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Hausdorff Distance: How similar are two sets?

HAUSDORFF
Given sets A, B C R" and a
rational number t € Q.

dh(A, B) = sup inf ||a— b||
acA beB

du(A, B) = max{du(A, B), du(B, A)}
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Question: Is dy(A, B) < t?
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Hausdorff Distance: How similar are two sets?

HAUSDORFF
Given sets A, B C R" and a
rational number t € Q.

- Furthest point a € A from B.
Gh(A, B) :=supinf |[a—b|| «— P

acA beB = How much to blow up B to contain A?

du(A, B) = max{du(A, B), du(B, A)} <— Symmetry

?

Question: Is dy(A, B) < t? d(A, B) =0
adu(B, A) > 0
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Main Result

Theorem: PSPACE
Deciding whether dy(A, B) < tis Vd-R-complete.
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Main Result

Theorem:

Deciding whether dy(A, B) < tis Vd-R-complete.

A, B C R" are described by formulas with
polynomial equations and inequalities:

Example: YA
DX, Y):= X2+ V2 <1
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Main Result

Theorem:

Deciding whether dy(A, B) < tis Vd-R-complete.

A, B C R" are described by formulas with
polynomial equations and inequalities:

Example: YA
DX, Y):= X2+ V2 <1

A Y >2X% — 1 = >
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Main Result

Theorem:
Deciding whether dy(A, B) < tis Vd-R-complete.

A, B C R" are described by formulas with
polynomial equations and inequalities:

Example:
DX,Y) = X?+VY2<1

A Y >2X% — 1
~ {(x,y) € R® | D(x, y)}
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Universal Existential Theory of the Reals (UETR)

Definition:
The universal existential theory of the reals (UETR)
consists of all true sentences of the form

VX eR".AY e R" : @(X,Y),

where @ is quantifier-free.
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Universal Existential Theory of the Reals (UETR)

Definition:
The universal existential theory of the reals (UETR)
consists of all true sentences of the form
logical (A, V, —)-formula

VX eR".AY e R" : (X, Y), = of polynomial equations
and inequalities

where @ is quantifier-free.

Examples:
BVXeR.JdYER: XY =1 (false: for X = 0 there is no Y)

BYXcR.AYER: XY =1V X=0 (true)
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Complexity Classes VdR and V4. R

UETR:
PSPACE Decide VX € R".3Y e R™ : (X, Y).
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» all problems that reduce to UETR

» all problems that reduce to UETR
® ¢ contains only strict inequalities (<, >, #) and

® no negations (— is forbidden)
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Complexity Classes VdR and V4. R

UETR:
Decide VX € R” . dY € R . (X, Y).

PSPACE

» all problems that reduce to UETR

________
- ~ o~

» all problems that reduce to UETR
® ¢ contains only strict inequalities (<, >, #) and

® no negations (— is forbidden)

HAUSDORFF
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Hardness Reduction (Sketch)

Given: Formula @ :=VX e R".dY e R": p(X,Y).

Reduction: A:={xecR"|3IY cR":0(x,Y)}
B :=R"
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Hardness Reduction (Sketch)

Given: Formula @ :=VX e R".dY e R": p(X,Y).

Reduction: A:={xecR"|3IY cR":0(x,Y)}
B :=R"

Idea: D true ~» A=R" ~ ax(A B)=0
O false ~ ACR" ~ ay(AB)>0
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Hardness Reduction (Sketch)

Given: Formula @ :=VX e R".dY e R": p(X,Y).

Reduction: A:={xecR"|3IY cR":0(x,Y)}
B :=R"

Idea: D true ~ A=R" ~ dH(A, B) =0 dy(A, B) = 0iff Aand B
O false ~ ACR" ~ dy(A,B) >0 havethe same closure.

Problem 1:
A single counterexample is not enough
to get positive Hausdorff distance.
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Hardness Reduction (Sketch)

Given: Formula @ :=VX e R".dY e R": p(X,Y).

Reduction: A:={xecR"|IY e R":(x,Y)}
B :=R"

Idea: D true ~ A=R" ~ dH(A, B) =0 dy(A, B) = 0iff Aand B
O false ~ ACR" ~ dy(A,B) >0 havethe same closure.

Problem 1: Problem 2:
A single counterexample is not enough  Definition of A contains an 4.
to get positive Hausdorff distance.
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Problem 1: Blowing Up the Counterexamples

VXeR.dY e R: XY > 1
Y

7 The Complexity of the Hausdorff Distance
Paul Jungeblut, Linda Kleist, Till Miltzow



Problem 1: Blowing Up the Counterexamples

VXeR.dY e R: XY > 1
Y

A={xeR|3IAY eR:xY >1} =R\ {0}
B=R
au(A,B) =0
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Problem 1: Blowing Up the Counterexamples

VXeR.AdY e R: XY > 1 VXeR.dY e [-1,1] : XY > 1
Y

A={xeR|3IAY eR:xY >1} =R\ {0}
B=R
dy(A, B) = 0
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Problem 1: Blowing Up the Counterexamples

VXeR.AdY e R: XY > 1 VXeR.dY e [-1,1] : XY > 1
Y

A={xeR|dYeR:xY>1} =R\ {0} A=R\[-1,1]
B=R B=R
dh(A, B) = 0 dh(A, B) = 1
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Problem 1: Blowing Up the Counterexamples

VXeR.AdY e R: XY > 1 VXeR.dY e [-1,1] : XY > 1
Y

. Range restrictions
A={xcR|IYeR:xY>1} =R\ {0}  A=R\[-1,1] only work with strict
B=R B=R iInequalities.

(A, B) =0 au(A, B) = 1 ~» Vd-IR-hardness
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Open Problems

Problem 1:

vA_R < V3R

Is it more difficult to decide sentences
with inequalities and equations?
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Open Problems

Problem 1: Problem 2:

vA_R < V3R

4

Is it more difficult to decide sentences . .
with inequalities and equations? polygons ~ P semi-algebraic ~» V<K
[Alt et al. 1995]

What is the simplest hard setting
for HAUSDORFF?
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Open Problems

Problem 1: Problem 2:
?
va.R 2 VIR ‘
4
Is it more difficult to decide sentences . .
with inequalities and equations? polygons ~ P semi-algebraic ~» V<K
[Alt et al. 1995]

What is the simplest hard setting
for HAUSDORFF?

Questions?
Thank you!
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