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Notation A\‘(IT
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Definition: Vertex Ordering/Knotenreihenfolge
Ein Vertex Ordering auf einem Graphen G = (V, E)

VI

ist eine Bijektiont: V — {1,2, ..,

® 7, ist die Menge der Knoten, die vor v in der Reihenfolge vorkommen
® P(V) bezeichne die Menge aller Ordering auf dem Graphen G = (V, E)

® Fir die Laufzeiten: O vernachlassigt polynomielle Faktoren
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Problemstellung (Teil 2) &‘(IT

Gegeben ein Graph G = (V, E) und eine Funktion
f:(GLCV,veV)—rel, berechne

min max f(G, ., V)
neP(V) veV

oder

min (G, e,V
o (G, Tt<y, V)
veV

® Weitere Bedingung: f ist in Polynomialzeit berechenbar

B Kein Zugriff auf die Reihenfolge 7t in f, aber Wissen Uber Vorganger
und Nachfolger
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1. Algorithmus
Dynamische Programmierung
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Beweis

T
o(5) = 1in, MEX MG i<, )

Fa(2) = —

® Wir wollen Fg(V) berechnen
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Beweis $‘(IT

F, = ' f
o9 = Ty 72y (G 7<)
FG(9) = —o¢
Lemma )

SeiG=(V,E)und S C V,S # &, dann gilt

Fc(S) = Ulelg max{f(G, S\{v}, V), Fe(S\{v})}

\_

® Wahl des "besten” letzten Knoten fur die Reihenfolge

® Beweis: Betrachte > und < separat

Institut fiir Theoretische Informatik
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Karlsruher Institut fur Technologie

(HG, S\(v) \
— mi f ’ Fs(S) = min max{ f( G, vV, V),
Fa(S) = min, max (G, ey, V),
Fg(2) = —o0 Fa(S\{v})}
>
® Wahle Tt € P(S) so, dass Fg = ma§< (G, ey, V)
ve

® Sei w der letzte Knoten in der Reihenfolge, also mti(w) = |S
dannist ., = S\{w}
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Beweis AT
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(S) < min max{f(G, 8\ (v} )\
e f V), F&(S) = min max : Vi, V),
FolS) = iy My MG v )

Fa(@) = —o0 Fa(S\{1v})}
>

® Wahle T € P(S) so, dass Fg = max f(G, -, V)

veS
® Sei w der letzte Knoten in der Reihenfolge, also mti(w) = |S
dannist ., = S\{w}

Fs(S) = max f(G, Ty, V)
VES
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Beweis A\‘(IT
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\

Fa(S) = min max f(G,mi<,,v), |Fa(S)=minmax{f(G, S\{v},v),

nEP(S) vES veS
Fg(2) = —o0 Fa(S\{v})}
> k
® Wahle Tt € P(S) so, dass Fg = ryeag (G, ey, V)

® Sei w der letzte Knoten in der Reihenfolge, also mti(w) = |S
dannist ., = S\{w}

Fg(S) = (G, .y, V)
= {f(G, 7T<W, W), f(G, 7T<V, V)}
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Beweis A\‘(IT
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\

Fa(S) = min max f(G,mi<,,v), |Fa(S)=minmax{f(G, S\{v},v),

nEP(S) vES veS
Fg(2) = —o0 Fa(S\{v})}
> k
® Wahle Tt € P(S) so, dass Fg = Teag (G, ey, V)

® Sei w der letzte Knoten in der Reihenfolge, also mti(w) = |S
dannist ., = S\{w}

Fs(S) = max f(G, Ty, V)

veS
= max , max (G, .,V
{ veS\{w} ( =Y )}
Fo(S\{w})=  min max f(G,m_,,v)< max f(G,m,,V)
Wy ' eP(S\{w}) ve S\{w} - veS\{w} ’
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Beweis A\‘(IT
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\

Fa(S) = min max f(G,mi<,,v), |Fa(S)=minmax{f(G, S\{v},v),

nEP(S) vES veS
Fg(2) = —o0 Fa(S\{v})}
> k
® Wahle Tt € P(S) so, dass Fg = ryeag (G, ey, V)

® Sei w der letzte Knoten in der Reihenfolge, also mti(w) = |S
dannist ., = S\{w}

Fs(S) = max f(G, Ty, V)

veS
= max{ , max f(G, <y, V)}
veS\{w}
> max{ , Fa(S\{w})}
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Beweis A\‘(IT
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s [HG. S\ (v} )\
— . FG — mln Max ’ 4 ) 4 2
Fo(S) = min max (G, <y, v),

Fa(9) = —o0 Fa(S\{v})}
<:
® Wahle w € S so, dass max{f(G, S\{w}, w), Fg(S\{w})} minimal ist

®m Wahle 7' € P(S\{w}) so, dass Fg(S\{w}) = rg\a{x }f(G, T\ V)
Ve w

® Sei 7t die Reihenfolge, die mit ' anfangt und mit w endet

(V) = {ﬂ’(v) vV#w

S| v=w
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Beweis A\‘(IT
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Definition { \{v) \
. Fs(S) = minmax{f(G, S\{v}, v),
Fa(S) e (G, <y, V), veS

Fe(9D) = —o0 Fa(S\{v})}

\
Fa(S) < max f(G, .y, V)
veS
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Beweis $‘(IT
\

Fa(S) = min max f(G,mi<,,v), |Fa(S)=minmax{f(G, S\{v},v),

nEP(S) VES veS
Fg(2) = —o0 Fa(S\{v})}
<:
Fa(S) < F(G, ey, V)
- {f(G, 7T<W5 W), f(G, 7T<V! V)}
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Beweis A\‘(IT

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

\
— m F, = mi f
Fg(S) = nrgllv?S) rpeag f(G, Ty, V), G(S) s max{f(G, S\{v},v),
Fa(9) = —o0 Fa(S\{v})}
<:
FG(S) S max f(G! 7T<V! V)
veS
= max , max f(G,7m-,,V
{ veS\{w} ( =V )}
= max . max f(G, 7 ., v
{ max (G-, v)}
(V) = w(v) v#£w
S| v=w
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Beweis A\‘(IT
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\

Fa(S) = min max f(G,mi<,,v), |Fa(S)=minmax{f(G, S\{v},v),

mEP(S) vES vesS
Fa(9) = —o0 Fa(S\{v})}
<:
FG(S) S max f(Gs 7T<V! V)
veS
= max{f(G, i<y, w), max f(G,m.y,V)}
veS\{w}
= max{f(G, S\{w}, w), }
= max{f(G, S\{w}, w), }
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Beweis A\‘(IT
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\

Fa(S) = min max f(G,mi<,,v), |Fa(S)=minmax{f(G, S\{v},v),

neP(S) vES ves
Fa(@) = —o0 Fa(S\{v})}
<:
FG(S) S maé( f(Gs 7T<V! V)
4S
= maxs f(G, Ty, w), max (G, .,V
(G, ey, w), max f(G,7ey, )}
= max{f(G, S\{w},w), max f(G,7_,V)}
veS\{w}
= maxif(G, S\{w}, w), Fa(S\{w})}
= minmaxif(G, S\{w}, w), Fe(S\iw}p)}
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Pseudocode

Algorithm 1: Dynamic-Programming-Algorithm (G = (V, E))

FG(D) = —o0
fori=1..ndo
foreachS C V,|S| =ido

Fg(S) = |/rp€|r81 max{f(G, S\{w}, w), Fg(S\{w})}

end for

end for
return Fg(V)

m Laufzeit: O*(2")
® Speicherverbrauch: O*(2")
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Beispiel A\‘(IT
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Optimal Linear Arrangement

Minimiere Z 7t(x) — 7(y)| = Z {ix, ¥} € Eln(x) < m(v) < 7i(y)}

{x.y}€E veV

also:
f(G,Lv)=[{{xy} € Elxe LU{v}y € V\(LU{v}}|
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Optimal Linear Arrangement

Minimiere Z 7t(x) — 7(y)| = Z {ix, ¥} € Eln(x) < m(v) < 7i(y)}

{x.y}€E veV

also:
f(G,Lv)=[{{xy} € Elxe LU{v}y € V\(LU{v}}|
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a /=1 F(@) = 0
S F(S) fori=1..ndo
A 5 foreachS C V,|S|=ido
% Bi ; A(S) = min £(S\{w}, w) + F(S\{w})
3 end for
1

1C}
1D}

end for
return F(V)
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Beispiel A\‘(IT
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o /=1 F(@) = 0
S F(S) fori=1..ndo
foreachS C V,|S|=ido
By || 2 A(S) = min £(S\{w}, w) + F(S\{w})
{ C} 3 end for
end for
{D} 1 return F(V)
m/j=2
o (=) (o)
w [ F(S\(w}, w) + FS\{w})
{AB} | B | f({A}, B+
A | f({B}.A)+ F{B}) ° Q
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m/=1 F(@)=0
S F(S) fori=1..ndo
foreachS C V,|S|=ido
A |2 A(S) = min f(S\{w}, w) + F(S\{w})
end for
{C} 3 end for
{D} || 1 return F(V)
m/=2
o ol
w [ F(S\{w}, w) + F(S\[w})
{ABl | B4
rlusaeion (S
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m/=1 F(@)=0
S F(S) fori=1..ndo
{A} foreachS C V,|S|=ido
A(S) = min f(S\{w}, w) + F(S\{w})

2
{B} g end for
1

1C}
1D}

m/=2
S F(S)
w | f(S\{w}, w)+ F(S\{w}) Q
B
A

(5
(A B) z .
4 ()—()

end for
return F(V)

9  Markus Schneckenburger — Vertex Ordering Problems iﬁ! Institut fir Theoretische Informatik
Y Lehrstuhl Algorithmik



Beispiel A\‘(IT

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

m/=1 F(@)=0
S F(S) fori=1..ndo
foreachS C V,|S|=ido
A(S) = min f(S\{w}, w) + F(S\{w})

B} || 2

end for
end for
{D} || 1 return F(V)
m/=2
1 oo
{A,B} || 4
w | (S\{w}, w) + F(S\{w}) .
I (I
A | 6
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m/=1 F(@)=0
S F(S) fori=1..ndo
{A} foreachS C V,|S|=ido

{B} 2 A(S) = min f(S\{w}, w) + F(S\{w})
3
1

{ C} end for

end for
{D} return F(V)

m/=2
s offo

{A, B} || 4
.
24| oo
{B,C} || 5
{B,D} || 4
{C,D} || 3
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m/=3 F(@) = 0
S F(S) fori=1..ndo

foreachS C V,|S| =ido

{A’ B, C} O A(S) = min f(S\{w}, w) + F(S\{w})

{A,B,D} || 7 deo
enda 1or

{A= C, D} 5 end for

{B, C, D} 5 return F(V)

9 Markus Schneckenburger — Vertex Ordering Problems iﬁ! t]:;i;[:ttufﬁlr;giztrﬁis;ﬁhe Informatik



Beispiel A\‘(IT

||||||||||||||||||||||||||||||||

m/=3 F(@) =0
S F(S) fori=1..ndo
foreachS C V,|S|=ido
g’ > g{ > A(S) = min 7(S\ (w}, w) + F(S\ (w)
» end for
{A= C, D} 5 end for
{B,C,D} || 5 return F(V)
m/=4
s olC
w [ F(S\{w}, w) + F(S\{w})
! o
weco 2); 050
B |5
A| D
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m /=3 F(@) = 0
S F(S) fori=1..ndo
{A,B,C} || 5 for eachf C V.|S|=ido
{A,B,D} || 7 A(S) = min (S\{w}, w) + F(S\{w})
end for
{A’ c. D} > end for
{B’ C, D} S return F(V)
m/=4
corls () (2
{A! BJ Cs D} H 5
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2. Algorithmus
Rekursion
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Pseudocode

Algorithm 2: Recursive(Graph G, vertex set L, vertex set R)

if R = {v] then
return f(G, L, v)

end if

opt = o0

foreach R C R,|R’| = ||R|/2] do
vy = Recursive(G, L, R')
V> = Recursive(G, LU R, R\R')
opt := min{opt, max{vy, v»}}

end for

return opt

®m Laufzeit: O*(4")

® Speicherverbrauch: polynomiell
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Laufzeit A\‘(IT

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

Laufzeit: O*(4"):

® Rekursive Aufrufe:

= () (7)) 7 ([2]) )

m Es folgt: T(k) < 4F
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Recursive({ }, {A, B, C, D}):
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opt = 00

for each R C R,|R’| = ||R|/2] do
vi = Recursive(L, R
v» = Recursive(LU R’, R\R')
opt := min{opt, vi + v»}

end for
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Recursive({ }, {A, B, C, D}): opt = 00

R = {A B}
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opt = 00

for each R C R,|R’| = ||R|/2] do
vi = Recursive(L, R
v» = Recursive(LU R’, R\R')
opt := min{opt, vi + v»}

end for
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Recursive({ }, {A, B, C, D}): opt = 00

R ={A B}
vi = Recursive({ }, {A, B}):
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opt = 00

for each R C R,|R’| = ||R|/2] do
vi = Recursive(L, R
v» = Recursive(LU R’, R\R')
opt := min{opt, vi + v»}

end for
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Recursive({ }, {A, B, C, D}): opt = 00

R = {A B}

vy = Recursive({}, {A, B}): opt =00

R = {A}
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opt = 00

for each R C R,|R’| = ||R|/2] do
vi = Recursive(L, R
v» = Recursive(LU R’, R\R')
opt := min{opt, vi + v»}

end for
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Recursive({ }, {A, B, C, D}): opt = 00

R = {A B}

vy = Recursive({}, {A, B}): opt =00

R = {A}
vi = Recursive({}, {A}):
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opt = 00

for each R C R,|R’| = ||R|/2] do
vi = Recursive(L, R
v» = Recursive(LU R’, R\R')
opt := min{opt, vi + v»}

end for
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Recursive({ }, {A, B, C, D}): opt = 00

R = {A B}
vy = Recursive({}, {A, B}): opt =00
R = {A}

vi = Recursive({}, {A}): 2
v» = Recursive({A}, {B}):
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opt = 00

for each R" C R, |R'| = ||R|/2] do
vi = Recursive(L, R
v» = Recursive(LU R’, R\R')
opt := min{opt, vi + v»}

end for
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Recursive({ }, {A, B, C, D}): opt = 00

R = {A B}
vy = Recursive({}, {A, B}): opt =00
R = {A} Vi + Vo = 4

vi = Recursive({}, {A}): 2
Vo = Recursive({A}, {B}): 2
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opt = 00

for each R" C R, |R'| = ||R|/2] do
vi = Recursive(L, R
v» = Recursive(LU R’, R\R')
opt := min{opt, vi + v»}

end for
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Recursive({ }, {A, B, C, D}): opt = 00

R = {A B}

vi = Recursive({}, {A, B}): opt =4

R = {B}
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opt = 00

for each R C R,|R’| = ||R|/2] do
vi = Recursive(L, R
v» = Recursive(LU R’, R\R')
opt := min{opt, vi + v»}

end for
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Recursive({ }, {A, B, C, D}): opt = 00

R = {A B}
vi = Recursive({}, {A, B}): opt =4
R = {B} Vi + Vo = 4

vi = Recursive({}, {B}): 2
Vo = Recursive({B}, {A}): 2
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opt = 00

for each R" C R, |R'| = ||R|/2] do
vi = Recursive(L, R
v» = Recursive(LU R’, R\R')
opt := min{opt, vi + v»}

end for
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Recursive({ }, {A, B, C, D}): opt = 00
R = {A B}

vi = Recursive({}, {A, B}): 4
v» = Recursive({A, B}, {C, D}):
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opt = 00

for each R C R,|R’| = ||R|/2] do
vi = Recursive(L, R
v» = Recursive(LU R’, R\R')
opt := min{opt, vi + v»}

end for
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opt = 00

for each R C R,|R’| = ||R|/2] do
vi = Recursive(L, R
v» = Recursive(LU R’, R\R')
opt := min{opt, vi + v»}

Recursive({},{A, B, C,D}): opt =00 | end for
R ={A B}
vi = Recursive({}, {A, B}): 4
v» = Recursive({ A, B},{C, D}): opt = 00

R = {C} Vi + Vo =1 °
vy = Recursive({A, B},{C}): 1 .
v» = Recursive({A, B, C}, {D}):0 0 Q
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opt = 00

for each R" C R, |R'| = ||R|/2] do
vi = Recursive(L, R
v» = Recursive(LU R’, R\R')
opt := min{opt, vi + v»}

Recursive({},{A, B, C,D}): opt =00 | end for
R = {A, B}
vi = Recursive({}, {A, B}): 4
v» = Recursive({A, B}, {C, D}): opt = 1

R = {D} Vi+ Vo =3 o
vy = Recursive({A, B}, {D}): 3 ‘
v» = Recursive({A, B, D}, {C}): 0 0 Q
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Recursive({ }, {A, B, C, D}): opt = 00

R = {A B} Vi+ Vo =5
vi = Recursive({}, {A, B}): 4

v» = Recursive({A, B}, {C, D}): 1
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opt = 00

for each R C R,|R’| = ||R|/2] do
vi = Recursive(L, R
v» = Recursive(LU R’, R\R')
opt := min{opt, vi + v»}

end for
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Recursive({ },{A, B, C, D}): opt =5

R = {A B} Vi+ Vo =5
vi = Recursive({}, {A, B}): 4

v» = Recursive({A, B}, {C, D}): 1

Markus Schneckenburger — Vertex Ordering Problems

AT

Karlsruher Institut fur Technologie

opt = 00

for each R C R,|R’| = ||R|/2] do
vi = Recursive(L, R
v» = Recursive(LU R’, R\R')
opt := min{opt, vi + v»}

end for
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Recursive({ },{A, B, C, D}): opt =5

R = {A C)
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opt = 00

for each R C R,|R’| = ||R|/2] do
vi = Recursive(L, R
v» = Recursive(LU R’, R\R')
opt := min{opt, vi + v»}

end for
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AbschlieBendes &‘(IT

Karlsruher Institut fur Technologie

® 4" wachst schnell

B verschiedene interessante Probleme konnen als Vertex Ordering
Probleme formuliert werden:
TREEWIDTH, MINIMUM FILL-IN, PATHWIDTH, SuM CUT, MINIMUM
INTERVAL GRAPH COMPLETION, CUTWIDTH, OPTIMAL LINEAR
ARRANGEMENT, DIRECTED FEEDBACK ARC SET

Danke furs Zuhoren
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