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The Maximum Flow Problem (MFP)

Flow f : E → R with fnet : V → R defined
as fnet(u) :=

∑
{u,v}∈E f (u, v ) and flow value F (N , f ) :=

∑
u∈VG

fnet(u)

The value of the maximum flow is defined as
MF(N ) = max F (N , f )

with f being a feasible flow meaning

fnet(u) =
∑
{u,v}∈E

f (u, v ) = 0

−∞ ≤ fnet(u) ≤ −d
0 ≤ fnet(u) ≤ ∞
|f (u, v )| ≤ cap(u, v )

∀u ∈ V \ (VG ∪ VD)

∀u ∈ VD

∀u ∈ VG

∀(u, v ) ∈ E
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Maximum Power Flow (MPF)
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A feasible power flow has to satisfy (additional) physical constraints:

In addition, the Kirchhoff’s Voltage Law (KVL) with assignment of
potentials (voltage angles) θ : V → R

θ(v )− θ(u) = f (u, v ) ∀(u, v ) ∈ E
θmin(u) ≤ θ(u) ≤ θmax(u) ∀u ∈ V

−
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[Zimmerman et al., 2011]
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The Kirchhoff’s Current Law (KCL) which relates to flow
conservation, i.e., fnet(u) = 0 for all V \ (VG ∪ VD)
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Formulations

I
#»
f =

#»
0

B
#     »

∆θv =
#»
0

#»
f ≤ #   »cap

fnet(u) =
∑
{u,v}∈E

f (u, v ) = 0

−∞ ≤ fnet(u) ≤ −d
0 ≤ fnet(u) ≤ ∞

θv (v )− θv (u) = f (u, v )

|f (u, v )| ≤ cap(u, v )

Vertex-based Formulation Vertex-/Cycle-based (Kirchhoff’s)
Formulation

KCL

KVL

I – incidence matrix
B – circuite matrix
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Structure of the Incidence and Circuit Matrix
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General Structure

e`+2 e|E|. . .

}}
Chords

|E(G)| − |E(B)|
Spanning Tree
|E(B)|

|E(G)| − |V (G)| + k|V (G)| − k

e1 e2 eke`+1 . . .

±1
±1

±1

±1

0. . .

±1
±1

±1

0 00
0 0 0

0 0

±10 0. . . . . .
±1

±1
0

0

±1
±1
±1

±1 0

0
0

0

0
0

0
0 ...0 0

0 0
±1±1±1
±1

. . .

. . .
±1 ±1 . . .

unimodular
submatrices

±1
}
}

|E
(G

)|
−

|V
(G

)|
+

k
|V

(G
)|
−

k

}|E(G)|

} |E
(G

)|±1

0
0

0
0

0

0 ...

0

...

...

...

...

...

...

6



Franziska Wegner – Analogies to the Power Flow Institute of Theoretical Informatics
Algorithmics Group

General Structure

e`+2 e|E|. . .

}}
Chords

|E(G)| − |E(B)|
Spanning Tree
|E(B)|

|E(G)| − |V (G)| + k|V (G)| − k

e1 e2 eke`+1 . . .

±1
±1

±1

±1

0. . .

±1
±1

±1

0 00
0 0 0

0 0

±10 0. . . . . .
±1

±1
0

0

±1
±1
±1

±1 0

0
0

0

0
0

0
0 ...0 0

0 0
±1±1±1
±1

. . .

. . .
±1 ±1 . . .

unimodular
submatrices

±1
}
}

|E
(G

)|
−

|V
(G

)|
+

k
|V

(G
)|
−

k

}|E(G)|

} |E
(G

)|±1

0
0

0
0

0

0 ...

0

...

...

...

...

...

...

Lemma 1

The bases of the incidence matrix I and the circuit matrix B are TUM. However,
the whole system of equations to get an electrically feasible flow using the KCL
and KVL is not TUM.
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Circuits and Spanning Trees

⇒
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2

a

b

d

c
e
f
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4 3
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a

b

d

c
e
f
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An Ancient Algorithm for the Power Flow

Lemma 2 [p.36, Lemma 1; Shapiro, 1987]

Let every edge of G have a resistor of 1 ohm. Let N denote the number of
spanning trees and let N(s, a → b, t) be the spanning trees that contain the
edge (a, b) in that particular direction. Put a 1-ampere current between s and t
and let i(a, b) = (N(s,a→b,t)−N(s,b→a,t))/N. Then i(a, b) is the current in the edge ab
oriented from a to b.

Apply Binet-Cauchy theorem on matrix Yn = I Ye Iᵀ

4n = det (Yn) = det (I Yn Iᵀ) =
∑

T∈T (Tree-Admittance Product of T )

Tree-Admittance Product
∑

(u,w)∈E(T ) Yu,w

A first algorithm that represents a structural result

8
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Primal and Dual Graphs

Whitney gave an algebraic definition of duality
afterwards familiar geometrical definition
admit self-loops (edge with coincident endpoints)

Theorem 3 [p.522, Theorem 23; Whitney, 1935]

Let E be a planar embedding of a primal graph G with G(E) being isomorph
to G. The graphs G and G? are duals if and only if there is a

bijection µdual : E(G)→ E(G?) between their edges such that bases in one
correspond to base complements in the other.

9
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Primal and Dual Graphs

a bc
d e

gf

Whitney gave an algebraic definition of duality
afterwards familiar geometrical definition
admit self-loops (edge with coincident endpoints)

Theorem 3 [p.522, Theorem 23; Whitney, 1935]

Let E be a planar embedding of a primal graph G with G(E) being isomorph
to G. The graphs G and G? are duals if and only if there is a

bijection µdual : E(G)→ E(G?) between their edges such that bases in one
correspond to base complements in the other.

a′ b′c′

d ′

g′f ′

primal graph G

dual graph G?

e′

Corollary 4 [p.85, Corollary 4-24; Seshu and Reed, 1961]

If G and G? are dual graphs, the incidence matrix of either graphs is a circuit
matrix of the other (with the proper rank, and each row representing a cycle);
that is

I1 = B2 and I2 = B1.

9
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Power Flow Problem Reformulation

Planar s-t PF and MPF
Instance: A plane s-t-graph G, its dual graph G? and a bijec-

tion µdual : E(G)→ E(G?).
Objective: Find feasible flows fG, fG? : E → R≥0 in G and G? such

that for every edge e ∈ E(G) we have
fG(e) = fG?

(
µdual(e)

)
· b(e).

t

s

12

24

56

33

19

0

b ≡ 1
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Towards an Algorithm for the Power Flow

Producer

Prosumer
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Power Grid
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Prisoner’s Dilemma
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Observation 5 [Resolve KCL Conflicts]

Minimize in each resolveConflict step the total resizing of the outer rectangle,
since a too large increase might skip a valid solution.
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Observation 6

A wrong conflict resolution might never lead to a feasible power flow.
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Observation 7 [Termination]

A flow f is a power flow if the longest and shortest path have the same length
in the primal and dual graph separately (w.r.t. the metric f/b).
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Scalability of Power Flows

Graph-theoretical flow algorithms use scaling techniques
1. Capacity scaling [Edmonds and Karp, 1972]
2. Excess scaling [Ahuja and Orlin, 1989]

Lemma 8 [Scaling]

Every non-zero electrical flow f ′ : E → R>0 can be rescaled to a new feasible
electrical flow f by applying a scaling factor

0 ≤ χ ≤ min
e′∈E

cap(e′)
f ′(e′)

=: χ (1)

to f (e) = f ′(e) · χ for all e ∈ E .

Power flows excluding a trivial power flow (f ≡ 0) can be scaled up
and down by a factor χ
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Continous Changes to the Power Grid

Power Grid

Producer

Prosumer

FACTS
FACTS. . .

are control units,
increase maximum load,
are expensive.
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KVL conflict in the primal graph G is a KCL conflict in the dual graph G?
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Discrete Changes to the Power Grid

Power Grid

Producer

Prosumer

SWITCH SWITCH

Switches. . .
increase maximum load,
are control units.
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Summary

Power Grid

Producer

Prosumer
FA

C
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Summary

Power Grid

Producer

Prosumer
FA

C
T
S

SWITCH SWITCH

FACTS

FACTS. . .
increase maximum load,
are control units,
are expensive.

Switches. . .
increase maximum load,
are control units.

Power Flows. . .
Algorithms
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