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—— Abstract

For a set P of n points in general position in the plane, the flip graph F(P) has a vertex for each
non-crossing spanning tree on P and an edge between any two spanning trees that can be transformed
into each other by one edge flip, i.e., the deletion and addition of exactly one edge. The diameter
diam(F(P)) of this flip graph is subject of intensive study. For points P in general position, it is
between [3/2-n| -5 and 2n - 4, with no improvement for 25 years. For points P in convex position,
diam(F(P)) lies between [3/2-n| -5 and ~ 1.95n, where the lower bound was conjectured to be
tight up to an additive constant and the upper bound is a very recent breakthrough improvement
over several previous bounds of the form 2n - o(n).

In this work, we provide new upper and lower bounds on the diameter of F(P) by mainly
focusing on points P in convex position. We improve the lower bound even for this restricted case
to diam(F(P)) > 14/o-n— O(1). This disproves the conjectured upper bound of 3/2-n for convex
position, while also improving the long-standing lower bound for point sets in general position. In
particular, we provide pairs T, T" of trees with flip distance dist(T,T") > 14/o-n — O(1); in these
examples, both trees T,T" have three convex hull edges. We complement this by showing that if one
of T,T" has at most two convex hull edges, then dist(T,7") <3/2-d < 3/2-n, where d = |T' - T"| is the
number of edges in one tree that are not in the other. This bound is tight up to additive constants.

Secondly, we significantly improve the upper bound on diam(F(P)) for n points P in convex
position from ~ 1.95n to 5/3-n — 3. To prove both our lower and upper bound improvements, we
introduce a new tool. Specifically, we convert the flip distance problem for given T, 7" to the problem
of a largest acyclic subset in an associated conflict graph H(T,T’). In fact, this method is powerful
enough to determine the diameter of F(P) for points P in convex position up to lower-order terms.
As such, conflict graphs are likely the key to a complete resolution of this and possibly also other
reconfiguration problems.

2012 ACM Subject Classification Mathematics of computing — Discrete mathematics - Combina-
torics - Combinatoric problems

Keywords and phrases flip graph, reconfiguration graph, spanning tree, non-crossing/crossing-free,

convex point set
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1 Introduction

Reconfiguration problems are important combinatorial problems with a high relevance in
various settings and disciplines, e.g., robot motion planning, (multi agent) path finding,
reconfiguration of data structures, sorting problems, string editing, in logistics, graph
recoloring, token swapping, the Rubik’s cube, or sliding puzzles, to name just a few. Given a
collection of configurations and a set of allowed reconfiguration moves, each transforming
one configuration into another, we naturally obtain a (directed) graph on the space of all
configurations. When reconfiguration moves are reversible (then often called flips), this
graph is undirected and called a flip graph F. For example, the flip graph of the Rubik’s
cube has more than 43 - 10'8 vertices, each of degree 27.

A typical task is, for a pair A, B of input configurations, to find a sequence of flips that
transform A into B — preferably fast. The distance of A and B in the flip graph F is the
minimum number of required flips. As computing (or even storing) the entire flip graph is
usually impractical, one often resorts to the structure of F to find a short flip sequence from
A to B. However, even worst-case guarantees on the flip distance of A and B are mostly
difficult to obtain. It took 29 years and 35 CPU-years donated by Google to determine the
largest flip sequence between any two Rubik’s cubes, that is, to determine the diameter of
the corresponding flip graph. This elusive number is called God’s number and equals 20 [35].

Flip graphs are a versatile structure with many potential applications. For example,
they are used to obtain Markov chains to sample random configurations, or for Gray codes
or reverse search algorithms to generate all configurations. We give more related work in
Section 1.1, and refer to the survey articles [31,37] for even more examples and applications

e
< \/<\ M
AT
ENigd Ny
1T

Figure 1 The flip graph F(P) on all non-crossing spanning trees on a set P of n =4 points in
convex position. A pair T,T" with dist(T,T") = diam(F(P)) = 3 is highlighted.

of reconfiguration problems.

A widely studied field concerns configuration of non-crossing straight-line graphs on a fixed
point set in the plane. In this setting, a flip is usually the exchange of one edge with another
edge. That is, two graphs A, B (i.e., configurations) are adjacent in the flip graph F if |[E(A) -
E(B)|=|E(B)-E(A)| = 1. Classical examples are triangulations [14,16,21,22,25,26,32,33,38],
spanning trees [1,2,5,7,9,18,30], spanning paths [3,4,13,24, 34], polygonizations [17], and
matchings [20,21,28] on a fixed point set P c R?. For an overview, see the survey article [6].
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Flipping Non-Crossing Spanning Trees

Here, we study the flip graph of non-crossing spanning trees on a finite point set in
the plane in general position. Throughout, let P denote a set of n points in R? with no
three collinear points. Consider a tree whose vertex-set is P and whose edges are pairwise
non-crossing straight-line segments. Then a tree T' on P is the edge-set of such a non-crossing
spanning tree. E.g., Figures 2(a) and 2(c) show some trees on a set P in convex position.

Two trees T and T’ on P are related by a flip if T can be obtained from 7" by an exchange
of one edge; i.e., there exist edges e € T and e’ € T’ such that 7' =T - e + €’; see Figures 2(a)
and 2(b) for an example. The flip graph F(P) of P has a vertex for each tree on P and
an edge between any two trees that are related by a flip. A path from T to T" in F(P)
corresponds to a flip sequence from T to T'. The length of a shortest flip sequence is the flip
distance of T and T", denoted by dist(7,T"). Finally, the diameter of F(P) is the largest
flip distance of any two trees on P, i.e., the smallest D such that dist(T,T") < D for all T, T".
In addition, the radius of F(P) is rad(F(P)) = ming max dist(7,T").

(a) (b) (c)

Figure 2 Some non-crossing trees on a point set in convex position.

The flip graph F(P) of trees on P has been considered since 1996, when Avis and
Fukuda [5] showed that any tree 7' on P can be flipped to! any star 7" on P whose central
vertex lies on the boundary of the convex hull of P in |T - T'| < n — 2 steps. This implies
that F(P) has radius at most n — 2 and hence diameter at most 2n — 4. However, the exact
radius and diameter of F(P) remain unknown to this day. Also, it is unclear how much
the diameter varies between different point sets of same cardinality, or which point sets P
maximize the diameter of F(P) among all sets of n points. In 1999, Hernando et al. [18]
provided a lower bound by constructing two trees T, 7" on n points in convex position (for
any n > 4) with flip distance dist(T,T") = |3/2- n| - 5; see Figure 2(c). In this example, each
edge in T' - T intersects roughly half the edges of T. Hence, every flip sequence from T to T"
must flip away roughly n/2 edges of T before the first edge of 7" — T can be introduced, and
thus dist(7,T") is at least roughly 3/2-n. Yet, it remained open whether there is another
pair of trees with larger flip distance. As the only matching upper bound, we know that
dist(T,T") < |[3/2-n| - 2 in the special case that one of T,T" is an z-monotone path [2].

Note that the lower bound of |3/2-n| -5 uses a point set in convex position. Interestingly,
already this restricted setting is very challenging. The lower bound of |3/2-n] - 5 has not
been improved for decades and the upper bound of 2n — 4 only was gradually improved in
recent years. In 2023, Bousquet et al. [8] showed that dist(7,7T") < 2n — Q(y/n) for any two
trees T,T" on n points in convex position and conjectured that 3/2-n flips always suffice.

» Conjecture 1 (Bousquet et al. [8]).
For any set P of n points in convex position, the flip graph F(P) has diameter at most 3/2-n.

Conjecture 1 claims that every pair T, T of trees on a convex point set P admits a flip

1 We use terms like “flipping to a tree” or “flipping edges” in the (hopefully) natural way.
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sequence from T to T’ of length at most 3/2-n. This is confirmed only for special cases,
namely when one of T, 7" is a path [2] or a so-called separated caterpillar [8] (defined below).

It is also natural to compare the flip distance dist(7,7") of two trees with the trivial
lower bound given by the number of edges in which T and T’ differ, formally defined as
d=d(T,T") =|T-T'|. If P is in convex position, it is easy to show that d < dist(7,T") < 2d—4.
In 2022, Aichholzer et al. [2] showed that in fact dist(7,T") < 2d—-(log d). Recently, Bousquet
et al. [7] broke the barrier of 2 in the leading coefficient by showing that dist(7,7") < 1.96d <
1.96n. They also give a pair T, T’ with flip distance dist(T,T") ~ 5/3-d. However, as their
pair T,T" has d = |T — T'| » n/2, this is not a counterexample to Conjecture 1.

Our contribution. We consider non-crossing trees on sets P of n points in convex position.
Our main results are significantly improved lower and upper bounds on the diameter of the
corresponding flip graph F(P) in terms of n. As all n-element convex point sets P give the
same flip graph F(P), let us denote it by F,, for brevity. Recall that it is known that the
diameter diam(F, ) of F, lies between roughly 1.5n [18] and 1.95n [7].

We improve the upper bound to 5/3-n = 1.6n.

» Theorem 2. For any set P of n > 2 points in convex position, the flip graph F(P) of
non-crossing spanning trees on P has diameter at most 5/3-n—3. That is, diam(F, ) < 5/3-n-3.

Secondly, we improve the known lower bound to roughly 14/9-n = 1.5n.

» Theorem 3. There is a constant C such that for any n > 2, there are non-crossing trees
T,, T, on n points in convex position with dist(Ty,, T, ) > 14/o-n—-C. That is, diam(F,) >
14fg.n-C.

Theorem 3 is the first improvement over diam(F,) > |3/2-n] -5, as given 25 years ago by
the example of Hernando et al. [18] depicted in Figure 2(c). Moreover, Theorem 3 disproves
Conjecture 1 and also improves the lower bound on the largest diameter of F(P) among all
point sets P in general (not necessarily convex) position.

The trees T, T, in Theorem 3 have three boundary edges. On the other hand, every
non-crossing tree contains at least two boundary edges (provided n > 3), and trees on a convex
point set P with exactly two boundary edges are called separated caterpillars. Complementing
Theorem 3, we show that if at least one of T,T" is a separated caterpillar, then their flip
distance dist(7T,T") is at most 3/2-d(T,T'). This improves on the recent upper bound of
dist(T,T") < 3/2-n for the same setting in [8]. Further, the bound is tight up to an additive
constant since the construction from [18] in Figure 2(c) consists of two separated caterpillars.

» Theorem 4. Let T, T’ be non-crossing trees on n > 3 points in convex position. Let T be a
separated caterpillar and d:=|T = T'|. Then dist(T,T") <3/2-d. Moreover, there exists a flip
sequence from T to T of length at most 3[2-d in which no common edges are flipped.

Concerning sets P of n points in general (not necessarily convex) position, Aichholzer et
al. [2, Open Problem 3] ask for the radius of the flip graph F(P), in particular for a lower
bound of the form n — C for some small constant C. Avis and Fukuda [5] show that the
radius is at most n — 2. In fact, a matching lower bound is easily obtained.

» Theorem 5. For any set P of n points in general position, the flip graph F(P) of
non-crossing trees on P has radius at least (and thus exactly) n — 2.

Proof. Let T be any tree on P, v be a leaf of T', and S,, be the star on P with central vertex v.
Then dist(7,S,) > d(T,S,) =|T - S,| =n—2. As T was arbitrary, the result follows. <
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Organization of the paper. We give an outline of our approach in Section 2; in particular
we explain our strategy of reducing the task of determining the diameter of F,, to finding
largest acyclic subsets of an associated conflict graph. Our main tool is Theorem 6 (stated
below). In Section 3, we define the conflict graphs and show how to derive Theorems 2 and 3
from Theorem 6. Then, Section 4 is devoted to the proof of Theorem 6. In Section 5 we refine
our tools to obtain an improved upper bound on dist(7,T7") depending d(T,T") = |T - T"|
and the number of boundary edges in T nT”. In Section 6, we study the case where one tree
is a separated caterpillar and show Theorem 4. We conclude with a list of interesting open
problems in Section 7.

1.1 Related Work

First, let us mention further graph properties of the flip graphs F(P) of non-crossing trees
on point set P that have been investigated. For P in convex position, Hernando et al. [1§]
show that F(P) has radius n — 2 and minimum degree 2n —4, and that F(P) is Hamiltonian
and 2n — 4-connected [18]. For point sets P in general (not necessarily convex) position,
Felsner et al. [16] show that their flip graphs F(P) have so-called r-rainbow cycles for all
r=1,...,n -2, which generalize Hamiltonian cycles.

Resticted variants of flips for spanning trees. Besides the general edge exchange flip (that
we consider here), several more restricted flip operations have been investigated. There is
the compatible edge exchange (where the exchanged edges are non-crossing), the rotation
(where the exchanged edge are adjacent), and the edge slide (where the exchanged edges
together with some third edge form an uncrossed triangle). Nichols et al. [30] provide a nice
overview of the best known bounds for five studied flip types. Let us remark that for all five
flip types, the best known lower bound in terms of n (in the convex setting) corresponds to
the general edge exchange. Consequently, our Theorem 3 translates to all these settings. In
terms of d = |T - T"|, Bousquet et al. [7] show a tight bound of 2d for point sets P in convex
position. For a variant with edge labels (which are transferred in edge exchanges), Hernando
et al. [19] show that the flip graph remains connected for any set P in general position.
Lastly, let us mention reconfiguration of spanning trees in combinatorial (instead of
geometric) settings, such as with leaf constraints [10], or degree and diameter constraints [11].

Spanning paths. Much less is known when restricting F(P) only to the spanning paths on
P. In fact, it is open for more than 16 years [4,6] whether this subgraph F'(P) of F(P) is
connected. Akl et al. [4] conjecture the answer to be positive, while confirming it if P is in
convex position. In fact, Chang and Wu [13] prove that for n points P in convex position,
F'(P) has diameter 2n -5 for n = 3,4 and 2n -6 for all n > 5. It is also known that F'(P)
is Hamiltonian [34] and has chromatic number x(F'(P)) =n [29].

For P in general position, F'(P) is known to be connected for so-called generalized double
circles [3], and its diameter is at least 2n —4 if P is a wheel of size n [3]. Kleist, Kramer, and
Rieck [24] show that so-called suffiz-independent paths induce a large connected subgraph in
F'(P), and confirmed connectivity of F'(P) if P has at most two convex layers.

Triangulations. For (non-crossing) inner triangulations on a set P of n points in general
position, a flip replaces a diagonal of a convex quadrilateral spanned by two adjacent inner
faces by the other diagonal. When points in P are in convex position, the corresponding flip
graph T (P) is the 1-skeleton of the (n — 3)-dimensional associahedron. In fact, the vertices
of T(P) are in bijection with binary trees and the flip operation with rotations of these trees.
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The diameter of 7(P) is known to be in Q(n?) for P in general position [22], and at
most 2n — 10 (for n > 9) for P in convex position [36], where the latter is in fact tight [33].

Computing the flip distance of two triangulation on P is known to be NP-complete [26,32],
also in the more general setting of graph associahedra [23]. Many further properties of the
associahedron have been investigated, such as geometric realizations [12], Hamiltonicity [27],
rainbow cycles [16], and expansion and mixing properties [15].

2  Qutline of Our Approach

Let us outline our approach to tackle the diameter diam(F,) of the flip graph F,, for n
points in convex position. Together, Theorems 2 and 3 state that

14/9.n—O(1) < diam(F,) <5/3-n=15/9-n,

narrowing the gap from roughly 1/2-n to only 1/9-n. We obtain both, the upper and the lower
bound, by transferring the question for the diameter of the flip graph into a more approachable
question about largest acyclic subsets in certain conflict graphs. Our corresponding result is
stated in Theorem 6 below. While we defer the precise definitions to Section 3, let us provide
here some background needed to understand Theorem 6 and explain how Theorem 6 could
be used to determine diam(F,,) exactly up to lower-order terms.

Given a pair T, 7" of trees on a set P of n points in convex position, we define a canonical
bijection between the edges in T' and the edges in T”, formalized as a set P of pairs (e, e’)
with e € T and €’ € T'. So, each e € T has a unique partner ¢’ € 77, and vice versa. We then
restrict our attention to flip sequences from T to T' that respect this bijection in the sense
that every e € T is flipped to its partner ¢’ € T in at most two steps. That is, either e is
flipped to ¢’ directly (a direct flip), or e is flipped to €’ in two steps via one intermediate
boundary edge (an indirect flip). The length of a flip sequence of this form is then #direct
flips + 2 - #indirect flips, and our task is to minimize the number of indirect flips.

We associate a directed conflict graph H = H(T,T") whose vertices correspond to a subset
of the pairs in P. A directed edge (e1,e}) = (ea,e}) in H expresses that the direct flip
es — e cannot occur before the direct flip e; - €], as otherwise it would create a cycle or
a crossing. Let ac(H) denote the size of a largest subset of V/(H) that induces an acyclic
subgraph. We then construct a flip sequence from T to 77 with ac(H) direct flips. So, if
ac(H) is large, then dist(7,T") is small. On the other hand, if ac(H) is small, we can derive
a good asymptotic lower bound on diam(F, ). The precise statements go as follows.

» Theorem 6. Let T, T’ be two non-crossing trees on linearly ordered vertices p1, ..., pn with
corresponding conflict graph H = H(T,T").
(i) If H is non-empty, then dist(T,T") < max {%, 2- Iz‘i/?((g))l} (n-1).
If H is empty, then dist(T,T") < 3(n-1).
(ii) If H is non-empty, then there is a constant C' such that for all N > n, we have

diam(F) > (2- L) N - €.

Theorem 6 implies that there exists a constant +y € [3/2,2] such that

. diam(F,) - _ac(H)
fin S < - 2= ) W

where the supremum is taken over all non-empty conflict graphs H arising from pairs of
non-crossing trees. In the light of (1), the task of finding v looks quite different. But, as
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evidenced by our own results, this is a major simplification: With Theorem 6(ii) at hand, we
can prove a lower bound on diam(F,,) for all n quite easily. It is enough to construct a single
example of two trees T,T' on a point set P in convex position, and to compute a largest
acyclic subset of the corresponding conflict graph H. In fact, all we do to prove Theorem 3 is
exhibit an example of two trees on 13 vertices, compute their conflict graph H on 9 vertices,
and write a two-line proof that ac(H) < 4; see Lemma 11. To further improve on our lower
bound (if possible), one simply needs to do the same with a better example pair of trees.

And with Theorem 6(i) at hand, we also prove our upper bound in Theorem 2 through
conflict graphs. We divide the vertices of the conflict graph H arising from an arbitrary pair
T,T' of trees into three sets, and show that each set induces an acyclic subgraph of H; see
Lemma 9. Also showing this acyclicity requires only a short argument.

Thus, Theorem 6 allows succinct proofs of upper and lower bounds on diam(F,,). Any
improved lower bounds on ‘?/C((g))l, or examples of conflict graphs H with ‘?/C((g))l < 4/o, will give
improved bounds on diam(F,,). This is a promising avenue towards determining the exact
value of . Moreover, the conflict graph might be useful in other reconfiguration problems.

3 Conflict Graphs, Acyclic Subsets, and the Diameter of 7,

Throughout this section, let P be a set of n points in the plane in convex position. As the
flip graph F(P) = F,, only depends on n, we can imagine the points in P to lie equidistant
on a circle and are circularly labeled as py,...,p,. Given a tree T with vertex-set P, we can
represent 1" as a straight-line drawing on P. If this drawing has no crossing edges, then T'
is non-crossing and we simply call T a tree on P. For convenience, we treat each tree T as
its set of edges. Let 7,, denote the set of all trees on P. If for two trees T, 7’ on P we have
|T —T'| =1, then T and T" are related by a flip. The flip graph F,, has vertex-set T, and an
edge for any two trees on P that are related by a flip. Given two trees T,T" € T, the flip
distance dist(T,T") is the length of a shortest path from T to T" in F,.

Consider two fixed trees T,T' on P. We work with a linear representation as illustrated
in Figure 3(b) with an example. Intuitively speaking, we cut open the circle between p; and
prn, and unfold the circle into a horizontal line segment, usually called the spine. Each edge
in TuT’ was a straight-line chord of the circle and can now be thought of as a semi-circle
above or below the spine. For better readability, we usually put the edges of T above and
the edges of T” below the spine, see again Figure 3.

b1 DPn
D2

b3 DP9

Y2 ps

D5 b7
Pe

(a) (b)

Figure 3 (a) Two non-crossing trees T, T’ on a circularly labeled point sets in convex position
and (b) its linear representation with 7" above and T" below the horizontal spine.

By the linear order pi,...,p, we have also a natural notion of the length of an edge.
That is, if edge e has endpoints p; and p;, then the length of e is |i — j|. Moreover, we say
that an edge e with endpoints p; and p;, i < j, covers a vertex py, if ¢ < k < j. Especially, each
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edge covers both of its endpoints. An edge e covers an edge f if e covers both endpoints of f.
If no edge e € T — f covers the edge f €T, then we say that f is an uncovered edge in T.
The linear order of the n points also defines n—1 gaps g1, ... gn-1, where gap g; simply is
the (open) segment along the spine with endpoints p; and p;41. To introduce a few crucial
properties, let us consider any set S of non-crossing edges on p1,...,p, (not necessarily
forming a tree). For each gap g that is covered by at least one edge of S, let ps(g) be the
shortest edge of S covering g. Spanning trees cover all gaps. The following lemma shows
that pg forms a bijection between gaps and edges in S if and only if S is a spanning tree.

» Lemma 7. Let S be a set of non-crossing edges on a linearly labeled point set with each
gap covered by at least one edge in S. Then ps defines a bijection from the set of gaps to S
if and only if S is a tree.

Proof. Suppose first that pg is a bijection. We argue by induction on |S| that S is a tree.
Pick an edge e € S that is not covered by any other edge in S, and let g = pgl(e) be the
corresponding gap. Then S — e has two connected components, one to the left of gap g, and
one to the right. Restricted to either side, p is again a bijection, and hence by induction we
have a tree on either side of g. Now, e connects the two trees, showing the S is a tree itself.

Now suppose pg is not a bijection. We shall show that .S is not a tree. This clearly holds
if |S|#n-1. And if |S| =n - 1, then pg is not injective. Hence we have e = ps(g) = ps(g’)
for different gaps g and ¢’ and some e € S. But then the vertices between g and ¢’ form one
or more separate connected components and .S is not connected, i.e., not a tree. |

For a non-crossing tree 7' on a linearly ordered point set p1,...p,, we define e; := pr(g;)
and categorize the edges of T into three types, depending on how many endpoints of an
edge e; are also endpoints of its corresponding gap g;. For each i € [n — 1], we say that the
edge e; = {u,v} of T is a

short edge if {u,v} = {p;, pi+1},

near edge if |{u,v} n{p;,pi+1}| =1, and

wide edge if {u,v} N {p;,pis1} = 2.

The set of all short, near, and wide edges of T is denoted by Ts, T, and Ty, respectively.
Note that the short edges of 1" are the boundary edges of T' different from p,p;, or in other
words, the edges of length 1. Symmetrically, for the tree 7", we denote the edge corresponding

to gap g¢; by el.

Pairing. Given T,T" and a linear representation, we define P = {(e;,e)|i=1,...,n -1} to
be the natural pairing of the edges in T with those in 7" according to their corresponding
gap. That is, (e,e’) € P for e € T and ¢’ € T” if and only if p7*(e) = p7+(e’). Note that e; and
e} might coincide, i.e., e; = e}; particularly, this happens if e; is a short edge in T'nT". Next
we partition the set P of edge pairs as follows:

P~ {(exc) P le=e,
Py ={(e,e')ePle+te and ee Ty and e’ € Ty},
Pr=P - (P_UPy).

Clearly, |P-| + |Pn|+ |Pr| = [P| =n—-1. As it turns out, we will spend no flips on pairs in
P- and it will be enough to spend in total at most 2|Pg|+ |P-| flips on pairs in Pg. The
more difficult part will be the pairs in Py, namely, the near-near pairs. The aim is to find a
large subset of Py which only needs one flip per edge.
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Conflict graph. We want to find a large set of near-near pairs that can be flipped directly.
However, two near-near pairs (e;, e;) and (ej,e’;) could be so interlocked that it is impossible

to have both as direct flips in any flip sequence from T to T”. This is for example the case
A
J
auxiliary graph which we call the conflict graph H of T,T'. Let I_, I, In denote the subsets

if e; crosses e’ and e; crosses e;. To capture all these dependencies we define a directed

of gaps corresponding to P-, Pr, P, respectively.

» Definition 8 (Conflict graph).

The conflict graph H = H(T,T") is the directed graph defined by
V(H) :=Iy; i.e., the vertices are the gaps corresponding to near-near pairs, and
there is a directed edge in E(H) from g; to g;, denoted gig;, if

T1: e; crosses e, or

T2: e; covers e; and e; Covers g;, or

T3: e; covers e} and e;» covers g;.

Figure 4 illustrates the three types of edges in H. Figure 5 depicts a full example of a linear
representation of a pair T,T" and the corresponding conflict graph H(T,T"). Observe that
H(T',T) is obtained from H(T,T’) by reversing the direction of all edges.

(a) gig; of type T1 (b) gig; of type T2 (c) gig; of type T3 (d) gig; of type T2

Figure 4 Examples of directed edges in the conflict graph: (a) type T1 (b) type T2 (c) type T3.
Mirroring the examples in (a)-(c) horizontally gives a complete list of all possibilities. (d) Example
of a possible conflict of type T2: the direct flip e; — ¢ in T' (above, red) does not yield a tree.

(a) (b)

Figure 5 (a) The pair T, T" from Figure 3 with pairs in Py in fat and (b) their conflict graph H.

A direct flip e; — ¢/ for a near-near pair (e;,€}) may be invalid for two reasons, either
because the introduced edge crosses an existing edge e; (this corresponds in H to an edge
9:9; of type T1) or because the new graph is not a tree (this is captured by incoming edges
at g; in H of type T2 and T3). In fact, we claim (and prove later) that a near-near edge pair
(ej,€;) admits a direct flip e; — ¢} (after flipping all pairs of P- uPg to the boundary) if
and only if the according gap g; has no incoming edge in H. In the remainder of this section,
we show how Theorem 6 can be used to prove 14/9-n - O(1) < diam(F,) < 5/3(n-1).
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3.1 Upper bound on the flip distance via Theorem 6(i)

In this subsection, we assume that Theorem 6(i) holds, and show how to derive Theorem 2
from it. That is, we prove an upper bound of 5/3(n—1) on the flip distance of two non-crossing
trees T and T” on n vertices by finding a large acyclic subset of the corresponding conflict
graph H. In fact, by Theorem 6(i) we have dist(7,7") < max {%, 2- I?/C((IZI))I} (n—-1). So we
seek to prove that ac(H) > 1/3-|V(H)| whenever H is non-empty.

Recall that a near edge is incident to exactly one vertex at its corresponding gap. We
can think of a near edge e; (or e}) to “start” at gap i (either at p; or p;41) and then “go’
either left or right. Clearly, each near-near pair (e,e’) starts at the same gap. Moreover,
observe that e and e’ go in the same direction if and only if e and e’ are adjacent, i.e., have
a common endpoint (which is then necessarily at the gap).

i

In order to prove a lower bound on ac(H), and hence an upper bound on dist(7,T"), let
us inspect the gaps more closely. We partition the set I of all near-near gaps into three
subsets, distinguishing for each gap with a corresponding near-near pair, whether these two
edges are adjacent, and (in case they are) which edge is longer. For each gap g; € Iy with
near-near pair (e;, e;) € Py, we say that

!

g; is above if e; and e’

¢ are adjacent and e; is longer than e,

g; is below if e; and €] are adjacent and e; is shorter than e}, and

g: is crossing if e; and e} are not adjacent.
We denote the set of all above (respectively below, crossing) gaps in Iy by A (respectively
B, C). By definition, A, B, C are pairwise disjoint, and hence |A| +|B| +|C| = |In| < n - 3.

» Lemma 9. Each of A, B, C is an acyclic subset of H. In particular, ac(H) > /3- |V (H)|.

Proof. To prove that Y € {A, B, C} is acyclic, we show that there is some gap ¢* € Y without
incoming edges in H[Y]. By removing ¢g* from Y and repeating the argument, it follows
that Y is acyclic. We separately consider the three possible choices of Y.

Case Y = A: Consider a gap g; € A such that the length of e; is minimal. We claim that
the gap g; has no incoming edge in H[A]. Without loss of generality, we assume that
e; and e; share their left endpoint as illustrated in Figure 6(a); otherwise consider the
mirror image. We show that g; has no incoming edge in H[A] in any of the three types
T1,T2,T3. By the choice of g;, e; is not covering any edge e;; otherwise e; is shorter.
This excludes incoming edges of type T1 and T2. For any g; € A with e; covering e; and
e;-, then the gap g; cannot be covered by e;-. This excludes incoming edges of type T3.

Case Y = B: This is symmetric to the previous case by exchanging the roles of T and T".
In particular, the vertex g* = argmin, . p{length of €7} has no incoming edges in H[B].

Case Y = C: Consider the linear representation of T' and 7" with horizontal spine, but
restricted only to the edges corresponding to gaps in C. For each g; € C' with pair (e;, e})
let S; € R? be the union of the two open semicircles for e; and e/ (without their endpoints).
Clearly, the {S; | g; € C'} are pairwise disjoint. Now let us try to move one S; vertically
up towards (0,+00). Observe from Figures 4(a)-4(c) that if we could move S; upwards
without colliding with another S;, then g; € C' has no incoming directed edges in H[C'].
It remains to prove that at least one .S; can be moved upwards like this, i.e., is “fully
visible from above”. To this end, consider the upper envelope £ of the S;’s; see the
gray-shaded silhouette in Figure 6. Let the left end and right end of each S; be its
leftmost and rightmost point, respectively. Some left ends and right ends are on £. Note
that in Figure 6 the right end of S7 is not on &£, as the right end of S1; is vertically above
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(a) (b)

Figure 6 Illustration for the proof of Lemma 9. (a) Case Y = A. (b) Case Y = C. Gaps
92,94, 97,98, g11, 913, g1a in C. On the upper envelope (gray) left-to-right we have left end Ss, left
end Sg, left end Si1, right end Sq1, right end S13. Hence S11 can be moved vertically up and gi11
has no incoming edges in H[C].

it. Now consider the left and right ends on £ from left to right. There is at least one
right end on &; at p,, at the latest.

Say the leftmost right end on £ belongs to S;. We claim that immediately to the left
there is the left end of S; and hence S; is unobstructed to be moved upwards. Indeed, if
some S; would cover parts of S, then either S; would cover also the right end of S; or the
right end of S; would be further left than the right end of S;; both being a contradiction
to the choice of S;. |

Together, Lemma 9 and Theorem 6(i) immediately imply an upper bound on diam(F,).

» Corollary 10. Let T, T’ be any pair of two non-crossing trees on a convez set of n points.
Then the flip distance dist(T,T") is at most 5/3(n—1). In other words, diam(F,) <5/3(n—-1).

Proof. If H is empty, then Theorem 6(i) guarantees a flip distance of at most 3/2(n - 1). If
H is non-empty, then Lemma 9 states that |€{f((g))l > 1/3 and Theorem 6(i) implies an upper
bound of max {3/2,2 - 1/3} (n—1) =5/3(n - 1). <

3.2 Lower bound on the flip distance via Theorem 6(ii)

We present an example of two trees T, T” where the largest acyclic subset in the corresponding
conflict graph H is comparatively small. By Theorem 6(ii) this then improves the lower
bound on the diameter of F, from 1.5n to 14/9-n - O(1) = 1.5n — O(1).

» Lemma 11. There exist trees T, T’ on linearly ordered points p1,...,p13 such that for their
conflict graph H we have ac(H) <4 and |[V(H)|=9.

Proof. Let T, T’ be the trees depicted in Figure 7(a). Their conflict graph H is depicted in
Figure 7(b) and contains a cycle of length 9 with all edges bi-directed. Consequently, any
acyclic subset may contain at most every other gap and thus ac(H) < [9/2] = 4. <

Together, Lemma 11 and Theorem 6(ii) imply Theorem 3:

» Corollary (Theorem 3). There is a constant C such that for any n > 1, there are non-
crossing trees T, and T, on n vertices in convex position with dist(T,,T,,) > 14/o-n—-C. That
is, 14/9-n - C < diam(F,) for alln > 1.
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(a) (b)

Figure 7 A linear representation of two trees T,T' (a) and their conflict graph H (b). The
coloring of edge pairs in (a) and gaps in (b) is according to the partition A, B,C (above, below,
crossing) in Section 3.1.

4 Proof of Theorem 6

We now prove Theorem 6, which relates the size of acyclic subsets of conflict graphs with

upper and lower bounds for diam(F,,), and is the key ingredient to Theorems 2, 3, and 25.

We prove Theorem 6(i) in Section 4.1 and Theorem 6(ii) in Section 4.2.

4.1 Upper bound

Recall that we want a flip sequence that transforms T into T’. With each flip we remove an

edge and replace it by a new edge. This way, we can trace each edge from its initial to its

final position. In particular, every flip sequence naturally pairs the edges of T' with those

of T'. Our approach is to let P be this pairing, i.e., to convert each edge e of T into the

edge e’ of T' with (e,e’) € P. For each pair (e,e’) € P we will do at most two flips. More

precisely, in our flip sequence, every gap g;, i € [n — 1] and the corresponding pair (e;,e}) € P

shall have exactly one of the following properties.

O-flip: e; = ¢} and the edge e; is never replaced, keeping e; = €} in every intermediate tree.

1-flip: e; # e and the edge e; is replaced by e} in a single, direct flip.

2-flip: e; # €}, the edge e; is replaced by the boundary edge p;p;+1 in one flip, and p;p;+1 is
replaced by e} in a later flip.

Clearly, the total number of flips in our flip sequence is then the number of 1-flips plus two

times the number of 2-flips. Our goal is to have as few 2-flips as possible.

Recall the partition of P into P-, Py, Pr. As mentioned before, we shall spend no flips
on pairs in P- and in total at most %|’PR| +|P-| flips on pairs in Pg. For the pairs in Py, we
shall do a 1-flip for those corresponding to an acyclic subset of the conflict graph H, and
spend a 2-flip for the remaining pairs in Py. But first, let us present sufficient conditions for
the validity of these flip.

Recall that every non-crossing edge-set S on linearly ordered vertices pi,...,p, that
covers all gaps has a corresponding map ps:{g1,...,9n-1} = S, and that by Lemma 7 S is a
tree if and only if pg is a bijection.

» Lemma 12. Let Ty be a non-crossing tree on linearly ordered vertices pi,...,pn, and let
er=pr,(gr) fork=1,...,n-1.

Fiz an edge ej € Th and consider an edge €' = pyp, with € ¢ Ty, such that €' covers g;,
and €' does not cross any edge in T — e;, and there is no e; € Ty —e; such that

11
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(a) €' covers e;, and e; covers gj, or
(b) e; covers €', and €' covers g;.
Then, for Ts:= (T1 —€;) + €', each of the following holds.
(i) Tz is a non-crossing tree, i.e., pr, is a bijection.
(i) Each edge e € Ty n'Ty = T1 — e; we have py. (€) = p7l(e), i.e., e corresponds to the same
gap in Ty and Ty, while €' = pr,(g;), i.e., €' corresponds to g; in Ts.
(iii) Each edge e € Ty nTy =Ty —e; is short (respectively near, wide) in Ty if and only if e is
short (respectively near, wide) in Ts.

Proof. We first show (i). Clearly, T5 is non-crossing as e’ crosses no edge in 77 —e; by
assumption. To show that T3 is a tree, by Lemma 7, it suffices to show every gap is covered
and pr,:{g1,...,9n-1} = T» is a bijection. In fact, gap g; is covered by e’ and each g; # g; is
still covered by e; € Ty —e;. As |Ts| = n— 1, it suffices to show that pr, is injective. By (a),
pr,(g5) =€, and by (b), pr,(g:) = €; for all ¢ # j. Thus, pr, is a bijection and T a tree.

In fact, we already know pr, explicitly, and can also conclude (ii). And (iii) follows from
(ii), since the type of an edge e depends only on e and its associated gap. |

We use Lemma 12 in particular for two special cases, namely in 2-flips when €’ is a
boundary edge, and in 1-flips when the gap of e’ has no incoming edges in a subgraph H[Y]
of H. For convenience, we show that the preconditions are fulfilled in these two cases.

» Lemma 13. The preconditions of Lemma 12 are fulfilled if we choose €' as the boundary
edge PjPj+1-

Proof. Clearly, a boundary edge does not cross any edge of T;. Moreover, €’ is a short
edge that covers no edge of T and covers only one gap, namely g;, proving that no edge
e; € Th — e; has property (a) or (b). <

» Lemma 14. The preconditions of Lemma 12 are fulfilled if Pr = @, g; has no incoming

edge in H and €' is chosen such that (ej,e') € Pn, i.e., we flip e; for e’ =e.

Proof. If €’ crosses an edge e; of T} —e;, then there is the incoming edge gfq? of type T1 at

g; in H. Secondly, if an edge e; of T; — e; has property (a), respectively (b), then there is
the incoming edge gl_g; of type T2, respectively T3, at g; in H. <

Recall that for a gap g; and non-crossing tree T, the edge e; = pr(g;) is wide if ¢; is
neither incident to p; nor p;+1. We next bound the number [Ty | of wide edges of T in terms
of the number |Ts| of short edges in T

» Lemma 15. Let T be a non-crossing tree on linearly ordered vertices py,...,pn. Let k> 1
be the number of edges of T that are not covered by any other edge of T. Then |Tg| >k and
ITw| < [Ts|- k.

Proof. Counsider the cover relation of the edges of T' (with respect to the given linear order).
Let us write e < f whenever e is covered by f. Trivially, every edge e € T covers itself, i.e.,
e <e. Since e < ¢’ and ¢’ < ¢ implies e < €”, we have that (T,<) forms a partial order.
Moreover, since T is non-crossing, it holds that for every e € T, its upset {e' e T |e <€’} is
totally ordered, implying that the Hasse diagram of (T, <) is a rooted forest R. The roots
of R are the uncovered edges of T'. The leaves of R are the short edges of T. We will show
that any wide edge of T" has at least two children in R, which clearly implies the lemma.
Let e = p;p; be a wide edge. Say e = e;, = pr(gx) for the gap g between py and py41.
Because ¢ is wide, we have i < k and k+1 < j. Let e; = pr(g;) be the edge with gap ¢;, and let
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ej-1 = pr(g;-1) be the edge with gap g;—1. The edges ey, €;, and e;_; are all different, since

they have pairwise different gaps. Since 7 < k and k+1 < j, we have ¢; < e;, and e;_1 < ey.

Further, any edge f # e that covers both e; and e;_; also covers the vertices py and py+1,
and since gi, is the gap of ey, it follows that f also covers ey. It follows that ey is the join
of e¢; and e;_1, which means that e = e, has at least two children in R. To be specific, two
children of e are the maximum of the totally ordered set {e¢' € T'| e’ # e}, and e; < e’ < e}
and the maximum of the totally ordered set {e’ € T'| e’ # e, and ej_1 <€’ <e}. <

Recall that we plan to flip some edges e; of T' to the boundary edge p;p;+1 corresponding
to the gap g; of ;. In general, for a subset I of gaps, let us denote by 77 the graph obtained
from T by replacing, for each gap g; € I, the edge e; of T' by the corresponding boundary
edge p;pi+1- If e; is already short, then e; = p;p;+1; i.e., this replacement does not change
anything. Otherwise, e; — p;p;+1 always constitutes a valid flip by Lemma 13. In particular,
Lemmas 12 and 13 assert that T} is a non-crossing tree and that there is a valid flip sequence
T — -+ > Ty. The length of this flip sequence is the number of gaps in I not corresponding
to short edges of T'.

Recall that I, I, I are the subsets of gaps corresponding to P-,Pr, Pn, respectively.

» Proposition 16. Let T, T be two non-crossing trees on linearly ordered vertices p1,...,pn,
and X ¢ Iy be any (possibly empty) subset of the gaps corresponding to the near-near pairs.
Then there are flip sequences T — -+ = Tr,ux and Ty, — - = T" with in total at most
3| Ig|+|I| +2|X| -1 flips.

Proof. Consider any g; € Ir U X and the corresponding pair (e;,e;). If g; € Ir, at most one
of e;, e} is short. If g; € X ¢ Iy, none of e;, ¢} is short. Let S = {g; € Ir | e; is short} and
S"={g; € Ip | €} is short}. Then Sn S’ = @, since short-short pairs are in I_ only. For the
first flip sequence T' — -+ - T7,ux we do (in any order) for every g; € (IruX) - S a flip that
replaces e; by p;p;+1. This is a valid flip sequence by Lemma 13, and clearly transforms T
into Tr,ux. It uses [(Iru X) =S| =|Ig -S| +|X|=|Ir|-|S| +|X]| fips. Similarly, there is a
valid flip sequence 7" — -+ - T7_  « that uses |Ig|-|S’| + |X]| flips. Its reverse is the desired
flip sequence 77, ,x = -~ T".

In total, both flip sequences have 2|Ig|— (|S] +]S’|) + 2|X| flips. It remains to prove that
S| +|S’| > $|Ig| - |I-| + 1. To this end, note that every gap in Ir - (S U S’) involves at
least one wide edge. Recall that Ty and Ts denote the set of all wide and all short edges
in T, respectively. By Lemma 15, we have |Tw| < [Ts| — 1 and |Tyy| < |T¢| - 1. Moreover,
|Ts| +|T| < |S|+]S'] +2|I-]. Together we conclude

[TR| < S|+ 18"+ [Tw | + Ty | < S|+ |S"| + [Ts| +|Ts| =2 < 2(|S] + [S"] + [1-]) - 2,
which gives the desired |S|+[S’| > 1[Ig| - |I-| + 1. <

Proposition 16 works for any subset X € Iy of the near-near gaps. We content ourselves
with spending a 2-flip on each gap in X (reflected by the 2|X| term in the bound of
Proposition 16), but aim to do a direct 1-flip on each gap in Y = Iy - X. For larger |Y|
we obtain an overall shorter flip sequence. So we want a large set of near-near pairs that
can all be done as 1-flips. These flips shall form a valid flip sequence T7,,x — -+ = T7, x>
connecting the two sequences obtained by Proposition 16. As all the edges for gaps in
Igu X are flipped to boundary edges in Tr,ux and Ty, we can “safely ignore” all pairs
corresponding to gaps in I. U Ir U X and focus on the near-near pairs corresponding to Y.

13
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» Proposition 17. Let T, T’ be two non-crossing trees on linearly ordered vertices p1,...,pn,
and Y € In be an acyclic subset in H = H(T,T"), and X = Iy - Y. Then there is a flip
sequence Trpux — -+ = 17, x with [Y] flips.

Proof. Let T} := Tr,ux and T5 := TI'RLJ - Lemma 12 guarantees that near-near pairs of T, 7"
corresponding to gaps in Y are still near-near pairs of 17,75. Moreover, we have Pr = & for
Ty, T». In particular, the conflict graph of Ty,T» is H[Y]. Because H[Y] is acyclic, there
exists a topological ordering < of H[Y']. The first gap g in < has no incoming edges in H[Y],
and Lemmas 12 and 14 ensure that the direct flip of the corresponding pair (e,e’) of g is
valid and maintains all gap-assignments and types of edges. We repeat with direct flips for
all pairs corresponding to Y in the order given by <, until we reach T5. As we spent one flip
per pair, the resulting flip sequence has length Y. <

4.1.1 Putting things together — Proof of Theorem 6(i)

Now, we show how to obtain a short flip sequence from a large acyclic subset.

» Theorem (corresponding to Theorem 6(i)).

Let T, T" be two non-crossing trees on linearly ordered vertices p1,...,p, with conflict graph
H=(V(H),E(H)). Then the flip distance dist(T,T") is at most max{%,Z - ‘?/C((g))‘ } (n-1)

if H is non-empty, and at most %(n -1) if H is empty.

Proof. First assume that H is non-empty. Let Y ¢ Iy = V(H) be an acyclic subset of H
with Y| =ac(H). Let < be a topological ordering of H[Y']. Denoting X = Iy - Y, our flip
sequence F' from T to T’ is composed of three parts:

s F1: T — -+ - Tr,ux replaces (in any order) each non-short edge e; € T with g; € Ir U X by

539

the boundary edge p;pii1-

s Fy: Truux — -+ = Tj x replaces in order according to < each edge e; € T with g; € Y by the

541

edge e} e T".

sz Iy TI'RUx — - > T" replaces (in any order) each boundary edge p;p;+1 with g; € Ir U X and
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pipi+1 ¢ T' by the non-short edge e} € T".

By Proposition 16, the sequences F; and Fj are valid and have a total length of |[Fy|+|F3| =
%|IR| +|I_| + 2|X| - 1. Proposition 17 ensures that Fy is valid and has length |Y| = [Ix| - | X].
With |Y|=ac(H) and Iy = V(H) we conclude that

. 3 3
dist(T,T") < |Fy| + | Fo| + |F3] < 5|IR| + ||+ In|+|X] = §|IR| + || + 2| In] - |Y]

St 1+ (2= 1 )it = St 1+ (2- 20D i

[N V(H)]
{3 5 ac(H) 3 ac(H) }(n—l).

5’ - |V(H)|}(|IR| + |I=|+ |IN|) Smax{2,2— |V(H)|

< max

If H is empty, then Py =@, and hence, |Iy| = |X|=0. Then the above with only Fy and F3
gives dist(7,7") < 3|Ig| + |[I-| < 3(n - 1). <

4.2 Lower bound

In this section, we show that a single example of a pair T, T’ of trees gives rise to a lower
bound for diam(F,) for all n through properties of the conflict graph H of T,T’. To be
precise, we show the following statement, which corresponds to Theorem 6(ii).
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» Theorem 18. Let T, T’ be non-crossing trees on linearly ordered vertices p1, ..., pn with
non-empty conflict graph H = H(T,T"). Then there is a constant C depending only on T

and T', such that for all N >n we have diam(Fy) > (2 - \E‘L/C((g))l)N -C.

To this end, let us consider a pair of trees T and T’ on n vertices with conflict graph H.
We will construct a sequence of tree pairs (Ty, T}, )ken on ny vertices each such that

ac(H)

[V (H)|

diSt(TmT]:) > (2 )nk—(’)(l)
We now explain how to construct these trees. We consider the edge pairs P of T and T”
as before. Recall that Py is the set of near-near pairs (e,e’) of T and T” with e # ¢, and
that this set is assumed to be nonempty. Let N and N’ be the sets of edges of T and T”,
respectively, appearing in pairs in Py. For k > 1, we define the k-blowups T}, and T} of T
and T” by doing the following for each (e,e’) € Py (for an illustration consider Figure 8).
Insert a set V(e) of k new vertices in the gap g associated to (e,e’).
In T}, add an edge from each v € V(e) to the endpoint of e that is not adjacent to g, and
similarly for 7" and €’.
Let A(e) denote the set of the k edges added to T, and let A(e’) denote the set of the k
edges added to T7}.
This way, for each edge e appearing in a pair in Py we add next to e a fan A(e) of k edges
ending at leaves. By construction, the blowups have ny, := n + k|P,| vertices and ny — 1 edges.

(a) (b)

Figure 8 A pair of trees (T,T") and their 2-blowup (T%,T5).

Here is the crucial connection between k-blowups and the conflict graph H of T,T".

» Observation 19. If g;g; is a directed edge in the conflict graph H of T, T, then in the
k-blowups Ty, T}, every edge in A(e;) crosses every edge in A(e§).

Proof. Indeed, this is clear if gl_g; is of type T1, as then already e; and e; cross. For gz_g; of
type T2 look at Figure 9(a), for type T3 look at Figure 9(b). <

Now, we consider any flip sequence F' from T, to T}, and denote the intermediate trees
by T} = T[0],T[1],...,T[¢] = T]. For each (e,e’) € Py, let gone(e) be the smallest index
a such that T'[a] contains no edge in A(e). Since T}, contains no edge in A(e), gone(e) is
well-defined. Evidently, in F there is a flip T[gone(e) — 1] - T[gone(e)] that replaces the
last remaining edge in A(e) by an edge not in A(e). We say that the pair (e,e’) is direct if
there is an a < gone(e) such that T[a] contains an edge in A(e’), and indirect otherwise.

> Lemma 20. Let (e;,¢;) # (ej,€;) be direct pairs in Py . If the conflict graph H of T, T"
contains the directed edge g;g;, then gone(e;) < gone(e;).

15
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(a) gig; of type T2 (b) gig; of type T3

Figure 9 A directed edge g;g; of type T2 (a) or type T3 (b), makes A(e;) crossing A(e}).

Proof. We show that if gone(e;) > gone(e;), then there is no edge from g; to g; in H.

Since gone(e;) > gone(e;), T[gone(e;) — 1] contains an edge of A(e;). The edge that is
flipped away from T'[gone(e;) — 1] in the flip T[gone(e;) — 1] - T[gone(e;)] is in A(e;), so
since A(e;) N A(e;) = & by construction, T[gone(e;)] also contains an edge in A(e;). Thus,
gone(e;) > gone(e;).

Now choose any a < gone(e;) such that T'[a] contains an edge in f’ € A(e}). Since
a < gone(e;) < gone(e; ), T'[a] contains at least one edge of f € A(e;). But T'[a] is non-crossing,
so we have found edges f € A(e;) and f’ € A(e}) that do not cross. By Observation 19 it
follows that gl_gj> is not an edge in H. |

Let 6 and 6 denote the number of direct and indirect pairs in Py induced by the flip
sequence F'| respectively. Clearly, 6 + § = [Py|. Lemma 20 implies the following crucial

property.
» Corollary 21. The conflict graph H has an acyclic subset of size ¢, i.e., ac(H) > 4.

Proof. Let (e;,,¢€;,),...,(eis,€},) be the direct pairs, sorted so that gone(e;,) < -+ <
gone(e;;). By Lemma 20, every edge of H between the gaps of two direct pairs points
forward in that ordering. Hence, the subgraph of H corresponding to (the gaps of) direct
pairs is acyclic. |

Now, we aim to show a lower bound on the flip sequence in terms of the largest acyclic
subset in H. Intuitively speaking, we show that for each indirect pair (e,e’), the process of
removing the k edges in A(e) and adding the k edges in A(e") in the flip sequence F' must
involve introducing almost k “intermediate” edges that are neither in T} nor in T}, which
then increases the length of F'. Lemma 22 below shows that a single indirect pair gives rise
to many intermediate edges, i.e., costs additional flips. Lemma 23 further below shows that
costs for different indirect pairs add up. That is, we cannot “reuse” intermediate edges to
reduce the cost in any effective way.

» Lemma 22. Let (e,e’) € Py be an indirect pair. Then there is a subgraph S of the tree
T[gone(e)] that contains V (e), does not contain any edges in Ty, or T}, and has at most
2n -1 connected components.

Proof. Let a = gone(e). Because (e,¢’) is indirect, T[a] n A(e) and T[a] n A(e’) are empty.
We first find a subset S’ of T'[a] by doing the following for every edge f € T[a]n (T uT}):
Since f ¢ A(e) uA(e"), all the vertices of V(e) lie on the same side of f.
Delete from T[a] all the vertices (and their incident edges) that are on the other side
(without V'(e)) of f, keeping the endpoints of f.
Note that these deletions do not disconnect T'[a], so the remaining subset S’ ¢ T'[a] is still
connected. Further note that for every f e TuT’ and its fan A(f) in T} or T}, no two edges
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of fUA(f) lie in S’. Indeed, otherwise V (¢e) lies on the same side of both these edges and
one would be deleted when considering the other. Consequently, S’ has at most n — 1 edges
of T}, and at most n -1 edges of T}, i.e., [S"n (T uT})| <2n—-2. Then S=5"- (T, uT}) is
the desired subgraph of T[a]. <

» Lemma 23. The flip sequence F from Ty, and T} has length at least (k- 2n)(d +|Py]|).

Proof. For each indirect pair (e,e’) € Py, let S(e,e’) be the corresponding subgraph of
T[gone(e)] guaranteed by Lemma 22. Let U be the union of all S(e,e’) over all indirect
pairs (e, e’) € Py. By Lemma 22, U has at most (2n—1)d connected components and at least

k¢ vertices, because it contains the vertices V'(e) for all indirect pairs (e,e’), and |V (e)| = k.

Thus, U has at least k0 — (2n —1)d > (k - 2n)d edges, none of which is in T}, or T}.
Consequently, the flip sequence F has at least |U| > (k — 2n)d flips that introduce an
edge of U, as well as |T}, \ Tj| additional flips that introduce an edge of T} \ T},. For each

(e,€’) € Py, there are k edges in A(e’) that do not appear in Tj. Thus, |T} \ Tx| > k|Pn]|.

Adding all together, F' has length at least (k—2n)d + k[Px| > (k- 2n) (5 +|Pxn]). <

» Lemma 24. For k — oo, we have

ac(H)
- |V<H>|)”’“ o

dist(Ty, T}) > (2

Proof. By Lengma 23, any flip sequence from T}, to T} with § indirect flips has length at
least (k—2n)(d +|Pn|). By construction, T} (and also T}) has nj = n + k|Py| vertices. We
get
3 +|Pn|
[Pl
The vertices of H are in bijection with the pairs in Py, and by Corollary 21, the number §
of direct pairs in Py is at most ac(H). Thus,
8 =|Pn|-6>|Pn|—ac(H) = [V (H)|-ac(H).
Plugging this with [V (H)| = |Py| into Equation (2), we get
. 2|lV(H)|-ac(H) ac(H)
dist(Tx, T}.) > ng -01)=ni|2- -0(1). <
V()| \V(H)|
With Lemma 24 at hand, we are finally ready to prove Theorem 18, which corresponds
to Theorem 6(ii), i.e., our tool to prove a lower bound on diam(F,).

dist(T, Ty,) > (k- 2n) (8 + [Pn|) 2 k(5 +[Pn]) = O(1) > ny, -0(1). (2)

» Theorem 18. Let T, T’ be non-crossing trees on linearly ordered vertices py,...,p, with
non-empty conflict graph H = H(T,T"). Then there is a constant C depending only on T

and T', such that for all N >n we have diam(Fy) > (2 - %)N— C.

Proof. By Lemma 24, we have a family of pairs of trees (T}, T} )r>1 showing the desired
lower bound on diam(Fy) for each N of the form N =ny, = n+k|V (H)| for some k > 1. Since
Ng+1 — N is constant, it suffices to show that diam(Fx) > diam(F,, ) for ng < N < ngyr. We
will show the slightly stronger statement that diam(Fy) > diam(Fy-) for any N > N'.

To this end, let (T,T') be any pair of trees on N’ vertices p1,...,pns with dist(T,T") =
diam(Fp-). We construct T and Ty by adding vertices pnv+1,...,pn and edges {p;, pi+1}
to T and T' for i = N',...,N — 1. By [2, Corollary 18], there is a shortest flip sequence
F from Tn to Ty that does not flip any of the added edges {p;,pi+1} (since they are in
both T and Ty). By collapsing all the vertices pnr,...,py to one and removing the
edges between them, we get a flip sequence from T to T’ that is not longer than F. Thus,
dist(Tn, T ) > dist(T,T") = diam(Fn-), so diam(Fy) > diam(Fn-). <
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5 Keeping common edges and improving the upper bound

In this section, we aim to further improve the upper bound of 5/3(n —1) from Corollary 10 to
also depend on the number of edges that the two trees share. Moreover, we want to obtain a
flip sequence that avoids flipping any edge that is already in both trees.

We distinguish two different types of edges in a tree on a convex point set P, namely,
boundary edges, which are edges connecting two consecutive points along the convex hull
of P, and chords, which are edges connecting two non-consecutive points along the convex
hull of P. For a pair T,T" of trees on P let b=b(T,T") denote the number of common edges
(edges in T'nT") that are also boundary edges. Clearly d +b < n—1. Theorem 2 is implied
by the following stronger statement.

» Theorem 25. Let T,T' be two non-crossing spanning trees on a set of n > 2 points in
convex position. Let d = |T =T'| and let b be the number of common boundary edges of T
and T'. Then dist(T,T") <5/3-d +2[3-b—4[3. Moreover, there exists a flip sequence from T
to T' of at most that length in which no common edges are flipped.

The high level proof idea for Theorem 25 is the following: We will “cut” the instance
along common chords, by this obtaining sub-instances where all common edges are boundary
edges and which we handle independently. For each sub-instance, we will identify a “good”
linear order by the following observation.

» Observation 26. Let T' and be a non-crossing spanning tree on a set P of n points in
convex position. Then for any edge p1p, of the convex hull of P that is not a boundary edge
of T', the tree T with linear order p1,...,p, has at least two uncovered edges.

The order obtained by Observation 26 will avoid flipping common edges and will facilitate
obtaining the upper bound of Theorem 25 for each sub-instance as well as in total.

To use Observation 26, we need to identify a gap that is not a boundary edge in any
of the trees. Note that, in particular after cutting along common edges, it is easy to see
that one can perform a flip which introduces a boundary edge from 7" - T (or T - T") and
removes a non-boundary edge, unless both trees consist of boundary edges only, see also
Bousquet et al. [8, Claim 2]. Hence we have the following observation.

» Observation 27. Consider two non-crossing spanning trees T, T' on a convex point set. If
TuT' contain all boundary edges, then there exists a flip sequence of length |T ~T'|.

We are now ready to prove Theorem 25.

Proof of Theorem 25. Let B = B(T,T") be the set of common boundary edges of T and T”,
let C' = C(T,T') be the set of common chords of T and T, and let D(T') = T-T" (vesp. D(T") =
T’ - T) be the edges that are only in T (resp. T'). Then ¢:=|C|=n-1-b-d.

Assume first that C'(T,T") = @, that is, that T and T” do not have any common chords.

By Observation 27, we may choose an arbitrary edge p1p, of the convex hull of P that
is neither a boundary edge of T nor of 7" to cut the cyclic order of the points of P into a
linear order p1,...,p,. With this linear order, each of T and T” has at least two uncovered
edges by Observation 26.

Consider the set P of pairs of edges of T and T” that are induced by the gaps, its partition
into P-,Pn, Pr, and the according sets I_, Iy, Ir of gaps. Because the set I_ consists of all
gaps that correspond to short-short pairs, we have |I-| = |B| = b.

The set Ir contains the gaps corresponding to all other pairs that contain at least
one short or wide edge. Hence [Ig| < [Tw/|+ |T}y| + |Ts| + |T4| — 2b. By Lemma 15, we
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have |Tw |+ [Ty, | < [Ts| -2 +|T¢| -2 = |Ts| +|TS| - 4 and hence |Ig| < 2|Ts| + 2|T§| - 2b - 4.

We remark that exactly |T's|+|T| - 2b of the gaps in |Ig| correspond to pairs with one short
edge and hence require only one flip.

Recall that the set Iy consists exclusively of gaps with near-near pairs and consider the
conflict graph H with vertex set V(H) = Iy. By Lemma 9, a maximum acyclic subset Y of
H has size at least 1/3|V (H)|. Let < be a topological ordering of H[Y] and let X = Iy \Y.

We use one flip for each of the |T's|+|T¢| - 2b gaps in |Ir| corresponding to pairs with one
short edge, two flips for all other each edge pairs corresponding to a gaps X U Ir and one
flip for each pair corresponding to a gap in Y. To ease the counting, we split the total flip

sequence T' — -+ — T" into five parts:
T — - > Ty, replaces (in any order) each edge e; € T with g; € Ig by pipis1-
Ty, = -+ = Tr,ux replaces (in any order) each edge e; € T with g; € X by pipis1.
Trpox — = TI'RuX replaces (in order according to <) each edge e; € T with g; € Y by
the edge e} € T".

Tj..x = - — T, replaces (in any order) each edge p;pi+1 with g; € X by the edge e € T".

17, — -+ — T' replaces (in any order) each edge p;pi+1 with g; € Ir by the edge e} € T".
Note that the flip sequence is valid by Lemmas 12 and 13 and Proposition 17.
It remains to compute the total length of the flip sequence. Let d; = |Ts|+|T| - 2b be the

number of 1-flips for Ig, let dy = [Ig| - d; be the number of 2-flips for Ir and let d3 = |Iy|.

Note that d = dy + dy + d3.
The first and last step of the sequence require a total of dy + 2ds flips. The middle three
steps together require 2ds — Y| < 5/3- d3 flips.
Since |Ig| < |Ts|+ [T -4+ |Ts| + |Tg| —2b = 2d; + 2b - 4, we have da < dy +2b—4.
Altogether we obtain

5 5 1 5
dist(T, 7)< dy +2ds + =ds =dy + —do + —da + —d
ist(T,T") 1 2 33 1 32 32 33

5 1 i1 5
<dy+ 2dy+ = (dy+2b) — =+ 2d
1+ 3+ g(die20) = 5+ 2ds

i s 95 4 5 92 4
=2 4 2(dyds) + Sb— S <2d4 S =
ghi+g(dards)+3b-g<advab-g

We now turn to the case C(T,T") + @. Consider the ¢+ 1 bounded cells Fy,... F. of the
convex hull of P that are induced by the set C'(T,T"). For each closed cell F; with n; points
of P, T; =T nF; and T/ = T' n F; are non-crossing spanning trees on the n; points of Fj,
with C(T;,T}) = @ and b; = |B(T;,T})| common boundary edges.

Consider again the edges of T and T”. Every edge of B(T,T") contributes to exactly one
of the b;’s and every edge of C'(T,T") to exactly two of them. Hence i b; =b+2¢c. On
the other hand, every edge of D(T') (resp. D(T")) lies in exactly one cell F;. Thus, with
d; = |D(T;)| = |D(T})|, we have that Y7 ,d; = d. Applying the above flip process to each of
the tree pairs (7;,7}) independently, we obtain the first part of the theorem.

dist(T, ') < 3 dist(T, 7)) < 3° (gdi $ 2o é) S s Z(h20) - %(64— 1)

i=0 i=0 3 3/ 33
g4 22,
3 3 3

Since d + b < n -1, the second part then follows directly. <
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6 Separated Caterpillars — Proof of Theorem 4

In this section, we improve the upper bound for the case where one tree has a special
structure, namely, if it is a separated caterpillar.

We call a tree T on a convex point set a separated caterpillar if the weak dual graph of T'
and all convex hull edges forms a path. For an example, consider Figure 10.

Figure 10 A separated caterpillar.

In fact, there are a few equivalent definitions.

» Observation 28. Let T be a tree on a convex point set (with n > 3 points) with a valid
2-coloring of the vertices. Then the following statements are equivalent.
T is a separated caterpillar.
The weak dual graph of T and the convex hull edges is a path.
Each color class forms a consecutive interval (along the boundary of the convex hull).
The color classes can be separated by a line.
T contains exactly two convexr hull edges.
There is linear vertex labeling such that poset defined by the edge cover relation of the
edges is a total order.
For every linear vertex labeling, the poset defined by the edge cover relation consists of (at
most) two chains.
For every linear vertex labeling, T has no wide edge.

We note that Bousquet et al. [8] have considered separated caterpillars (under the name
of nice caterpillars). They show that if one of two trees is a nice caterpillar, then their flip
distance is at most 3/2-n. We show that this even holds in terms of d. Note that the lower
bound examples, illustrated in Figure 2(c), are in fact separated caterpillars. Thus, the
bound is tight up to additive constants.

» Theorem 4. Let T, T’ be non-crossing trees on m > 3 points in convex position. Let T be a
separated caterpillar and d:=|T —=T'|. Then dist(T,T") <3/2-d. Moreover, there exists a flip
sequence from T to T of length at most 3/2-d in which no common edges are flipped.

In the following, we assume without loss of generality that T and 7' have no common
chords. To this end, note that we can split an instance at a common chord into two
subinstances where the common chord will turn into a common boundary edge in each part.
By repeated application, we obtain a collection of subinstances T;, T} without common chords.
Defining d; := |T; - T}|, we clearly have ¥, d; = d. Hence, when guaranteeing at most 3/2-d; in
each subinstance, the claim follows.
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By Observation 27, we may label the vertices by p1,...,p, such that neither T nor T"
has the edge pip, and consider the linear representation of T' and T'; otherwise, d flips
suffice and we are done. It follows that both trees have at least two maximal edges, so by
Lemma 15, both 7" and T” have at least two more wide than short edges.

Now we use the fact that T is a separated caterpillar, and thus has a special structure. In
particular, by Observation 28, its edges form two chains by the cover relation. We define Ey as
the set of all edges covering the leftmost short edge e, and E,. as the set of all edges covering
the rightmost short edge e,; we have e; € Fy and e, € E,.. Clearly, we have T'= E,u E,.. For
an illustration, consider Figure 11. Moreover, note that 7', besides the two short edges e,
and e,, has only near edges.

(a

Figure 11 Tllustration for the proof of Theorem 4.

We pair the edges of T and T’ via the shortest edge covering a gap as explained in
Section 3 and partition the pairs into the sets P-, Py, Pr. For the gaps Iy corresponding to
near-near pairs, we define A, B ¢ Iy as follows: For a gap g with associated pair (e,e’) € Py
where e € Ey, we let g € A if e covers €, and g € B otherwise. If e € E,., then g € B if e covers
e’, and g € A otherwise. Clearly, AuB = Iy.

» Lemma 29. H[A] and H[B] are acyclic.

Proof. By left-right symmetry, it suffices to show that H[A] is acyclic. We say that a gap
gi € A with pair (e;, e}) comes before a gap g; with pair (ej;,e’) € A if
(i) e;e Ey and ¢ € E,., or
(ii) ei,e; € Ep and e; covers e;, or
(iii) e;,ej € E, and e; covers e;.
This gives a total order on A.

For g;,g; € A, we show that if g; comes before g;, then there is no edge in the conflict
graph H from g; to g;. We consider the cases (i)-(iii) separately. In case (i), since g; € A,
e; and e; do not intersect, nor does one cover the other. Thus, there is no edge g; - g; in
H. In case (ii), e; covers e;, which covers e}. This immediately excludes cases 1 and 2 in
Definition 8. Moreover, since e; covers e;, e; does not cover g;, so neither can e, which
excludes case 3. In case (iii), we have that e; does not cover e,. Both e; and e} cover g;,
which means that either (a) e} covers e;, or (b) e; and e} cross. If (a), e} covers e;, which
covers ej, so cases 1 and 3 of Definition 8 are excluded. Since e; covers e;, e; does not cover
gi, S0 also case 2 is excluded. If (b), then since e; and e} are near, the only gap covered by
both is g;. This gap is not covered by e;, so there is no gap covered by both €] and e;. It
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follows that there is no edge g; - g; in H in either of the cases (i)-(iii) and thus H[A] is
acyclic. |

We now have all tools to present the flip sequence.
» Lemma 30. There exists a flip sequence F from T to T' of length at most 3/2-d.

Proof. We start by describing our flip sequence F' which consists of four parts. Choose
Y as a largest acyclic subset of H among A and B and let X = Iy — Y. Recall that
|T"'nT|=|{es,e,}| =2. Hence, we have d=n - 3.

Fy: For each (e;,e;) € Pr with gap g; where €’ is short or wide, flip e to p;p;+1. Clearly,
|F1| = |Tg| + [Ty | — 2; recall that T" contains the two short edges ey, e, which belong to
pairs in P-.

F»: For each g; € X, let (e;,¢e}) € Py denote the corresponding pair. We flip e to p;pis1.
Clearly, |Fo| = 2|X]|.

F3: For each g; €Y, let (e;,€}) € Pn denote the corresponding pair. We flip e; to €. Clearly,
B3| =Y.

Fy: For each e’ € Ty, with corresponding gap gi, perform flip pypr+1 — €’. Clearly, |Fy| = |TY;,|.

The validity of the flip sequences in F, Fy, and Fy follow from Lemma 13 as we introduce
a boundary edge or remove a boundary edge covering the same gap as its partner edge. Let
us denote the tree resulting from applying F; and F5 to T by Ty and Fy to T” by Ty; note
that all these flips can be applied in any order, but you might think about applying Fy,
reversely. Then, for Ty and Ty, Pr = @, Py corresponds to Y, and H(T1,T2)[Y] is acyclic.
Hence, Proposition 17 guarantees a flip sequence of length [Y].

It remains to discuss the total length. By Lemma 15 and the fact that 7' has at least
two uncovered edges, we have |Ty;,| < |T§| - 2. Hence,

|| + |l = |Ts| + 2/ Tyy | - e < 3/2(|Ts] + [ Tyy| - 2).

By Lemma 29, we have |Y| > Y/2[Ix| = 1/2|Ty| and thus |Fs| + |F3| = 2| X| +|Y]| = 3/2|TX|-
Therefore, we obtain the following bound

|| =[] + [Fo| + | Fs| + [Ful < 32(Ts| + [ Tyy | + [Tn] - 2) = 32(n - 3) = 3/2-d,

which concludes the proof. |

7 Discussion and open problems

In this work, we improved the lower and upper bounds on the diameter of F,,. Together,
Theorems 3 and 25 yield

14/9.n - O(1) < diam(F,) <5/3-n-3 =15/9-n-3.

Thus, the gap between the upper and lower bounds on diam(F,,) has been tightened from
about 0.45n to just 1/9-n + O(1). With Theorem 6 at hand, closing the gap can be achieved

|?/C((II§))| > 1/3 for all conflict graphs H, or by presenting a conflict

< 4f9. We therefore believe that our techniques have potential to help

by improving the lower bound

. ac(H)
graph H with VD]

determining diam(F,,) completely.
Let us note that the new lower bound of 14/9-n for the convex setting actually improves
upon the best known lower bounds not only for points in general position, but also for more
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restricted flip operations, e.g., the compatible edge exchange (where the exchanged edges
are non-crossing), the rotation (where the exchanged edge are adjacent), and the edge slide
(where the exchanged edges together with some third edge form an uncrossed triangle). For
an overview of best known bounds for five studied flip types, we refer to Nichols et al. [30].

We also considered bounding the flip distance dist(7,7") of two trees T,T" in terms of
d =|T,T'|. Our Theorem 25 is somewhat halfway between an upper bound on dist(7,T")
in terms of n and one in terms of d: common chords do not contribute at all, and common

boundary edges (their number is b) contribute less than the edges in the symmetric difference.

If 2/3- b —4/3 can be removed from the bound in Theorem 25, then this would give a tight
upper bound in terms of d. In fact, Bousquet et al. [7, Theorem 4], present graphs T, and
T, with symmetric difference 2d and dist(Ty,T;) = 5/3-d (for all d divisible by 3).

Besides determining the maximum flip distance in terms of n or d for the mentioned
settings, it is also interesting to investigate the computational complexity of computing a
shortest flip sequence for two given non-crossing trees. Is it NP-complete or polynomial-time
solvable? The question is open for both settings of convex and general position.

Moreover, is it true that for any two trees T, T" there exists a flip sequence of length
dist(T,T"), such that common edges (so called happy edges) are not flipped. Aichholzer et
al. [2, Conjecture 16] conjecture that this is the case for the convex setting.
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