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Recent Development in Power Grids

POWER GRID

PRODUCER

PROSUMER

SWITCH SWITCH

Increasingly distributed energy production

Challenges

Independent power producers

⇒ Operating the power grid gets more demanding

Strategies to cope with the challenges

Investment in advanced control units (e.g. FACTS) for better
utilization of existing grid

Volatile power flows and flow directions

Network expansion
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From a Transmission Network to a Graph
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Input

Let G = (V , E) be the bidirected graph and G = (V , E) the underlying
undirected graph.

Set of vertices V (also called buses) with generators VG ⊆ V ,
consumers VC ⊆ V \ VG, and intermediate vertices V \ (VG ∪ VC)

We denote by E the underlying undirected edge set with e ∈ E such
that (u, v ) = (v , u)

Network N = (G, VG, VC , cap, b, d)
thermal line limits cap: E → R≥0,
susceptance b : E → R≥0,
demands lower bound d : VC → R≥0.
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THE MAXIMUM TRANSMISSION
SWITCHING FLOW PROBLEM
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1

Given

E set of lines (each with impedance, susceptance, capacity)

V set of buses, VL ⊆ V set of loads (with capacities),
VG ⊆ V set of generators (with capacities)

objective
power productionmaximize

find for each line: if the line is switched
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E set of lines (each with impedance, susceptance, capacity)

V set of buses, VL ⊆ V set of loads (with capacities),

subject to
load capacity constraints
power flow constraints

line capacity constraints

VG ⊆ V set of generators (with capacities)

power productionmaximize

find for each line: if the line is switched

AC conservation of flow is already NP-hard on trees.
[Lehmann et al., 2015]

The AC conservation of flow is a subproblem of the MTSF problem.
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Given

E set of lines (each with impedance, susceptance, capacity)

V set of buses, VL ⊆ V set of loads (with capacities),

subject to
load capacity constraints
power flow constraints

line capacity constraints

VG ⊆ V set of generators (with capacities)

power productionmaximize

find for each line: if the line is switched

→ Power grids are not easy.
→ Linearized AC conservation of flow is easy to solve.

AC conservation of flow is already NP-hard on trees.
[Lehmann et al., 2015]

The AC conservation of flow is a subproblem of the MTSF problem.
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Feasible Flow

A flow is a function f : E → R with skew-symmetry f (u, v ) = −f (v , u)
for all (u, v ) ∈ E .

The net flow fnet(u) :=
∑
{u,v}∈E f (u, v )

Flow f satisfies the following conservation of flow properties that are
similar to Kirchhoff’s Current Law (KCL)

fnet(u) = 0 ∀u ∈ V \ (VG ∪ VC)

−∞ ≤ fnet(u) ≤ −d ∀u ∈ VC

0 ≤ fnet(u) ≤ ∞ ∀u ∈ VG

Flow f is called feasible if
|f (u, v )| ≤ cap(u, v ) ∀(u, v ) ∈ E

Flow value F (N , f ) of flow f on N is defined by∑
u∈VG

fnet(u)

5
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The MAXIMUM FLOW (MF) Problem

Flow value F (N , f ) of flow f on N is defined by∑
u∈VG

fnet(u)

The MAXIMUM FLOW (MF) is denoted by MF(N )
OPTMF(N ) = max F (N , f )

with f being a feasible flow meaning

fnet(u) = 0

−∞ ≤ fnet(u) ≤ −d

0 ≤ fnet(u) ≤ ∞
|f (u, v )| ≤ cap(u, v )

∀u ∈ V \ (VG ∪ VC)

∀u ∈ VC

∀u ∈ VG

∀(u, v ) ∈ E

6



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Physical Feasible Flow

A feasible flow neglects physical circumstances

The Kirchhoff’s Voltage Law (KVL) is one of them with potentials at
each vertex θ : V → R

b(u, v ) · (θ(v )− θ(u)− θshift) = f (u, v ) ∀(u, v ) ∈ E
θmin(u) ≤ θ(u) ≤ θmax(u) ∀u ∈ V

Note that θshift(u, v ) = 0 if there is no transformer that is assumed in
general and thus, is neglected

7
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The MAXIMUM POWER FLOW (MPF) Problem

The MAXIMUM POWER FLOW (MPF) is denoted by MPF(N ) with
value

OPTMPF(N ) = max F (N , f )
with f being a physical feasible flow meaning

fnet(u) = 0

−∞ ≤ fnet(u) ≤ −du

0 ≤ fnet(u) ≤ ∞
|f (u, v )| ≤ cap(u, v )

b(u, v ) ·
(
θ(v )− θ(u)− θshift

)
= f (u, v )

θmin(u) ≤ θ(u) ≤ θmax(u)

∀u ∈ V \ (VG ∪ VC)

∀u ∈ VC

∀u ∈ VG

∀(u, v ) ∈ E

∀(u, v ) ∈ E

∀u ∈ V
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The MAXIMUM TRANSMISSION SWITCHING
FLOW (MTSF) Problem

The MAXIMUM TRANSMISSION SWITCHING FLOW (MTSF) is
denoted by

MTSF(N ) := maxS⊆E MPF(N − S)
with value OPTMTSF(N ) with f being a physical feasible flow
meaning

fnet(u) = 0

−∞ ≤ fnet(u) ≤ −du

0 ≤ fnet(u) ≤ ∞
|f (u, v )| ≤ z(u, v ) · cap(u, v )

b(u, v ) · z(u, v ) ·
(
θ(v )− θ(u)

)
= f (u, v )

θmin(u) ≤ θ(u) ≤ θmax(u)

∀u ∈ V \ (VG ∪ VC)

∀u ∈ VC

∀u ∈ VG

∀(u, v ) ∈ E

∀(u, v ) ∈ E

∀u ∈ V

[Lehmann et al., 2014]
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The MAXIMUM TRANSMISSION SWITCHING
FLOW (MTSF) Problem

The MAXIMUM TRANSMISSION SWITCHING FLOW (MTSF) is
denoted by

MTSF(N ) := maxS⊆E MPF(N − S)
with value OPTMTSF(N ) with f being a physical feasible flow
meaning

∀u ∈ V \ (VG ∪ VC)

∀u ∈ VC

∀u ∈ VG

∀(u, v ) ∈ E

∀(u, v ) ∈ E

∀(u, v ) ∈ E

∀u ∈ V

fnet(u) = 0

−∞ ≤ fnet(u) ≤ −du

0 ≤ fnet(u) ≤ ∞
|f (u, v )| ≤ z(u, v ) · cap(u, v )

b(u, v )·
(
θ(v )−θ(u)

)
+
(
1−z(u, v )

)
M ≥ f (u, v )

b(u, v )·
(
θ(v )−θ(u)

)
−
(
1−z(u, v )

)
M ≤ f (u, v )

θmin(u) ≤ θ(u) ≤ θmax(u)

[Lehmann et al., 2014]
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The MAXIMUM TRANSMISSION SWITCHING
FLOW (MTSF) Problem

Instance: A power grid N .

Optimization Problem MTSF

Objective: Find a set S ⊆ E of switched edges such that OPTMPF(N−S)
is maximum among all choices of switched edges S.

Instance: A power grid N and k ∈ Q≥0.

Decision Problem k -MTSF

Objective: Is it possible to remove a set of edges S ⊆ E such that there
is an physical feasible flow f in N − S with flow value F (N −
S, f ) ≥ k?

[Lehmann et al., 2014]
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The OPTIMAL POWER FLOW (OPF) Problem

Network N = (G, VG, VC , cap, b, d )

The OPTIMAL POWER FLOW (OPF) is denoted by OPF(N ) with value
OPTOPF(N ) := min

∑
u∈VG

γu
(
fnet(u)

)
with f being a physical feasible flow meaning

fnet(u) = 0

−∞ ≤ fnet(u) ≤ −du

0 ≤ fnet(u) ≤ ∞
|f (u, v )| ≤ cap(u, v )

b(u, v ) ·
(
θ(v )− θ(u)

)
= f (u, v )

θmin(u) ≤ θ(u) ≤ θmax(u)

∀u ∈ V \ (VG ∪ VC)

∀u ∈ VC

∀u ∈ VG

∀(u, v ) ∈ E

∀(u, v ) ∈ E

∀u ∈ V

[Zimmerman et al., 2011]
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∑
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(
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)
with f being a physical feasible flow meaning
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The OPTIMAL TRANSMISSION SWITCHING (OTS)
Problem

The OPTIMAL TRANSMISSION SWITCHING (OTS) is denoted by
OTS(N ) := minS⊆E OPF(N − S)

with value OPTOTS(N ) with f being a physical feasible flow
meaning

∀u ∈ V \ (VG ∪ VC)

∀u ∈ VC

∀u ∈ VG

∀(u, v ) ∈ E

∀(u, v ) ∈ E

∀(u, v ) ∈ E

∀u ∈ V

fnet(u) = 0

fnet(u) = −du

x ≤ fnet(u) ≤ x

|f (u, v )| ≤ z(u, v ) · cap(u, v )

b(u, v )·
(
θ(v )−θ(u)

)
+
(
1−z(u, v )

)
M ≥ f (u, v )

b(u, v )·
(
θ(v )−θ(u)

)
−
(
1−z(u, v )

)
M ≤ f (u, v )

θmin(u) ≤ θ(u) ≤ θmax(u)

[Fisher et al., 2008]
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The OPTIMAL TRANSMISSION SWITCHING (OTS)
Problem

Instance: A power grid Nbounded.

Optimization Problem OTS

Objective: Find a set S ⊆ E of switched edges such that OPTOPF(N−S)
is minimum among all choices of switched edges S.

Instance: A power grid Nbounded and k ∈ Q≥0.

Decision Problem kOTS

Objective: Is it possible to remove a set of edges S ⊆ E such
that there is an physical feasible flow f in N − S with
cost

∑
u∈VG

γu
(
fnet(u)

)
≤ k?

[Fisher et al., 2008]
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Connection to the DC-Model

t

The power flow behaves like the current in the DC networks
The total susceptance Btot = − 1

X ( − 1
X , since G = R = 0 in

DC-Approximation, otherwise − X
R2+X 2 ) behaves like the electrical

conductance G = 1
R

The voltage angle differences ∆θ behave like the voltages U

Series Circuit Parallel Circuit

0 1 2
s t

0 1
s

Btot = b(s, t) =
∑n

k=1 bk = 3Btot = b(s, t) = 1∑n
k=1

1
bk

= 1
2

Assumption: bk := 1, capk := 1 ∀k ∈ {1, . . . , m}

∆θtot = ∆θ(s, t) =
cap(s,t)

b(s,t) = 2
f (s, t) = 1

∆θtot = ∆θ(s, t) = min(s,t)i (∆θi (s, t)) = 1
f (s, t) = 3

Itot = Utot
Rtot

= Utot · Gtot

= ∆θtot · Btot = Ptot
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Network Modeling – Bounded to Unbounded

s∈VG

1/1

x +2/x +2 x +1/x +1

u
x+2
ts s

s

x+1

0
s

x/x

x/x−x

x+x N

x

Lemma 1 [page 343; Grastien et al., 2018]

Every bounded MTSF can be transformed into an unbounded MTSF on a network
with size linear in |V | and |E |.

Model Generator Bounds in N Model Demand Bounds in N

Transformation from a bounded network
Nbounded = (G, VG, VC , cap, b, x , x , d , d) to an unbounded network
N = (G, VG, VC , cap, b, d)

}
lower bound x

}
upper bound x

t

t

y−x N

y

x/d

t∈VC}
upper bound d
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Network Modeling – OTS to MTSF

M =
∑

v∈VG

(
(x + 2) · γv (1) + xv + 1

)
Feasible flow in N with cost k→ feasible flow in N ’ with flow value
M − k

Vertex v injects no power into
network N

Vertex v injects power into N

OTS-instance N = (G, VG, VC , cap, b, x , x , d)
γv (1) cost per generated unit of power
b(sv , tv ) := γv (1), b(sv , v ) := b(v , tv ) := 1

N
x +1/x +1

1/1

vtv

1

0
sv

(x +2)·γv (1)
/(x +2)·γv (1)

0
x+2 N

x/x +1

1/1

vtv

0
sv

1

+1−1

−γv(1)

(x +1)·γv (1)
/(x +2)·γv (1)

x+1 1
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Network Modeling – OTS to MTSF

M =
∑

v∈VG

(
(x + 2) · γv (1) + xv + 1

)
Feasible flow in N with cost k→ feasible flow in N ’ with flow value
M − k

Vertex v injects no power into
network N

Vertex v injects power into N

OTS-instance N = (G, VG, VC , cap, b, x , x , d)
γv (1) cost per generated unit of power
b(sv , tv ) := γv (1), b(sv , v ) := b(v , tv ) := 1

N
x +1/x +1

1/1

vtv

1

0
sv

(x +2)·γv (1)
/(x +2)·γv (1)

0
x+2 N

x/x +1

1/1

vtv

0
sv

1

+1−1

−γv(1)

(x +1)·γv (1)
/(x +2)·γv (1)

x+1 1

Lemma 2 [page 344; Grastien et al., 2018]

For every OTS-instance there is an MTSF-instance that is equivalent.
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Network Modeling – MTSF to OTS
[Lehmann et al., 2014]

MTSF-instance N = (G, VG, VC , cap, b, x , d , d) with VG ∩ VC = ∅
OTS-instance N ′ = (G, V ′G, VC , cap, b, x ′, d ′ = d ′ = d ,γ)

γv (1) = 1 cost per generated unit of power∑
v∈V dv −MTSF(N ) = OTS(N ′)

N
v

N
v

x ′v = dv − dv

v ∈ (VC ∩ V ′G)

The new generator set V ′G = VG ∪ {v ∈ VC |dv > 0}
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Network Modeling – MTSF to OTS
[Lehmann et al., 2014]

MTSF-instance N = (G, VG, VC , cap, b, x , d , d) with VG ∩ VC = ∅
OTS-instance N ′ = (G, V ′G, VC , cap, b, x ′, d ′ = d ′ = d ,γ)

γv (1) = 1 cost per generated unit of power∑
v∈V dv −MTSF(N ) = OTS(N ′)

N
v

N
v

x ′v = dv − dv

v ∈ (VC ∩ V ′G)

The new generator set V ′G = VG ∪ {v ∈ VC |dv > 0}

Lemma 3 [page 6; Lehmann et al., 2014]

For every MTSF-instance there is an OTS-instance that is equivalent.
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Network Modeling – MTSF to OTS
[Lehmann et al., 2014]

MTSF-instance N = (G, VG, VC , cap, b, x , d , d) with VG ∩ VC = ∅
OTS-instance N ′ = (G, V ′G, VC , cap, b, x ′, d ′ = d ′ = d ,γ)

γv (1) = 1 cost per generated unit of power∑
v∈V dv −MTSF(N ) = OTS(N ′)

N
v

N
v

x ′v = dv − dv

v ∈ (VC ∩ V ′G)

The new generator set V ′G = VG ∪ {v ∈ VC |dv > 0}

Any hardness result for MTSF holds also for OTS. This does not hold for
approximation results.
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b(i , j) := 1 ∀(i , j) ∈ E
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On parallel paths an optimal switching can be computed in polynomial time.

The same holds for series compositions of these graphs.
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Dominating Theta Path (DTP)

Fix u, v ∈ V and a u-v -path π.

‖π‖b :=
∑

e∈E(π)

1
b(e)

Susceptance Norm: Minimum Capacity:

cap(π) := min{cap(e) | e ∈ π}

[Section 5; Grastien et al., 2018]
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Dominating Theta Path (DTP)

Fix u, v ∈ V and a u-v -path π.

∆θ(π) := ‖π‖b · cap(π)

‖π‖b :=
∑

e∈E(π)

1
b(e)

Susceptance Norm: Minimum Capacity:

cap(π) := min{cap(e) | e ∈ π}

Angle Difference of π:

Dominating Theta Path (DTP):

∆θmin(u, v ) := min{∆θ(π) | π is a u-v -path}

[Section 5; Grastien et al., 2018]
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Computing DTP

Description:

s
u v

t

−/4x

−/x−/x −/x

−/3x

[Section 5; Grastien et al., 2018]

b(i , j) := 1 ∀(i , j) ∈ E

Bicriterial Dijkstra with labels (‖π‖b , cap(π), Vi )

at most |E | labels per vertex

20



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Computing DTP

Description:

2
3 x/4x

x/x

OPTMPF = 8
3 x

1
3 x/x 1

3 x/x

5
3 x/3x

s
u v

t0 5
3 x1

3 x 2
3 x

[Section 5; Grastien et al., 2018]

b(i , j) := 1 ∀(i , j) ∈ E

Bicriterial Dijkstra with labels (‖π‖b , cap(π), Vi )

at most |E | labels per vertex

20



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Computing DTP

Description:

2
3 x/4x

x/x

OPTMPF = 8
3 x

1
3 x/x 1

3 x/x

5
3 x/3x

L :

s
u v

t0 5
3 x1

3 x 2
3 x

[Section 5; Grastien et al., 2018]

b(i , j) := 1 ∀(i , j) ∈ E

Bicriterial Dijkstra with labels (‖π‖b , cap(π), Vi )

at most |E | labels per vertex

20



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Computing DTP

Description:

2
3 x/4x

x/x

OPTMPF = 8
3 x

1
3 x/x 1

3 x/x

5
3 x/3x

L :
(0,∞)

s
u v

t0 5
3 x1

3 x 2
3 x

[Section 5; Grastien et al., 2018]

b(i , j) := 1 ∀(i , j) ∈ E

Bicriterial Dijkstra with labels (‖π‖b , cap(π), Vi )

at most |E | labels per vertex

20



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Computing DTP

Description:

2
3 x/4x

x/x

OPTMPF = 8
3 x

1
3 x/x 1

3 x/x

5
3 x/3x

L :
(0,∞) (1,x)

s
u v

t0 5
3 x1

3 x 2
3 x

[Section 5; Grastien et al., 2018]

b(i , j) := 1 ∀(i , j) ∈ E

Bicriterial Dijkstra with labels (‖π‖b , cap(π), Vi )

at most |E | labels per vertex

20



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Computing DTP

Description:

2
3 x/4x

x/x

OPTMPF = 8
3 x

1
3 x/x 1

3 x/x

5
3 x/3x

L :
(0,∞) (1,x)

(1,4x)

s
u v

t0 5
3 x1

3 x 2
3 x

[Section 5; Grastien et al., 2018]

b(i , j) := 1 ∀(i , j) ∈ E

Bicriterial Dijkstra with labels (‖π‖b , cap(π), Vi )

at most |E | labels per vertex

20



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Computing DTP

Description:

2
3 x/4x

x/x

OPTMPF = 8
3 x

1
3 x/x 1

3 x/x

5
3 x/3x

L :
(0,∞) (1,x)

(1,4x)
(1,3x)

s
u v

t0 5
3 x1

3 x 2
3 x

[Section 5; Grastien et al., 2018]

b(i , j) := 1 ∀(i , j) ∈ E

Bicriterial Dijkstra with labels (‖π‖b , cap(π), Vi )

at most |E | labels per vertex

20



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Computing DTP

Description:

2
3 x/4x

x/x

OPTMPF = 8
3 x

1
3 x/x 1

3 x/x

5
3 x/3x

L :
(0,∞) (1,x) (2,x)

(1,4x)
(1,3x)

s
u v

t0 5
3 x1

3 x 2
3 x

[Section 5; Grastien et al., 2018]

b(i , j) := 1 ∀(i , j) ∈ E

Bicriterial Dijkstra with labels (‖π‖b , cap(π), Vi )

at most |E | labels per vertex

20



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Computing DTP

Description:

2
3 x/4x

x/x

OPTMPF = 8
3 x

1
3 x/x 1

3 x/x

5
3 x/3x

L :
(0,∞) (1,x) (2,x)

(2,x)(1,4x)
(1,3x)

s
u v

t0 5
3 x1

3 x 2
3 x

[Section 5; Grastien et al., 2018]

b(i , j) := 1 ∀(i , j) ∈ E

Bicriterial Dijkstra with labels (‖π‖b , cap(π), Vi )

at most |E | labels per vertex

20



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Computing DTP

Description:

2
3 x/4x

x/x

OPTMPF = 8
3 x

1
3 x/x 1

3 x/x

5
3 x/3x

L :
(0,∞) (1,x) (2,x)

(2,x)(1,4x)
(1,3x)

(3,x)

s
u v

t0 5
3 x1

3 x 2
3 x

[Section 5; Grastien et al., 2018]

b(i , j) := 1 ∀(i , j) ∈ E

Bicriterial Dijkstra with labels (‖π‖b , cap(π), Vi )

at most |E | labels per vertex

20



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Computing DTP

Description:

2
3 x/4x

x/x

OPTMPF = 8
3 x

1
3 x/x 1

3 x/x

5
3 x/3x

L :
(0,∞) (1,x) (2,x)

(2,x)(1,4x)
(1,3x)

(3,x)

s
u v

t0 5
3 x1

3 x 2
3 x

&≥ ≥

[Section 5; Grastien et al., 2018]

b(i , j) := 1 ∀(i , j) ∈ E

Bicriterial Dijkstra with labels (‖π‖b , cap(π), Vi )

at most |E | labels per vertex

20



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Computing DTP

Description:

2
3 x/4x

x/x

OPTMPF = 8
3 x

1
3 x/x 1

3 x/x

5
3 x/3x

L :
(0,∞)

(2,x)(1,4x)
(1,3x)

7

s
u v

t

(3,x)(2,x)(1,x)

0 5
3 x1

3 x 2
3 x

[Section 5; Grastien et al., 2018]

b(i , j) := 1 ∀(i , j) ∈ E

Bicriterial Dijkstra with labels (‖π‖b , cap(π), Vi )

at most |E | labels per vertex

20



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Computing DTP

Description:

2
3 x/4x

x/x

OPTMPF = 8
3 x

1
3 x/x 1

3 x/x

5
3 x/3x

L :
(0,∞)

(2,x)(1,4x)
(1,3x)

7

s
u v

t

(3,x)(2,x)(1,x)

0 5
3 x1

3 x 2
3 x

∆θ(s, v , t) = 2 · x = 2x

∆θ(s, t) = 1 · 3x = 3x

≤

[Section 5; Grastien et al., 2018]

b(i , j) := 1 ∀(i , j) ∈ E

Bicriterial Dijkstra with labels (‖π‖b , cap(π), Vi )

at most |E | labels per vertex

20



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Computing DTP

Description:

L :
(0,∞)

(2,x)(1,4x)
(1,3x)

7

s
u v

t

(3,x)(2,x)(1,x)

0/4x

x/xx/x x/x

3x/3x OPTMPF = 4x

0

∆θ(s, v , t) = 2 · x = 2x

∆θ(s, t) = 1 · 3x = 3x

≤

= OPTMTSF

[Section 5; Grastien et al., 2018]

x 2x 3x

b(i , j) := 1 ∀(i , j) ∈ E

Bicriterial Dijkstra with labels (‖π‖b , cap(π), Vi )

at most |E | labels per vertex

20



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Computing DTP

Description:

x/x1
3 x/x 1

3 x/x

L :
(0,∞) (1,x) (2,x)

(2,x)

s
u v

t

2
3 x/x

5
3 x/2x OPTMPF = 8

3 x

(1,2x)

7

0 5
3 x1

3 x 2
3 x

(1,x)

Change the capacities

[Section 5; Grastien et al., 2018]

b(i , j) := 1 ∀(i , j) ∈ E

Bicriterial Dijkstra with labels (‖π‖b , cap(π), Vi )

at most |E | labels per vertex

20



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Computing DTP

Description:

x/x1
3 x/x 1

3 x/x

L :
(0,∞)

(2,x)

s
u v

t

(2,x)(1,x)

2
3 x/x

5
3 x/2x OPTMPF = 8

3 x

(1,2x)

7

0 5
3 x1

3 x 2
3 x

DTPs from s do not
have to form a tree

(1,x)

[Section 5; Grastien et al., 2018]

b(i , j) := 1 ∀(i , j) ∈ E

Bicriterial Dijkstra with labels (‖π‖b , cap(π), Vi )

at most |E | labels per vertex

20



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Computing DTP

= OPTMTSF

Optimal switches do not
have to lie on the DTP
if the structure is not
penrose-minor free

Description:

L :
(0,∞)

(2,x)

s
u v

t

(2,x)(1,x)

(1,2x)

7

0

OPTMPF = 3x

x/x0/x 0/x

x/x2x/2xDTPs from s do not
have to form a tree

(1,x)

[Section 5; Grastien et al., 2018]

0 x 2x

b(i , j) := 1 ∀(i , j) ∈ E

Bicriterial Dijkstra with labels (‖π‖b , cap(π), Vi )

at most |E | labels per vertex

20



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Running Time Analysis for DTP
[page 345; Grastien et al., 2018]

Data: A networkN = (G, VG , VC , cap, b).
Result: πDTP (s, t), ∆θmin(s, t), and D(v ) with v ∈ V .
D(u) := L(u) := ∅; ∀u ∈ V ; � Initialization
Q := ∅;
L(s) := {(0,∞)} � Special label for source s
Q.insert

(
(0,∞), s, key((0,∞))

)
;

while Q 6= ∅ do � Visit all vertices
(`, u, key) := Q.deleteMin();
D(u) := D(u) ∪ {`};
for ∀{u, v} ∈ E do � Check adjacent vertices

cap(π (s, u, v )) := min (`[1], cap(u, v ));

`new(v ) :=
(
`[0] + 1

b(u,v ) , cap(π (s, u, v ))
)

;

If isReachable(V \ {v}, `, s) then
If `new(v ) ∈ L(v ) then

parent(`new(v )) := parent(`new(v )) ∪ {`};
else if not L(v ) dominates `new(v ) then

L(v ).deleteDominatedLabels(`new(v ));
Q.deleteDominatedLabels(`new(v ), v );
L(v ).insert(`new(v ));
Q.insert(`new(v ), v , key(`new(v )));
parent(`new(v )) := {`};

end
end

end
end

return

πDTP (s, t) := getPaths(s, t), � Build paths from parent
∆θmin(s, t) := min`∈D(t){`[0] · `[1]},
D(·)



O(|V |)}
|V |·|E|·O

(
log |V |

)
|E|2 ·O(1)

|E|2 ·O(1)

|E|2 ·O
(
2|V ||V |·|E|

)
|E|2 ·O(1)

|E|2 ·O(|E|)
|E|2 ·O(|E|)

|E|2 ·O (1)
|E|2 ·O(1)

|E|2 ·O (1)

iterate over all labels in the bag, |E| tests per bag

insert O(1)
decreaseKey O(1) amor tized
delMin O(log |V |) amor tized
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On general graphs the DTP algorithm runs in time O
(
2|V ||V | · |E |3

)
.
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On general graphs a DTP algorithm exists that runs in polynomial time
and calculates one DTP between each pair of u and v .
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Rainbow Paths – FPT Algorithm

FPT algorithm w.r.t. the number of colors

But: n colors⇒ not a polynomial time algorithm(?)

[Theorem 11; Uchizawa et al., 2013]

Instance: A directed acyclic graph G = (V , E), a coloring c : V → N,
and s, t ∈ V .

RAINBOW s-t -PATH (s-t-RP)

Question: Is there an s-t-path π in G such that all vertices of π have
different colors?
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Simulations

Simulations on NESTA benchmark sets that are more realistic than the
IEEE benchmark sets, e.g., with regards to thermal line limits
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The MPF decreases mainly for edges having a small centrality cS.

[page 349; Grastien et al., 2018]
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The MPF decreases mainly for edges having a small centrality cS.

On general networks the switching centrality cS : E → R≥0 is defined
by

cS(e) :=
1

mB

∑
s∈V

∑
t∈V\{s}

σDTP(s, t , e)
σDTP(s, t)

,

where σDTP(s, t , e) is the number of DTP-paths between s and t that
use e, σDTP(s, t) is the total number of DTP-paths from s to t and mB =
|V |(|V | − 1).

[page 349; Grastien et al., 2018]

24



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

Overview of the MTSF Results
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SUBSET SUM PROBLEM (SSP)

Instance: A finite set of numbers W = {w1, w2, . . . , wn} with wi ∈ N and
k ∈ N.

DECISION PROBLEM SUBSET SUM (SSP)

Question: Is there a set of elements x1, x2, . . . , xn ∈ {0, 1} such
that

∑n
j=1 wjxj = k?
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SUBSET SUM PROBLEM (SSP)

Example Instance
W = {1, 2, 3, 7, 37, 99}
k = 42

Solution
X = {2, 3, 37}

Instance: A finite set of numbers W = {w1, w2, . . . , wn} with wi ∈ N and
k ∈ N.
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OTS is NP-complete on Series-parallel Graphs
[Kocuk et al., 2016]

The feasibility version of OTS is NP-complete even if N = (G, VG, VC , cap, b, d) is a
series-parallel graph with one generator |VG| = 1, and one consumer |VC | = 1.

Theorem 4 [page 926; Kocuk et al., 2016]

Single-Source-Sink
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[Kocuk et al., 2016]
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OTS is NP-complete on Series-parallel Graphs

Size of the OTS-instance is polynomial in the size of the SSP-instance

Graph G is series-parallel

Only one generator and one demand

[Kocuk et al., 2016]
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k -MTSF is NP-complete on Series-parallel Graphs

The k -MTSF problem is NP-complete even if there is only one generator |VG| = 1 and one
consumer |VC | = 1 in the network N = (G, VG, VC , cap, b, d) where the underlying graph G
is series-parallel and all edge capacities are cap(e) = 1 for all e in E .

Theorem 5 [page 355; Grastien et al., 2018]

Single-Source-Sink and Unit-Capacities [Grastien et al., 2018]
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k -MTSF is NP-complete on Series-parallel Graphs
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SUBSET SUM PROBLEM (SSP)

Instance: A finite set of numbers W = {w1, w2, . . . , wn} with wi ∈ N and
k ∈ N.

DECISION PROBLEM SUBSET SUM (SSP)

Question: Is there a set of elements x1, x2, . . . , xn ∈ {0, 1} such
that

∑n
j=1 wjxj = k?
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SUBSET SUM PROBLEM (SSP)

Example Instance
W = {1, 2, 3, 7, 37, 99}
k = 42

Solution
X = {2, 3, 37}

Instance: A finite set of numbers W = {w1, w2, . . . , wn} with wi ∈ N and
k ∈ N.

DECISION PROBLEM SUBSET SUM (SSP)

Question: Is there a set of elements x1, x2, . . . , xn ∈ {0, 1} such
that

∑n
j=1 wjxj = k?

31



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

MTSF on Cacti is NP-hard

MTSF for cacti networks with a maximum degree of 3 is NP-hard

Switching choice network (SCN) is a gadget encoding decisions
representing a network
SCN`,v =

(
{s, t , v}, E , d := 3`, d := 3`, x := 3`, cap

)
Switching choice network

−/x

−/x

s

−/2x

——
v

t
—

−/3x

−/3x

−/∞

SCN

[Lehmann et al., 2014]

Reduction from Subset Sum
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2-approximation on Cacti

4x/4x

0/2x

4x/4x

FMaxST=4x
s
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t s

x/xx/x

OPTMTSF=2x
t

0/2x

FMaxST=x
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0
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x/x x/2x
x

2x

x

0

8x

8x

4x

0

Description

Remove from each cycle the edge with the smallest capacity

⇔ the MAXIMUM SPANNING TREE (MaxST)

MaxST on Cacti
MTSF is NP-hard on cacti [Lehmann et al., 2014]

MaxST is a factor 2-approximation algorithm for the MF and MTSF problem on cacti.

Theorem 6 [page 348; Grastien et al., 2018]
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MTSF is NP-hard on cacti [Lehmann et al., 2014]

MaxST is a factor 2-approximation algorithm for the MF and MTSF problem on cacti.

Theorem 6 [page 348; Grastien et al., 2018]

On cacti the MaxST algorithm runs in time O(|V |).
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2-approximation on Cacti

Data: A network N = (G, VG, VC , cap, b).
Result: OPTMPF(N − S), and switched edges S.
S = ∅;
C = dfs(N );
for c ∈ C do

S = S ∪ { arg min∀e∈c(cap(e))};
end
return (OPTMF(N − S), S);

Let N = (G, VG, VC , cap, b) be a power grid and let S be the set arg min∀e∈c cap(e) of
switched edges for all cycles c ∈ C. Then there exist an electrically feasible flow f ′ onN−S
such that F (f ′) = 1

2 OPTMF(N ).

Lemma 7 [page 347; Grastien et al., 2018]

1

2

3

4

5

6

|f (e)| =
∣∣∣∣12 f?(e)

∣∣∣∣ ≤ 1
2

cap(e),

|f (emin)| ≤ 1
2

cap(emin) ≤ 1
2

cap(e),

|f ′(e)| = |f (emin) + f (e)| ≤ cap(e).

PROOF.
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Simulations [page 349; Grastien et al., 2018]

Simulations on NESTA benchmark sets that are more realistic than the
IEEE benchmark sets, e.g., with regards to thermal line limits

Worse than
OPTMTSF

2 Better than
OPTMTSF

2

0.00 0.25 0.50 0.75 1.00
Normalized flow value F (N , f ) by OPTMTSF in MW

M
a
xS

T

MaxST on general graphs is in most cases very close to the OPTMTSF.
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Simulations on NESTA benchmark sets that are more realistic than the
IEEE benchmark sets, e.g., with regards to thermal line limits

Worse than
OPTMTSF

2 Better than
OPTMTSF

2

0.00 0.25 0.50 0.75 1.00
Normalized flow value F (N , f ) by OPTMTSF in MW

M
a
xS

T

MaxST on general graphs is in most cases very close to the OPTMTSF.

On general graphs the MaxST algorithm runs in time O
(
|E | α(|E |, |V |)

)
.
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n-level Tree Graphs
[Lehmann et al., 2014]

Let n ∈ N. A graph G is an n-level tree if and only if there exists a sub-graph T that is a tree
such that all leaves of T are sinks t ∈ VC , and there is only one source VG := {s} at the
root vertex of T and there is a total order on the children of every vertex (which implies a
total order on all vertices in one level) such that every vertex of the same tree level can only
be connected to its neighbours in the total order on all vertices of the same level.

Definition 8 [page 8; Lehmann et al., 2014]

s

−

−

− −

−

−

− −

− −

−

0

p s5

v5

t5t1

s1

−

−
t2 t3 t4

v4v3v2v1

Possible relaxation of a tree
(allowing cycles)
One generator at the root
(super source s) and
consumers at the leaves
Lines not on the tree can
only be added between
buses on the same tree level
Planar graph
Level is less or equal n
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n-level Tree Graphs
[Lehmann et al., 2014]

Let n ∈ N. A graph G is an n-level tree if and only if there exists a sub-graph T that is a tree
such that all leaves of T are sinks t ∈ VC , and there is only one source VG := {s} at the
root vertex of T and there is a total order on the children of every vertex (which implies a
total order on all vertices in one level) such that every vertex of the same tree level can only
be connected to its neighbours in the total order on all vertices of the same level.

Definition 8 [page 8; Lehmann et al., 2014]

s

−

−

− −

−

−

− −

− −

−

0

p s5

v5

t5t1

s1

−

−
t2 t3 t4

v4v3v2v1

Possible relaxation of a tree
(allowing cycles)
One generator at the root
(super source s) and
consumers at the leaves
Lines not on the tree can
only be added between
buses on the same tree level
Planar graph
Level is less or equal n

This is not a standard graph structure and was motivated by the disaster management.
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SUBSET SUM PROBLEM (SSP)

Instance: A finite set of numbers W = {w1, w2, . . . , wn} with wi ∈ N and
k ∈ N.

DECISION PROBLEM SUBSET SUM (SSP)

Question: Is there a set of elements x1, x2, . . . , xn ∈ {0, 1} such
that

∑n
j=1 wjxj = k?
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SUBSET SUM PROBLEM (SSP)

Example Instance
W = {1, 2, 3, 7, 37, 99}
k = 42

Instance: A finite set of numbers W = {w1, w2, . . . , wn} with wi ∈ N and
k ∈ N.

DECISION PROBLEM SUBSET SUM (SSP)

Question: Is there a set of elements x1, x2, . . . , xn ∈ {0, 1} such
that

∑n
j=1 wjxj = k?
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SUBSET SUM PROBLEM (SSP)

Example Instance
W = {1, 2, 3, 7, 37, 99}
k = 42

Solution
X = {2, 3, 37}

Instance: A finite set of numbers W = {w1, w2, . . . , wn} with wi ∈ N and
k ∈ N.

DECISION PROBLEM SUBSET SUM (SSP)

Question: Is there a set of elements x1, x2, . . . , xn ∈ {0, 1} such
that

∑n
j=1 wjxj = k?
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MTSF on 2-level Trees

The MTSF problem for 2-level trees is NP-hard.

Theorem 9 [page 9; Lehmann et al., 2014]

[Lehmann et al., 2014]
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MTSF on 2-level Trees

Instance N = (G = (V , E), VG, VC , cap, b, x , d , d)
W = {w2, w3, . . . , wn}, k , x =∞, d = m + 2 + k , and d = m + 2 +

∑n
i=2 wi

n := |W | + 1
m := 1 +

∑n
i=2 i · xi

2n + 6 vertices {ti , vi |1 ≤ i ≤ n + 1} ∪ {s, s1, s5, p}

(s, s1), (s, sn+1), (s, p),(s1, v1), (sn+1, vn+1),
(p, vi ),
(vi , ti ),
(vi−1, vi ).
wi for (p, vi ), (vi , ti ),
1 for (s, sn+1), (sn+1, vn+1), (v1, t1),
m for (vi−1, vi ),
m + 1 for (s, s1), (s1, v1), (vn+1, tn+1).
wi
i for (p, vi ),

1 for (vi , ti ),
m for (vi−1, vi ),
2m + 2 for (s, s1), (s1, v1),

2
n+1 for (s, sn+1), (sn+1, vn+1),
k for (s, p).
generation of m + 2 + k at bus s,
consumption of m + 2 + k at buses ti for all 1 ≤ i ≤ n + 1

edges

capacities

susceptances

generation /
load

vertices

3n + 5 edges

∀i ∈ {2, . . . , n}

∀i ∈ {1, . . . , n + 1}

∀i ∈ {2, . . . , n + 1}

[Lehmann et al., 2014]
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MTSF on 2-level Trees

−
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v2
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tn t5

−
v5
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1

m m

2m + 2

m

2
n+1

k

m

−/m + 1

−/k

wi
i−1

−/m−/m −/m

1 1 1

2
n+12m + 2

−/m + 1

−/wi −/wi

−/1 −/w2 −/wn −/m + 1

−/1

−/1

−/∞

−/w2 −/wi −/wn

−
s1

0

−

−−−−−
t1

−
s5

−
v1

. . . . . . . . . . . .

vi+1vi−1

ti−1 ti+1

−/m
1

−/wi

wi
i−1

Instance N = (G = (V , E), VG, VC , cap, b, x , d , d)
W = {w2, w3, . . . , wn}, k , x =∞, d = m + 2 + k , and d = m + 2 +

∑n
i=2 wi

n := |W | + 1
m := 1 +

∑n
i=2 i · xi

− −

− −

[Lehmann et al., 2014]

39



Franziska Wegner – The Maximum Transmission Switching Flow Problem Institute of Theoretical Informatics
Algorithmics Group

MTSF on 2-level Trees

−− − −

−
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−

−−−−−

−
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t3
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v2

t2
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s1

t1
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−/7−/7 −/7

−/1 −/2 −/1 −/3

−/1

−/1

−/∞

−/1 −/3

1
2

1

7 77

5

7

12

1 1 1 1

Example Instance N = (G = (V , E), VG, VC , cap, b, x , d , d)
W = {2, 1, 3}, k = 5, x =∞, d = 14, and d = 15
n := |W | + 1 = 4
m := 1 +

∑n
i=2 i · xi = 7

−/7

−/8

−/8

−/8

−/2 −/1 −/3

−/5

16 2
5

2
516

−/2−/1 −/8

[Lehmann et al., 2014]
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MTSF on 2-level Trees
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Example Instance N = (G = (V , E), VG, VC , cap, b, x , d , d)
W = {2, 1, 3}, k = 5, x =∞, d = 14, and d = 15
n := |W | + 1 = 4
m := 1 +

∑n
i=2 i · xi = 7

16 2
5

2
516

1/1 2/2 0/1 3/3

1/1

1/1

14/∞

0/1 3/3
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7/77/7 7/7

1/1 8/8

7/7
32 4 5
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1

137342

5
2

1

[Lehmann et al., 2014]
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MTSF on 2-level Trees
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Example Instance N = (G = (V , E), VG, VC , cap, b, x , d , d)
W = {2, 1, 3}, k = 5, x =∞, d = 14, and d = 15
n := |W | + 1 = 4
m := 1 +

∑n
i=2 i · xi = 7

16 2
5

2
516

1/1 2/2 0/1 3/3

1/1

1/1

14/∞

0/1 3/3

8/8

8/8
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137342

5
2

1

MTSF(N ) = m + 2 + k ⇔ (W , k ) = SSP

[Lehmann et al., 2014]
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Overview of the MTSF Results
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Overview of the MTSF Results
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7strongly NP-hard
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planar graphs with
max degree of 3
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HAMILTON PATH PROBLEM (HPP) &
[page 196; Skiena, 1990]

Hamiltonian cycle is also called Hamiltonian circuit
Hamiltonian cycle is called Hamiltonian graph
A graph containing a Hamiltonian path is called traceable graph

Instance: A graph GHPP = (VHPP, EHPP).

HAMILTON PATH PROBLEM (HPP)

Question: Is there a path π? ∈ Π that visits each vertex exactly once.

[pages 199–200; Garey and Johnson, 1983]

Instance: A graph GHCP = (VHCP, EHCP).

HAMILTON CYCLE PROBLEM (HCP)

Question: Is there a graph cycle (i.e., closed loop) in GHCP that visits
each vertex exactly once.

[Karp, 1972] [page 199; Garey and Johnson, 1983]

HAMILTON CYCLE PROBLEM (HCP)

HCP is strongly NP-complete even for planar and cubic graphs
[pages 95; Garey and Johnson 1983]
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MTSF on Planar Graphs is strongly NP-hard
[Lehmann et al., 2014]

The feasibility problem for planar networks with a maximum degree of 3 is strongly NP-hard.

Corollary 10 [page 13; Lehmann et al., 2014]
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MTSF on Planar Graphs is strongly NP-hard
[Lehmann et al., 2014]
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GHPP := (VHPP, EHPP)

−

Instance N = (G = (V ∪ VHPP, E ∪ EHPP), VG = {g}, VC = {`}, cap, b, x , d)
Set of vertices VHPP = {v1, v2, . . . , vn}, and x = d =∞,
Set of edges E = EHPP ∪ {(g, s), (t , `), (g, `)},
Edge parameters cap(e) := b(e) := 1 ∀e ∈ E \ {(g, `)},

cap(g, `) := 1, b(g, `) := 1
n+1 ,

−

G+
HPP
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MTSF on Planar Graphs is strongly NP-hard
[Lehmann et al., 2014]
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Set of edges E = EHPP ∪ {(g, s), (t , `), (g, `)},
Edge parameters cap(e) := b(e) := 1 ∀e ∈ E \ {(g, `)},

cap(g, `) := 1, b(g, `) := 1
n+1 ,
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MTSF on Planar Graphs is strongly NP-hard
[Lehmann et al., 2014]
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mits the maximum power flow in N
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MTSF on Planar Graphs is strongly NP-hard
[Lehmann et al., 2014]
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MTSF on Planar Graphs is strongly NP-hard
[Lehmann et al., 2014]
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Switching in GHPP such that the graph becomes the Hamiltonian
graph maximizes the ∆θ(s, t) and thus, the overall power flow.
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Overview of the MTSF Results
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Overview of the MTSF Results
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LONGEST PATH PROBLEM (LPP)
[Karger et al., 1997]

Also called TAXICAB RIPOFF problem

Instance: A network NLPP = (GLPP = (VLPP, ELPP), len), a length functi-
on len : E → R≥0 and two designated vertices s, t ∈ V .

LONGEST PATH PROBLEM (LPP)

Question: Find a simple path π? ∈ Π(s, t) from s to t of maximum
length—meaning maxπ∈Π(s,t)

∑
(u,v )∈π len(u, v )—in the net-

work NLPP.
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LONGEST PATH PROBLEM (LPP)
[Karger et al., 1997]

Also called TAXICAB RIPOFF problem

Instance: A network NLPP = (GLPP = (VLPP, ELPP), len), a length functi-
on len : E → R≥0 and two designated vertices s, t ∈ V .

LONGEST PATH PROBLEM (LPP)

Question: Find a simple path π? ∈ Π(s, t) from s to t of maximum
length—meaning maxπ∈Π(s,t)

∑
(u,v )∈π len(u, v )—in the net-

work NLPP.

For all ε > 0 not possible to approximate LPP within a factor of 2(log n)1−ε

unless NP
is contained in quasi-polynomial deterministic time.
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MTSF on Arbitrary Graphs is non-APX
[Lehmann et al., 2014]

It is not possible to approximate the MTSF problem within a factor of 2(log n)1−ε

unless NP
is contained within quasi-polynomial deterministic time.

Theorem 11 [pages 10–12; Lehmann et al., 2014]
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MTSF on Arbitrary Graphs is non-APX

G+
LPP

[Lehmann et al., 2014]
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maximizes the ∆θ(s, t) and thus, the overall power flow.
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What happens if we minimize the number of switches or fix a set of non-switchable
edges?
Is there a PTAS on cacti for MTSF?
Replace 7 by X
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