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Flipping Spanning Trees
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edges = flips

{Tl,TQ} edge p— ’Tl — TQ‘ — 1]
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flip graph F(G)

Questions

> connectivity
> min / max degree

> flip distance
> radius
> diameter

> mixing properties

> expander properties
> Hamiltonicity

> enumeration

> generation

> counting

> ...



Flip Distance

Tred Tblue
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flip distance dist(7}eq, Thiue) = minimum number of flips required Ticq — Thiue




Flip Distance
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Flip Distance
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flip distance dist(7}eq, Thiue) = minimum number of flips required Ticq — Thiue

> easy lower bound: diSt(Tred, Tblue) > ’Tred — Tblue‘ — ‘Tblue — Tred‘ —

D M
> In fact: diSt(Treda Tblue) =D = ‘Tred — Tblue’ for all Treda Tblue \A



Flip Distance
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flip distance dist(7}eq, Thiue) = minimum number of flips required Ticq — Thiue =
> €asy lower bound: diSt(Tred, Tblue) Z ’Tred — Tblue‘ — ‘Tblue — Tred‘ =D @

> In fact: diSt(Tredy Tblue) =D = ‘Tred — Tblue’ for all Treda Tblue \.AM
D=3




Radius and Diameter
diSt(Treda Tblue) =D = ‘Tred — Tblue‘ for all Treda Tblue

diameter of .F(G) — - ;naXC - {D — ‘Tred — Tbluel}
reds £ blue =

> diam(F(K,)) =n—1
> diam(F(G)) < n —1 for all graphs G
> determining diam(F(G)) possible in poly-time

flip graph F(G)



Radius and Diameter
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Radius and Diameter

flip graph F(G)

dist(Tred, Thiue) = D = |Tred — Tolue| for all Tied, Thiue

diameter of .F(G) — - ;naXC - {D — ‘Tred — Tbluel}
reds £ blue =

> diam(F(K,)) =n—1
> diam(F(G)) < n —1 for all graphs G
> determining diam(F(G)) possible in poly-time

radius of F(G) = TmiCnG TmaécG 1D = |Tiea — Thluel }
red = blue =

> rad(F(K,)) =n—2
> rad(F(G)) < n — 2 for all graphs G
> determining rad(F(G)) is NP-hard

rad(F(G)) < diam(F(G)) < 2-rad(F(G))



Spanning Trees on Point Sets

. ° ° - O 0\./ °
. \. \\.

o [ L

point set P spanning tree non-crossing spanning tree
(general position) (straightline segments) (no crossings)

Questions
— flip graph 7(P) > flip distance
on all non-crossing spanning trees > radius largest for |P| = n?

> diameter



State of the Art — Radius

> F(P) is induced subgraph of F(K,) (|P|=n)
> F(P) is connected for every point set P

Theorem (Avis and Fukuda, 1996).
rad(F(P)) < n — 2 for every point set P



State of the Art — Radius

> F(P) is induced subgraph of F(K,) (|P|=n)
> F(P) is connected for every point set P

Theorem (Avis and Fukuda, 1996).
rad(F(P)) < n — 2 for every point set P

Lemma.
For every non-crossing spanning tree 1’
and every p € P on the convex hull,
there exists an uncrossed edge ¢ ¢ T" at p.

................. _~ D on convex hull
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State of the Art — Radius

> F(P) is induced subgraph of F(K,) (|P|=n)
> F(P) is connected for every point set P

Theorem (Avis and Fukuda, 1996).
rad(F(P)) < n — 2 for every point set P

Lemma.
For every non-crossing spanning tree 1’
and every p € P on the convex hull,
there exists an uncrossed edge ¢ ¢ T" at p.

........................... _~ D on convex hull
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' <n —2 flips




State of the Art — Radius / p leaf -

/.
> F(P) is induced subgraph of F(K,) (|Pl=n) pD—=pn_9
> F(P) is connected for every point set P ed ‘ Tblu
| Theorem
Theorem (Avis and Fukuda, 1996). rad(F(P)) > n — 2 for every point set P

rad(F(P)) < n — 2 for every point set P

Lemma.
For every non-crossing spanning tree 1’
and every p € P on the convex hull,
there exists an uncrossed edge ¢ ¢ T" at p.

................. _~ D on convex hull
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State of the Art — Radius / p leaf -

/.
> F(P) is induced subgraph of F(K,) (|Pl=n) p—=pn_
> F(P) is connected for every point set P o . Tblu
| Theorem
Theorem (Avis and Fukuda, 1996). rad(F(P)) > n — 2 for every point set P
rad(F(P)) < n — 2 for every point set P
Lemma.
For every non-crossing spanning tree T’ * Lemma not true for
and every p € P on the convex hull, p not on convex hull

there exists an uncrossed edge ¢ ¢ T" at p.

........................... _~ D on convex hull
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State of the Art — Radius / p leaf -

/.
> F(P) is induced subgraph of F(K,) (|Pl=n) p—=pn_
> F(P) is connected for every point set P o . Tblu
| Theorem
Theorem (Avis and Fukuda, 1996). rad(F(P)) > n — 2 for every point set P
rad(F(P)) < n — 2 for every point set P
Lemma.
For every non-crossing spanning tree T’ * Lemma not true for
and every p € P on the convex hull, p not on convex hull

there exists an uncrossed edge ¢ ¢ T" at p.

........................... _~ D on convex hull

\/<
> diSt(Tred, Tblue) > D = ‘Tred — Tblue‘
possible

%...%

' <n —2 flips




State of the Art — Diameter

> rad(F(P)) =n — 2 for every P
> rad(F(P)) < diam(F(P)) < 2-rad(F(P))

n—2 < diam(F(P)) < 2n—14

Question. What is max{diam(F(P)): |P| = n}?



State of the Art — Diameter

> rad(F(P)) =n — 2 for every P
> rad(F(P)) < diam(F(P)) < 2-rad(F(P))

n—2 < diam(F(P)) < 2n—14

Question. What is max{diam(F(P)): |P| = n}?
Theorem (Hernando et al., 1999).
diam(F(P)) > Sn —5

for point set P in convex position
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State of the Art — Diameter

> rad(F(P)) =n — 2 for every P
> rad(F(P)) < diam(F(P)) < 2-rad(F(P))

n—2 < diam(F(P)) < 2n—14

Question. What is max{diam(F(P)): |P| = n}?
Theorem (Hernando et al., 1999).
diam(F(P)) > Sn —5
for point set P in convex position
> every blue edge
crosses > % — 1 red edges

> at least 5 — 1 flips until
first blue edge introduced




State of the Art — Diameter The case of Convex Position

> rad(F(P)) =n — 2 for every P > Bousquet et al. 2023:
> rad(F(P)) < diam(F(P)) < 2 - rad(F(P)) diam(F,) < 2n — Q(y/n)
> Aichholzer et al. 2022:
n—2 < diam(F(P)) < 2n—4 dist(7Tred, Thiwe) < 2D — Q(log D)
> Bousquet et al. 2024
Question. What is max{diam(F(P)): |P| =n}? dist(7red, Thiue) < 1.96D
Theorem (Hernando et al., 1999). diam(F,) < 1.96n

: 3
diam(F(P)) > 5n — 5
for point set P in convex position
> every blue edge
crosses > % — 1 red edges

> at least 5 — 1 flips until
first blue edge introduced




State of the Art — Diameter The case of Convex Position

> rad(F(P)) =n — 2 for every P > Bousquet et al. 2023:
> rad(F(P)) < diam(F(P)) < 2 - rad(F(P)) diam(F,) < 2n — Q(v/n)
> Aichholzer et al. 2022:
n—2 < diam(F(P)) < 2n—4 dist(7Tred, Thiwe) < 2D — Q(log D)
> Bousquet et al. 2024
Question. What is max{diam(F(P)): |P| =n}? dist(7red, Thiue) < 1.96D
Theorem (Hermando et ol 1999). dom(F) <1%n
diam(F(P)) > Sn —5 NEW:

for point set P in convex position
> every blue edge
crosses > % — 1 red edges

> at least 5 — 1 flips until
first blue edge introduced
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Overview of Approach
P1 Pn

P2 -
pS./ T§ P9

D4 '\ * D8
p5.

¢ P7
Pé6

> open to linear order p1, p
o * oy ’rL

P1

Tred

Goal: diSt(Tred,Tblue) < gn



Overview of Approach
P1 Pn

P2 § .
p3 ./ Tred P9

P4 '\ * P8
D5 ° pr
Pe
> open to linear order p1,...,pn
> gaps gi,...,9n—1

P1

e (J1 o (Jo o (J3 e (Jy e

Tred

Goal: diSt(Tred,Tblue) < gn



Overview of Approach

P1 Pn

P2 § .
p3 ./ Treq P9

P4 '\ * Ds
p5.

° P7
Pé6

> open to linear order pq,...

> gaps gi,...,9n—-1

> corresponding edges €1, ...

Goal dlSt( redaTblue) S g

€
€g 10

€3 e
gn—1
gz & gsa s .

plogloQQ ° D
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s En—1 Of Tred



Goal: diSt(TredaTblue) < gn

Overview of Approach

> open to linear order p1,...,pn

> gaps g1, -+ Jn—1

> corresponding edges e1,...,e,_1 of T,
> same for Thue gives €),...,¢e.

> edge pairs (e1,€7),...,(en_1,€. 1)



Goal: dist(7red, Thiue) < %

Overview of Approach

4D

e (J1 e (o e (J3 e
P1 6'2/
el
> open to linear order p1,...,p,
> g4apPsS g1,.-.,09n—-1
> corresponding edges e¢.....e,,_1 of T . . C .
p g .g /—h o 1 red direct flip ¢; — ¢/ indirect flip e; — ¢, — €
> same for Thye giVes €7, ...,€,_1

> edge pairs (e1,€7),...,(en_1,€ 1) dist(T1eq, Tome) < 2n — #direct flips



Short, Near and Wide Edges [;:j\.

e; short edge

SV YA

e; near edge e; wide edge

€
eq 10




Short, Near and Wide Edges ./Sz\.

e; short edge

SV YA

e; near edge e; wide edge

€
eq 10

€3 e
A
° ° e (3 ol °

no flip e¢; = e;
direct flip ¢; — €]

indirect flip e; — g, — 6;



Short, Near and Wide Edges ./Sz\.

e; short edge

SV YA

e; near edge e; wide edge

€9 €10
€3 es €]
/ \/ 67\
€9 €4 €6
° ° \o gs ol ° ° \o ° °
no flip e;, = e, : short-short pairs (e;, €’)
direct flip ¢; — ¢,  : short-near and short-wide pairs (¢;, €’)

indirect flip e; — g, — ¢, : wide-near and wide-wide pairs (¢;, €’)



Short, Near and Wide Edges [Sz\.

e; short edge

N1 /\

H
H
B ° o (J; o
e; near edge e; wide edge
B
&
- ;=

Lemma.
#short edges > #wide edges

no flipe; =e; : short-short pairs (e;, €)
direct flip ¢; — ¢,  : short-near and short-wide pairs (¢;, €’)

indirect flip e, — g; — €, . wide-near and wide-wide pairs (e;, €})



Short, Near and Wide Edges ./S:j\.

e; short edge

N1 /\

o (J;
e; near edge e; wide edge
O
ﬂ'
O ‘l. Lemma.
yomy oY o\ ) ! ! ! #short edges > #wide edges
' 3, ' _
| / | / = ##tlips so-far < 5 - #pairs so-far
no flip e; = e, : short-short pairs (e;, e})
direct flip ¢; — ¢,  : short-near and short-wide pairs (¢;, €’) remaining:

near-near pairs

indirect flip e, — g; — €, . wide-near and wide-wide pairs (e;, €})



Conflicts Goal: direct flip ¢; — € for many near-near pairs (e;, ¢})

€3
/[ 67
€ e €6
° ° 2\0 g3 ol4 ° ° \o \o ° °
T NN\
/ /
e} / €5 / €s
°3 € 1 630

Thlue




Conflicts Goal: direct flip ¢; — €, for many near-near pairs (e;, e;)

> treat non-near-near pairs
...spending 1.5 flips per pair on average



Conflicts Goal: direct flip ¢; — €, for many near-near pairs (e;, e;)
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...spending 1.5 flips per pair on average



Conflicts Goal: direct flip ¢; — €. for many near-near pairs (¢;, €)

> treat non-near-near pairs
...spending 1.5 flips per pair on average

When (e, e’.) must wait for (e;,e’)

[\
[ o/



Conflicts Goal: direct flip ¢; — €. for many near-near pairs (¢;, €)

> treat non-near-near pairs
...spending 1.5 flips per pair on average

L .
tlip ej —¢; When (¢, €/;) must wait for (e, €})

Y

€; ° ° °

/ N



Conflicts Goal: direct flip ¢; — €. for many near-near pairs (¢;, €)

> treat non-near-near pairs
...spending 1.5 flips per pair on average

When (e, e’.) must wait for (e;,e’)

N 0N
[ o/ v



Conflicts Goal: direct flip ¢; — €. for many near-near pairs (¢;, €)

> treat non-near-near pairs
...spending 1.5 flips per pair on average

When (e, e’.) must wait for (e;,e’)

N 0N
o/ v/
A\ o



Conflicts Goal: direct flip ¢; — €. for many near-near pairs (¢;, €)

> treat non-near-near pairs
...spending 1.5 flips per pair on average

When (e, e’.) must wait for (e;,e’)

flipe; — €’ J i



Conflicts Goal: direct flip ¢; — €. for many near-near pairs (¢;, €)

> treat non-near-near pairs
...spending 1.5 flips per pair on average

When (e, e’.) must wait for (e;,e’)

flipe; — €’ J i

€; &
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6;- e(]; 63/0 ° ° 0\63 g;e
€; €;
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/



Conflicts Goal: direct flip ¢; — €. for many near-near pairs (¢;, €)

> treat non-near-near pairs
...spending 1.5 flips per pair on average

When (e, e’.) must wait for (e;,e’)

flipe; — €’ J i

N 0
o/ v/
T AT o Ty
) £

directed edge g;g; in conflict graph k/e/_/ / \J
J J



Conflict Graph
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conflict graph H




Conflict Graph gi N OO\ N

o . .\.e;-'. Xef T T .‘e; 7
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i J J

o (J]] oo (|5} @m0 (|7 @ (J]Q @=ee (J]() @ - o \\
U \

conflict graph H

near-near pairs can be direct flips <= in conflict graph



> open to linear order pq,...,p,

Overview
> edge pairs (e1,€7),...,(en_1,€ 1)
direct flip e; — ¢/ indirect flip e; — g, — €/
dist(7Tred, Thiue) < 2n — #direct flips
Tred



. > open to linear order pq, ...
Overview P PL--oo bn

> edge pairs (617 6/1)7 SR (en—la efn,—l)

direct flip e; — ¢/ indirect flip e; — g, — €/

dist(7Tred, Thiue) < 2n — #direct flips

> treat non-near-near pairs
... direct flip half of the time

o (J]] oo (|5} O=—e—e (]7 © (]Q @meeee (J1() @



e (J1

> open to linear order pq,...,p,

Overview
> edge pairs (e1,€7),...,(en_1,€ 1)
direct flip ¢; — €, indirect flip ¢; — ¢, — €]
dist(7Tred, Thiue) < 2n — #direct flips
> treat non-near-near pairs
... direct flip half of the time

> conflict graph H

gt (5 om—se (7 $ (3 = (10 ... 0N near-near pairs 91




Overview

o (J1

> open to linear order pq,...,p,

> Edge pairs (617 6/1)7 SR (en—la efn,—l)

direct flip e; — ¢/ indirect flip e; — g, — €/

O @ e @ e @ ([ @@ (|7 @ (JQ @me (]]() @

dist(7Tred, Thiue) < 2n — #direct flips

> treat non-near-near pairs
... direct flip half of the time

> conflict graph H
... 0N near-near pairs

> find *

> direct flips for X /{ )\
7N

>




> open to linear order pq,...,p,

Overview
> edge pairs (e1,€7),...,(en_1,€ 1)
direct flip ¢; — €, indirect flip ¢; — ¢, — €]
dist(7Tred, Thiue) < 2n — #direct flips
> treat non-near-near pairs
... direct flip half of the time

> conflict graph H

R N — S— A S NP ... 0N near-near pairs

> find *

> direct flips for X /{ )\
7
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Overview

> open to linear order pq,...,p,

> Edge pairs (617 6/1), SR (en—la efn,—l)

direct flip ¢; — €, indirect flip ¢; — ¢, — €]
dist(7Tred, Thiue) < 2n — #direct flips

> treat non-near-near pairs
... direct flip half of the time

N > conflict graph H
e—e (10 ... 0N near-near pairs

T —
U > find *
> direct flips for X /{ )\
ZN

>



Overview

> open to linear order pq,...,p,

> edge pairs (617 6/1), SR (en—la efn,—l)

direct flip e; — ¢/ indirect flip e; — g, — €/

dist(7Tred, Thiue) < 2n — #direct flips

> treat non-near-near pairs
... direct flip half of the time

> conflict graph H

N S—— T S T R— TP ... 0N near-near pairs

> find *

> direct flips for X /{ )\
7
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. > open to linear order pq, ...
Overview P PL--oo bn

> edge pairs (617 6/1)7 SR (en—la efn,—l)

direct flip e; — ¢/ indirect flip e; — g, — €/

dist(7Tred, Thiue) < 2n — #direct flips

> treat non-near-near pairs
... direct flip half of the time

/\m > conflict graph H
| O T ) S — S—— T SN — T ... 0N near-near pairs
U > find *
> direct flips for X ()
AN
22N

>




Overview

> open to linear order pq,...,p,

> edge pairs (617 6/1)7 SR (en—la efn,—l)

direct flip e; — ¢/ indirect flip e; — g, — €/

dist(7Tred, Thiue) < 2n — #direct flips

> treat non-near-near pairs
... direct flip half of the time

> conflict graph H
e (J7 o (J3 e==——e (J1() ® . ..0ON near-near pairs

> find *

> direct flips for X /{ )\
7

>




Overview

remaining:

> open to linear order pq,...,p,

> edge pairs (617 6/1)7 SR (en—la efn,—l)

direct flip e; — ¢/ indirect flip e; — g, — €/

dist(7Tred, Thiue) < 2n — #direct flips

> treat non-near-near pairs
... direct flip half of the time

> conflict graph H

e J7 o (3 e——s (J1() ® ...0n near-near pairs
> find *
> direct flips for X “
N
largest in conflict graph? /’ B



Largest Acyclic Subset in Conflict Graphs

diSt(Tred, Tblue) < 2n — #direct flips

conflict graph H

> Vi = {near-near pairs (¢;,¢’)}

> ac(H) = max{|X| : X C Vg }

> <= pairs can be direct flips



Largest Acyclic Subset in Conflict Graphs

diSt(Tred, Tblue) < 2n — #direct flips

conflict graph H

> Vi = {near-near pairs (¢;,¢’)}

1

> ac(H) = max{|X| : X C Vg }
> <= pairs can be direct flips
Lemma.

Vg can be partitioned into three

— ac(H) > |V

—> at least % of near-near pairs with direct flips

— diSt(Tred,Tblue) < 2n — %n — %n



Largest Acyclic Subset in Conflict Graphs

diSt(Tred, Tblue) < 2n — #direct flips

conflict graph H

> Vi = {near-near pairs (¢;,¢’)}

1

> ac(H) = max{|X| : X C Vg }
> <= pairs can be direct flips
Lemma.

Vg can be partitioned into three

1
— ac(H) > g\VH\
—> at least % of near-near pairs with direct flips

— diSt(Tred,Tblue) < 2n — %n — %n

\_e; \e;

type Above

€; €;
Y Y
6// \6,\_J

type Below

5 O
\62-_/ \e;,

type Crossing

> each of A, B, C is




Main Theorem Theorem.

For any two non-crossing spanning trees 1.4, 1hiue
on a set of n points in convex position with
corresponding conflict graph H we have:

diSt(TredaTblue) < max (%7 2 — M) n <

Vi o

WOt




Main Theorem Theorem.

For any two non-crossing spanning trees 1.4, 1hiue
on a set of n points in convex position with
corresponding conflict graph H we have:

diSt(Tred,Tblue) < max (g, 2 — %) - < g o)

Tred

Theorem. N j ¥ n

For the diameter diam(F,,) of the flip graph F, \
of non-crossing spanning trees on a set of Z
n points in convex position we have:

diam(F,,) < max {2 — %: H conflict graph} -n<2-n=16n S



the Worst Example we know of

Tred

‘91 092 O m—— @ 94 ) g5 ) 96 O m—— @ 98 ) 99 09100—09120

Tblue

g5\98/

conflict graph H
V| =9 ac(H) =4




the Worst Example we know of

Tred I

N0 s

'91 092 O m—— @ g4 095 .96 O m—— @ 98 ® 99 09100—09120

conflict graph H

T1ue V| =9 ac(H) =4
ac(H) _ 4
Vel 9



Tred

the Worst Example we know of

‘91 092 O m—— @ 94 ) g5 ) 96 O m—— @ 98 ) 99 og100—09120

Tblue

diSt(TredyTblue) < (2

g5\98/

conflict graph H
V| =9 ac(H) =4




the Worst Example we know of

conflict graph H,
Tk
blue |VHk| = 9k ac(Hk) = 4k

] k k ac(H) _ 1K ac(Hg) _ 4
dlSt(Tred7Tblue) Z (2 Vi ) -n—C=15n—-C |VH:| — 9



Conclusion '7\

\
Previous bounds: \ E U

1.5bn —5 < diam(F,) < 1.96n ‘Z

Theorem. = \L
For the diameter diam(F,,) of the flip graph F, S
of non-crossing spanning trees on a set of
n points in convex position we have:

1.5 = 154 < lim,, o, d2mFn) gy {2 — jﬁﬁfj) . H conflict graph} < % =16




Conclusion '7\

\
Previous bounds: \ E U

1.5bn —5 < diam(F,) < 1.96n ‘Z

Theorem. = \L
For the diameter diam(F,,) of the flip graph 7, S
of non-crossing spanning trees on a set of
n points in convex position we have:

1.5 = 154 < lim,, o, d2mFn) gy {2 — jﬁﬁfj) . H conflict graph} < % =16




