubly linked list.

So setof ventices· eglist but non-empty· Flag ,
whether if it split already

.
&

: Scw) sets with was

List : Fixed list of sets that need chaup.

[Pseudocode auf Website] ->The update step is in OC/Adj(r) + /Flist)
Latotal: Odju) + (V) = 0(E+ (V). -Adj(n))

21#

Test whether
given

unkx ordering 6 is PES :

naive approach : · test all triple foro + OCui)

· test right weighter hood of each verlus -> ElAdjuk = 0Ch).

Idea: v tells it's leftmost right neighbor a set of untices that should be pairwise adjacent

7. Vorlesung 02
.06

.
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Theorem: Algorithm3 (butif sis PES) is correct

prof: We prove: Algo 3 returns true= 6 is PES of G equivalently one can show: Algos returnsfalse 6 is not an DES.

it" (Algo3 retans false = G not an PES

Hexists a vertexy with ACU-Adju) +0 , Say we Acus-Adjen). Who put wetla) -> some vertexv earlier

=> uleftmostinXv ,
wer => - Guet PES.

4=
"

Assume Gis not PES
.

Take vig with vin closest together.
Blaim: I isthe leftmost right neighbor of v.

If aeXr vaasu

· If antf
,
then we have a contradiction ofthe choice of now.I

If awkf
, then vaw is a bettertripleI

· If awef then anw is a better triple.Y
Souis leftmost in Xr

.



The algorithm puts w into ACU)
:

Later
, when

, processing u we have WEA()-Adju) = Algo returns false.

Theorem : Algorithm 3 can be dome in OCIVHED).

Prof.
for loop over each vertux vonce.

· lines 2- 7 possible in 03/ Adjust) -s Live 7 : append X-las to ASU) without checking forduplicatAd-OCHED
· Check live 8-10 :

Aus-Adju) = 0 ? In OCtAce) + (Adjor)) total OCSACU) = 0(Adjen) =ODUHIED

↳ Using Algorith 4
. 3

We can recognize in liner time wether Gis Chordland
&

-

We computeX(g) ,W(g) , < (g), k(g) for chordal graph (g) using a PES

-> Algo5 : w(g) &X(g) with dique) and coloring 4 Captimal
-> Algo 6 : <(g) & k(g) with optimal isset H

, clique cover
4.

Conventionfor Algos:

coloring: Unt ... +Ve= V
,
Viiset E : Ver Eosic VeVi

, if $0=0 the i is uncaved.

Algos , Lies: firstfit coloring
Theoren Algorithm 5 computes a dique) ,

a coloring Guin Kl = W(g) ,
and nex(c) =X (B).

profi
ceipadique

Cis ofthe form Xa+ E
.

As GisaPES
,
Krisa dique- =Xutsub isadique

..

We also have (sW(5).Lmax((Xu |+ 1)= (4=w(g)
bis a coloring--

we set color ECU) once and never change, 31.

Let ureEg .
Whog neXu .

It follows that we choose EC) to be differt from Eu).
=> X(G) sex (0) .

andOe optimal
· For

every v:ESIX/ +1
,

hance X(G) smu((D) > nux (IX1)Dow(g) < X(3).
↑

for every graph.
-equality everywhe -> 101 = w(S)

, hx(c) =X(8).

Theorem : Algo 5 can be done in OCIE+ /VD).
-proof:

·The fortoopituationfor vertices ~Fahrs OCAdjiel) .
· lives similar to Algorithm Hin OCKv) -OCIHIE)).

Theorem Algorith computes isset H
, dique cover4 with (41 =<(g), and maxit(e) = x (s)

proefiy is an inset

#Variant: well
,

vewo4(r + 0 = ruEg , equivalently well
, kow

, -Eg -4( +

This invariant holds
,

because reXw gets assigned Per/Q

= (U1s((g).
&sadiquever

Live8 : Set P(u)/U) VwEv3Xr
.

Eub +Xrisadique,
since GPES.



/

1, U) is neve assigned again.
-> final 4 : [14(m)=i] <Er3+ Xv thus 4 is a clique
k=Max (P(r)

Uand Panoptimal final freug gege

(G) <max(4(x)= [Hlsc(S)n(8) .

Thus the inequations have behold with equality.

Theore: Algo G is done in OCIVII)
.

Proofsketch
· Lout loop in OCVI/1)

,
Inne Loop in OCIAdjer)

1
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dea: Han:

· underlging tree T= (V
+ Et) whedal =

intersection graphs of subtrees of atrees

· Ventexof G correpends to Tr ofT (subtree
· edge eur correpend to intersecting (new-disjoint) subtrees (UreEgTunTr +@

Remark intervalgraphs are intervalgraphs of subtres of a path

mainingredient: Helly Property
Def; a family Etibiet of sets has the Helly proputy if VJCT:AjAi]. .Thismanxjj

Proposition3.
13 T tree =>EtisT/isubtra es

has the Helly property
Theorem3.14

For
every graph G = (KE) the following are equivant :

(i) Gischardal
(i) 7 treet = (V ,Et) ,

&TrsTI veV ,
To subreely such that Uwe Es TrnTwD

(ii) Street= (VFt) such that V +EX5VIX inclusion maximal diques in93 and FreU
,
Kr=EXeVi/reX3induceasubree

-Profite i:

Let Ibe an intersectiongraph of subtrees of tree
T

.

Let CCv,... 134 bea cycle in G . TriFTr, UTrais a sabtree ofTo Tri-TraUTre is a sabtre ofT.
TiTry ... UTv isacabtre ofT

To use the Helly-property ,
we cheek that I

,
Th

,
Is are always pairwine new disjoint.

·InTi+ 9
,

since versEg
·Tats&

,
since VaVaeFg => by Hellyproputg (and prop3.1)

.

JxEV : xE
,
Xz

, xe Ey
Metz d

,
sine VivaEg
e1: x Tra
Tthen v is adjant to

vy , jeeking with etujth -> verj isachard ing.
aez: XeTuz
LThe is achord V in G.

(i) =(ii)

Let 3- (VIE) bechordal
.

Then we find treeTby inductionen (Vgl.

Let K(g) = EXEUg1X inclusionmaximal diqueing)
Base: (Vgl =1 : V = (((g) is one vertex.



S1Vgk2: Let vbe simplicialing .
We do induction on G

.. Be induction we get T tree of K(90).

Caset: Adg(r) <K(g-v): Adjcr) + vek(g) and KPGV) -Adj(u) >K(8)-(Adj(+ Ers) (every inclusia
,

maximal set contains their comretins to edges

L relabel Adjus #f to Adjustaus into We deserve that kiil holds as Futu Ku did not change and Ku=SAdjutsus3
.

gez: Adjest((su)

L Let XeK(3-1
, AdjanEX.

In Thre is a verby farX.
Weadd a new verty AdjCn + Ers adjacut only beX into

(ii) holds as Vwe Adjan : wer

(ii)= (Ii) LetT= (VT
,
ED betree with the proputies by ii)

.

TabeTr as the subtree induced by Kv in To Take vw-Eg.

L Then EXEK(g) with viweX
.

and Yeku ,
Yekw

. E JXViX-Tuntw Tun Tw +0
.

↑

4. Comparability-greptes
deaiDef :

· verties are element
· edges are a "bettethes relation ->directedge (4r) a ->u V is bettarthann" US

· binary relation <VgXVg
1 irreflexive: V & V Voels

no transitivity: Vanu : if ward raw > naw
. is called a strict partial order

9 .Vorlesung 25
.06. 2025

Notationfor chapter4:

onlydirected edge
·graph G-CVE , Vfinite

,
Es Ecursiner vermers neu cur [If not other specified ,

the undelying graph is undirected]
shorthandnotation: n for cur

.

i
.e

.
Urtur

·& is undirected Futu : UVEFE reE

Def: an orientation of 3 =(V, E) is FSE st
.
Varef : Krefzuver

Def.. For a subet FEE ofa graph G define .F&viUVEFS as the neversal of F
· F = FUFT-Eur : ureFvrufE3 isthe (symetric) closure ofF.

Def: Let G +(VE)bea undirected
,

FE. Ehean orientation. Fistransitive if VabiceV : Cabetybeet) - acF.

Def .: Let G-CVIE) be an undirected graph .Gis an comparability graph if it admits a transitive orientations

We cally trasitively orintations.

#amples: · complete graphs , paths

Observation: Fis a transitive orientationEt #1 is a
transitive orientation

Theorem: E comparability graph
=> G is perfect.

proof: (via. SPST).
· We observe that if Gisa comparability graph then SA is also acomparability graph FACVg
· Hence

we show that G 1 G todd
,
3 arenot transitively orientable.

Let D be
an odd cyke ,

to5
.

Take
ang orintation F and assume transitivity .

Becaeof the obarature can assure that vereEF.
-

#trasitive => VVzEF Es VgVzfF and VuVEF Es VaryEF.

Ingenial: vi; even must be a sink and fridd a souve.

But tisodd => VeretF , Kraft but YUfF =) Fisnet transitive

& kSodd : Wog. Vergef
.

Since VikE
,
we has VeVy #F (for #not transitive) .

The savehelds for vs
. Thus he must be a source.



Because VV,
EF

,
v

,
musthe asink fo itE

...
+3. ) Become of symentie . If is has

an inning edge ,
it have te he a source

-> VVyEF and VeeF (fort36)

Rennale: G
,
tem antes is comprability graph

Mage genial: G bipartite => & comparability graph
Observation:

If F& E is a transitive orientation
,
abet and abeE and bbE

.

Then abeta
baff and abeE and bbE The baEF

Def: Samma-Relation
For ahef

,
abet we define abtab if anab

Observation! 18 Etransitive:
,
abet

,
abtatt ab'-F

.

"ab in plistenfors ab "

Def: a Michain is ab
, anbr---arb sequencefedges con nomnecessarily distinct vetis) S .

t
. aibitainbike for ist, ..,le

We say a
,bygebr ( ** in the trsitive colosue of r).

Obje: M is an equivale relation ant

· ab* ab ab Mab
· abMarbe

,
anbat

*

abe Gibe Maybs

-M
* splits E into equivale classes [ (g) Implication classes.

Examples:

· li1 ·St
· (I(G)) = 2

· (I(()) = G

·(IC)1 = S

Obere: · I comparability graph => 1 [(g) even

· if AcI(g)
,

ab
,
baA) G is nota compurability graph

Def: If A-I(3) then A is a called a color class of3
.

I(S)= SA/ACI(3.

Observatio: ACICS)= AcI(8) since abMabba Mobat

Theorem4 .1 ASICS) #transitive aritation of g = FrA = Aer FrÄ =An

observation: abVor 30 . 06
.
2025

-Profifabet
,

asure wlog .

abet
.

Cast: abet

Then: abett
.

Take Cdet
.

We want to show thatdeF
.) ab rd

. Along Prelation :ShMazbearbest
.

From this followsd
· So ASF

.

· We knw that FIF =A
,

since Fisan orientation.AlFAP FRA-A
.

Case 2 : baeF
,

bat At

L similarly A1Fx ANT = 01 FRA=AT



Cordlarg: & comparability class
.

AcI(B) -> AlAt-p (and not AFAT)
proefs G comparability graph.

Then we have : 3 transitive orientation
.

With thm 4
.
1: FRA = A or FAAbut FF . HenceiAnA

undirectedTriangle Lemma: Lag beagraph . A ,
B

,C-I(g)and triangle abs in G.

Consider only theedges ab
, acbe

.

We casion

abeC
,

aceB
,
bceA. B/9Let AB,A+C1

Tob

(i) Letako beA = abeadeB.

(ii) Let also able) 6'c+ A =
ad -B

Important: A=P BFC ....
are possible ,

b d
,
a des net have to be new vertices.

of:

(i) We do only one step ofthe game-chain,
and the rot is sontef induction! ↓ is enough to consider one step in M-Chain bch

*

d'd
..

Webue two can : b =b, ** or d
,
bbE

.

·Fisti Ita since CIE. If adE then balbe thus EA
.

This is a contradition to 51 +A
.

Hence alleF. If

actad
,
thus adfB

.

Becae aclad must heinthe same orientation cus

we have -d
,
bbF

. If ab E then brac this is acontradictienta AB
So abefand ablab thus able?

fo

(ii) We first apply parti to ca (anda-b
,

be ,= C,B1,1) We need fasher that FAB
,
AFE

·JFA = AY = (5) = A+ B

· ( = A+
1

=137)= B
case BAC now apply port(i).
L => abeB

, SCEA . again putli) to triangle abc gives al de

case B =

AB
,
A+ 51

.

Part (i) gives
abe) , adEB

. If adef the bal which is a contradition to ALDE

Apply partil to a in the trianglecib's. withedges ca
,
ab , 25. assume DFB,thwise weande

Iteteded.=+ %, +A
.L

We have bats! From this follows adeD but B= D
.
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Theorem4.4 . AxI(g) => A +A orANA = & and A
,
A" are transitive

proof :

we know A+At
or ArA = 0

Case: AnAt
We show thatA is transitive act

&

&

If ackE then abobA-Ar This is a contradiction to A1A" = D

So we have ac
.

ThusB
,
Bel(9)

.

We show that A+ B.

AumeBFA for the sale of contradiction

We use the triangle hemma. Note that A+B andA=A
.

We apply the hane put i on 6d-ab
as a new base.



So
,
we get acBAB ,

wich is a contradiction to u assumptan

Def.: [B ,
Bz

, ...,
Ba] is a G-Decomposition . If Be +... +2 = # (Br ....Be are disjoint calor classes) and Bil+...2) for in ...

Naka Algo 7 compute a Gdecomposition or steps at "not
a comparability graph"

Def : a rainbowtriangle is
a sibgraph an Earbich with 5cA

,
aceB

,
abeY with A

,
E

, T+IC8) pairwisedistinct

Theorem 4.

6
AFI(g) DEI (E-A ) then either (1) or (i) hold:
(i) D < I(S) and Ac ICE-B) ⑫

-

GilD = B + C
,
A

,
B, in a rainbow-trinangle (B ,

CCICS)
,
disjoint)

-

proof:
Removing t introduces newedges and possibly new ↑-relations

.

There new prelations can come implication classes to
merge .

Itfollows : DEICG- 1) then D is the disjunt union of some previous implication classes.

1: D= B++
....
B,ScI(g).

Then Trainbow triangle 1 ,
B,

If also mags wit implicationsum X the Brainbutriangle A ,
B

,
X

.

With the second part ofthe triangle
~

lemma ,
we hneX= C.

Thus D=B+ C .

agez: DeI(8)

By case -D every implication class of ICS-E) is a union of >2 implication clusses of I(8).

If A mags
withXinG-B thue is an reinbartriangle A ,

D
,
X

.

But then D mages
wit Xor X

*

inSi
=> ACICS- D)

Theorem
following ane equivalent

(Scmpabilitygrase(4)

(iii) US-decomposition [Be
, ...,Ba] has BilBi = ① Veth]

of:
(i)= (ii) done by theorem 4

.1)

We useinduction on h

201
. BEI(S) so BelB= by (i)

I
(i)= /) Let CB

...,
Beis beang G-decomposition.

⑫: Again B, 15 = 0 by (i)

En
....,

Bab is a G-elecomposition of G-B
.

Wehave to urifg that DMD = & VDEI(S).

ByThem
4

.
S we have that DEICS) and DnD" =& holds hgl or D=Bt for BCI(8)

DiD = (B+ c) +(B+ e] =(+D1(B + (7)= (B+Bt)r(1 (7) v((15)r(31857)
.

. B141
,
C15 ane empty by assumption

· B15
,
(1

que empty since wehave a rainbow triangle E ,
B,

.

-
Soil holds for 5-En by induction Bi1B =D Viz.

(ii) = (i)

Induction on h: (B
, . . .

,
Be]

I 11 : Be1B = & By thm 4
. 4 Beinatransitive crientation.-



12 : [Bz
, ...,

B1] is 5 decomposition of G-5 and fulfills (ii) us byinduction S-B has a transitive orinful
T

.

laim: Bett istransitive orintation of G.
Cavintetion part is ca)

t Ifa abcbeD.La Assume that cet = Tis not transitue i
Assumtht + Be => By is not transitively (BenB = @ => B

,
trusitive)

Thus we have that acet or aceb
.

(sivile fori

Corollary : Algo 7 determins correctly whether Gis a comparability graphin0(K(8)(IF+ IV).

12
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Theorem : Algorithm8 computer correctly X(G) ,W(G) for G is a comparability graph
.

prof:
Camlih is · proper coloring

YureF(s) toshow that halther.

Whog .

Let ureF
.

Hance (CU) <GCV ...
Thre haus is set already when V =S(i).

h() = 1+maxEhc(wreF3v- 1+h().

FClaims follows: max(h)X(5)
.

ver

Cham2: (isadiqueing.
Let CEWx

, 2x
, ...,Wi (W are the selected retices in the respective itration) Thus Xh(Wx) = #+maxhu/rw< #3).

From this follows hoxal+X-1
,
Waswxet. In genaulitholds: h(Wxi) =Xi = +max(h)140xEF3)

.

This

h(wx
- i =) =7+ i =1

.

=> Cis a directed path in F
. Bytransitivity of F, Cisadique.

From Claim2 follows : X = (C =(8).

Claim3 : Perfectussi &correcture :

(X(G) - max(h(n)
= X=( = w(s) =X(g).

T
Plain- Cate cainz caimz geneal

Carrellary runtimeof algo 8 is in OCIUHIED.

Theorem: Algo 9 computes &(9) 1k(9) for comprability graph.

Special case: Gis hiputite . (Every bipatitegraph is a comparability graph
Defi. MEECG) is a matching if Fret exists at mestoneM vee

Itholdsthat:

· kgsIV-max& IMI : M matchings
Def: S & Vg is a verluxcover if Veet Fres : vee.

Note:SisunceVisindens
· k(g)<(g) .

Theorem (König) for g hipotite it holds that IVI-maxdIM) : M matchings = h(5) = <(3) = (VI-min9191 : S nakex comb.

Pr x($=kg) since bis acomparability graph and thus gis perfect . (S): /V1-max31M/: Mmatchings



: VW consecutive in dique cover s viweM

proof: That canall netice.
--dique com Unt ...

+Va G .

Wehave h cliquing .
This we find h directed paths in G = We have 2h starts and ends of

paths
.

Then we have the natie of B (Riputie Seh (B= U + V"
, E) ,

V = Er ver
, Wie Silver3) of Bare unmatched.

=> IMEH-k
.

The other way around lo holds.

Itfollows thatk(8) = ImoxEIM) : M matching in B38 IV-min E19) : S verlascomin

We get a smallstrnkam SofB .

The Kres : S-visnote veloxa

Observation : (Serv"31 , FreUs
Prof Assument . Since sovinota rakexcar : Zwolg ,

was
,we F

.

Since sv"notambecar Juevsuits
,
wet.

L => UweF =) ww"Er
.

Ww isnet cameding by tos being a retcover.

Hence Y: Every : snEvv3 =03 has exactly (VI-1S) + (VI-1M1=k(g) elements.
Observation : Y is an independet set in G

Prof:

vwEg Wlog: vweF
. E vWE but secriwiz- & Mos being a nkcarhImea(g)- 1y) = (8) < (3) = (V) = C(s)

↑fallsupe

.ansitive avirtation of
antine
OCH + IER)

· compute bipurtlegraph B O((V)+ 1F)
·

conpue met hatchingu O(IES)
comput min maxcomS O(IVI+ IFD
drive clique cam on 11-IMI OCUI+ I))
· drive in set on (V1-15) OCIVIHED
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Defi a splitgraph is a graph ,
where Sand G are cherdal

Therem :S
.
3.
.
For
way graph GFCVEThefollowing are equivalents

(i) S is a splitgraph
(i) V= K+> with kisa dique andS is an independent set

&

(ii) Cu
,
< find G and In Find 3

prof:
(i) = (i)

V= K+S
, Kalique, Sindependent set. Let (beacycle of lengthat hastPinG
If VCD1S = 6 then Chasachord

, since Kisadique . If CCvK, Vs....J ,
VIES then UNEK since Sisindepart.

we also have vers E since Kisadique.

Thus Gischardel . By the same argumentation Fischandel.
Thas Gisa split graph.



(i)=(ii) clear
(iii) = (i)

We have to finda split /S .

Choose 1 a maximum dique with S=V-K
, Es has the

least number of edges.
Assume Es has an edge xg for the sakeof contradition. We shallfind In orSind Gar Cufind

5

.
Since K is maximum it exists a vetox usk st

. UteFand Veks
.

t
. VyeF.

If no forall choices
.

Then we find a new dique Ku+X+y ,
that is larger as K.

(Contradiction to maximum dique
So UV

18 4y ,
UXE the findGr

18x
, ugkE the 212 Find Gr (CuSind5)

So
,wlog,

uXAE, ugeE.
Consider 1 = /V+y. (wewant to show that I is a clique.
If wek-Eu ,ub , wyeF

18 wxF = Sarinx
,
-~

18 Wx ef = Samm , x, y3 =(

So Kwek-Eurb wyet . in particular K is adique .

IK1 = 1k).
We want to show that gr- has fewe edges than 85.
To show: (Adjuy)15 K (Adgun 51

.

(me have XeAdjy) , XAdju)
Assume teS

,
treE

, tyE.

Assume +E then Sax
, y ,ne

=21
So +xE

.

18 tukE then Sexy
, uritz=s

If tust then Saxy
,
n

, +
=Cr

So there is no suchtes . (Adjoyns)
<Adjus 151 E Su has few ee the Evohs

.

Contradition to the choice of K.

Chapter G-Demutation graphs
Def. G =(V

,E) is a permutation gurph, if Sands are comparability graphs.

Theorem: For
evey Candirected graphGCV,E the following and equivalent:

ill G and Gare comparability graph.
(i) There exists a vatex ordring ofg.

without F ando

(ii) There is an embudding V-He suchthat neE ( (uxx (Uy < Vy)

oof:
(i) = (i)

Z has a transitive orientation (V,F1) and5 has
a transitive orientation (V, F2)

.

So F-Fr+ Fe is an orientation of the

complete graph on V
-

Claam: Er . Fe transitive => F= Fr+ Ez is transitive
· Fis an crientation of a complete graph is transitive iff F is acyolic

Nettransitive- directed cycle( (dirckel triangle-s not transitive
· Let F has

a directed tringle. If alledge of the triange mein F the Fi is not transitive
.

Or two edges an

inFi the F is who not transitive .

&



Let 6 be the topelogical ordering of FFFTF2 .

Etusite Ei ↑ Extranctive

(ii) =(ii)
Given s withouts and

.

Veobtain a transitive orientationen Eyofg ,
Erf 5 by orinting lefttoright.

Take Ex = G as ander of X-coordinates of points for each vatex in V

FrtFz is also atransitive orintation ofthecomplete graph of V
.

- Wegeta second aching of Geg as topological arching ofF

UVE sag whog UVEF
.
Then uxary and uy-y.

UVEE say whog .

UveEh The
Upcy but rue Fr : Up > Vy .

14
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(ii) =(i) g
Given an embudding of Vin the plane

.

Orientate an edge areE from ulor iff w is bottomleftof v
.

This is transitive
,
thre Gis acomparability

graph .

Forthe nonedge orientate them battom-right. This isalso transitive and thus Gis comparability graphs .

(Orecan schoose whe

to use XaSXy or 4<4 2)
.

-

Given an ording it of [n] . 3=En ,
V(Bi) = [n]

. ije FE) (i-j)<Ti -#GO is an permutation graph

We have a recognation algorithm and we con find OCIVFD) for compaability graphs .
We also find the a faste algrithin OIVIlog(V).
3142

o c &

·Fer finding the compliment , swap both axis.%(Example?)

· Given Intervals [
, ...
In ,
Fi = (isg i) St XX25 ...EX

Sel: Find the number of translations S
.

t.
·XSX25 ... SXn↑ ·

via Xit Vieln-1]

[sitides: -graph , flip an axis

Construction of a conflict graph G with VCS)= EF
, ...,

Fub
· Fitge -4 =Ph41X,)

· G is a permatation graph
Solution is aminimal set of interalls that are moved > maximal number fintwalls that arenot moved # maximum indepudent

sert
ing.L

Theorem7
.
1

For
eveg graph G-(VIE) the following are equivalent:

()) G is an itural graph
(ii) I untex oreing orwithout:
(ii) Gis Chordal and is a comparability graph
[r) In Find G and g is a comparability graph
(V) There exists an ordering A

...,Ax of the inclusion maximal diquesing such that FreV themuhs in Elvetis are consecutivin St....,3.

Sof:



(i)= (i) I=(x,y)

Look at intuval representation . Wlog. allendpointsare distinct
.
Wedefine or asthe lefftoright

ordring of the endpoints (y).

Let us vzw with unefweE

(i) (ii) Lets a vertexacing without .

So in particular it does nothereoso gis chande
.

L It hasnet i so dosnot contain in
,

so I is a comparability graph.

(iv) = ()
We havethat h is not an induced suhgraph of G and 5 is a comparability graph .

Wealso have 21 is not an induced subgraph of
5

.
Letthethe transitive orientation of 5.

Let A , B inclusion-moxivl digues .

So nehme acAB
ibeBAstabE.. If abet

,
then we say A-B and vice verso

laim: If AcB then B4A
.

and vice use.
&

1.tase: abet and the isan edge bafF
.

Since I has atransitive criutaty an EE
,

but Aisadiqu ,
so aacf

.M
↳we aho hie the othe oritati of this are

Base: Let abeF and bitt
sincewecrenet in cret

,
we have abe,beE.

SinceA
,
B me clique ,

adeE
,

bbeF
.

So ab ob form a 21,
that is a contradiction

.

~> is well defined
Sicis acyclie
&

Let AcBcC
. ge: Ac

Let anbett , anfA , betB .

Let azbet F.

azeB
,
bze

Lage: be#A

If byaz .

Since Fistransitive we also here anbett
,

so As ?

Assue: by 12
.

The nehae beazF.

Weassue anantE , bebee E
. G is not an induced sunguph of 5baE

By trusitivityft abzFo

There is a total arching AAx ...Ax on maximal dique.
het verfilte wich isjah. .

Gal retj
Assume forthe sale of contradition that reAjcthen this wetjs .

t
.
VWF.

L ·# vweF
.

The ve have AgcAy M to the assumption, othwise AjA; which is do a catradiatio
= reAj .

(ii) = (r) Since Sischade wehere Cafind 3 Or k4
.

i. e. CuPindG.
(V) = i)

L Siren Ay ...Ax on inclusion - maximal diques. EilveAbisan interal
Let Fr bethe smellst Interal st

.
Silveris Fu

.

UWEFESirweA , Ed In Ew +0
.
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· Lecture+ problem classt exercise sheets
-> little change ;

morefocus on the problem class
- small problem to solve


