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Recent Development in Power Grids and Offshore
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Increasingly distributed energy production

Challenges

Independent power producers

) Operating the power grid gets more demanding

Strategies to cope with the challenges

Investment in advanced control units (e.g. FACTS, Switches)
for better utilization of existing grid

Volatile power flows and flow directions

Network expansion

3



Dorothea Wagner – Algorithmic Challenges in Power Grids Institute of Theoretical Informatics
Algorithmics Group

From a Transmission Network to a Graph
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Conservation of Flow

load
generation

Goal
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AC vs. DC Conservation of Flow
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AC vs. DC Conservation of Flow
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equations linear constraints

non-linear equations
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Network

non-convex
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!Linearized AC conservation of flow is easy to solve.

AC conservation of flow is subproblem of most power grid problems.

AC conservation of flow is already NP-hard on trees.
[Lehmann et al., 2015]
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AC vs. DC Conservation of Flow

No fast and robust solving
techniques

AC model has to be solved
weekly; every 8 h, and 2 h; every
15 min, 5 min, 1 min, and 30 sec

) Different model simplifications
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AC vs. DC Conservation of Flow

No fast and robust solving
techniques

AC model has to be solved
weekly; every 8 h, and 2 h; every
15 min, 5 min, 1 min, and 30 sec

) Different model simplifications

AC model

v i
p

⇡
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v (t), i(t), p(t)
linearized AC model

V
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t
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Normalization of the system

Neglection of resistance,
reactive power and other
elements

Linear equation system
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The MAXIMUM FLOW (MF) Problem

Flow f : E ! R with fnet : V ! R defined
as fnet(u) :=

P
{u,v}2E f (u, v ) and flow value F (N , f ) :=

P
u2VG

fnet(u)

The value of the MAXIMUM FLOW is defined as
MF(N ) = max F (N , f )

with f being a feasible flow meaning

fnet(u) =
P

{u,v}2E

f (u, v ) = 0

�1  fnet(u)  �d
0  fnet(u)  1

|f (u, v )|  cap(u, v )

8u 2 V \ (VG [ VC)

8u 2 VC

8u 2 VG

8(u, v ) 2 E

�
s

�/2 �/2

�/1

�

t
�

�/3

�/3

x
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MAXIMUM POWER FLOW (MPF)

�/3

�/3

A feasible power flow has to satisfy (additional) physical constraints:

In addition, the Kirchhoff’s Voltage Law (KVL) with assignment of
potentials (voltage angles) ✓ : V ! R

✓(v ) � ✓(u) = f (u, v ) 8(u, v ) 2 E
✓min(u)  ✓(u)  ✓max(u) 8u 2 V

�
s

�

t
�

x

[Zimmerman et al., 2011]

�/2 �/2

�/1

The Kirchhoff’s Current Law (KCL) which relates to flow
conservation, i.e., fnet(u) = 0 for all V \ (VG [ VC)
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MAXIMUM POWER FLOW (MPF)

A feasible power flow has to satisfy (additional) physical constraints:

In addition, the Kirchhoff’s Voltage Law (KVL) with assignment of
potentials (voltage angles) ✓ : V ! R

✓(v ) � ✓(u) = f (u, v ) 8(u, v ) 2 E
✓min(u)  ✓(u)  ✓max(u) 8u 2 V

s t

1
2/2 1

2/2

1/13
2/3

3
2/3

(✓(x) � ✓(s)) = f (s, x)
(✓(t) � ✓(x)) = f (x , t)

(✓(t) � ✓(s)) = f (s, t)

0

1
2

1

x

[Zimmerman et al., 2011]

8



Dorothea Wagner – Algorithmic Challenges in Power Grids Institute of Theoretical Informatics
Algorithmics Group

MAXIMUM POWER FLOW (MPF)

A feasible power flow has to satisfy (additional) physical constraints:

In addition, the Kirchhoff’s Voltage Law (KVL) with assignment of
potentials (voltage angles) ✓ : V ! R

✓(v ) � ✓(u) = f (u, v ) 8(u, v ) 2 E
✓min(u)  ✓(u)  ✓max(u) 8u 2 V

s t

1
2/2 1

2/2

1/13
2/3

3
2/3

(✓(x) � ✓(s)) = f (s, x)
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1

x
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MAXIMUM POWER FLOW (MPF)

The value of the MAXIMUM POWER FLOW is defined as
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The Kirchhoff’s Current Law (KCL) which relates to flow
conservation, i.e., fnet(u) = 0 for all V \ (VG [ VC)
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MAXIMUM POWER FLOW vs. MAXIMUM FLOW

Kirchhoff’s Current Law (KCL)

flow model

upper bound

physical model
(AC linearization)

lower bound

s t

v

x/x

s

4x/4x

x/x x/x

t

v

capacity constraints

2x/4x

x/x

MPF= 3x MF= 5x
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Switching

POWER GRID

PRODUCER

PROSUMER
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SWITCH SWITCH

Switches. . .
increase maximum load,
are control units.
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The MAXIMUM TRANSMISSION SWITCHING

Kirchhoff’s Voltage Law: f (u, v ) = z(u, v )(✓(v ) � ✓(u)) for all (u, v ) 2 E

[Fisher et al., 2008]FLOW (MTSF) Problem
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0

x

s t

v

x/x

2x
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capacity constraints
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The MAXIMUM TRANSMISSION SWITCHING
FLOW (MTSF) Problem

The value of the MAXIMUM TRANSMISSION SWITCHING FLOW is
defined as

MTSF(N ) := maxS✓E MPF(N � S)
with f being a feasible power flow meaning

fnet(u) = 0

|f (u, v )|  z(u, v ) · cap(u, v )

z(u, v ) ·
�
✓(v ) � ✓(u)

�
= f (u, v )

8u 2 V \ (VG [ VC)

8(u, v ) 2 E

8(u, v ) 2 E

s t

x
1
2/2 1

2/2

1/13
2/3

3
2/3

0

1
2

1

[Fisher et al., 2008]
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z(u, v ) 2 {0, 1}
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The MAXIMUM TRANSMISSION SWITCHING
FLOW (MTSF) Problem

The value of the MAXIMUM TRANSMISSION SWITCHING FLOW is
defined as

MTSF(N ) := maxS✓E MPF(N � S)
with f being a feasible power flow meaning

fnet(u) = 0

|f (u, v )|  z(u, v ) · cap(u, v )

z(u, v ) ·
�
✓(v ) � ✓(u)

�
= f (u, v )

8u 2 V \ (VG [ VC)

8(u, v ) 2 E

8(u, v ) 2 E

s t
0

1

1

0/1 0/1

1/11/3
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x

[Fisher et al., 2008]
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The MAXIMUM TRANSMISSION SWITCHING
FLOW (MTSF) Problem [Fisher et al., 2008]

Instance: A power grid N .
Optimization Problem MTSF

Objective: Find a set S ✓ E of switched edges such that MPF(N � S)
is maximum among all choices of switched edges S.
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Overview of the MTSF Results
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polynomial-
time solvable

on
e

ge
ne

ra
to

r,
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ity

arbitrary graphs non-APX

strongly NP-hard
planar graphs with
max degree of 3

2-level trees NP-hard

cacti with max
degree of 3 NP-hard

NP-hard
series-parallel
graphs

Algorithm

7

7

7

7

[Lehmann et al., 2014]

[Lehmann et al., 2014]

[Lehmann et al., 2014]

[Lehmann et al., 2014]

penrose-minor-free
graphs
penrose-minor-free
graphs XDTP

X2-approx.

[Grastien et al., 2018]

[Grastien et al., 2018]

[Grastien et al., 2018]
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Dominating Theta Path (DTP)

Fix u, v 2 V and a u-v -path ⇡.

k⇡k := length of ⇡

Susceptance Norm: Minimum Capacity:

capmin(⇡) := min{cap(e) | e 2 ⇡}

[Section 5; Grastien et al., 2018]
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Dominating Theta Path (DTP)

Fix u, v 2 V and a u-v -path ⇡.

�✓(⇡) := k⇡k · capmin(⇡)

k⇡k := length of ⇡

Susceptance Norm: Minimum Capacity:

capmin(⇡) := min{cap(e) | e 2 ⇡}

Angle Difference of ⇡:

[Section 5; Grastien et al., 2018]
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Dominating Theta Path (DTP)

Fix u, v 2 V and a u-v -path ⇡.

�✓(⇡) := k⇡k · capmin(⇡)

k⇡k := length of ⇡

Susceptance Norm: Minimum Capacity:

capmin(⇡) := min{cap(e) | e 2 ⇡}

Angle Difference of ⇡:

Dominating Theta Path (DTP):

�✓min(u, v ) := min{�✓(⇡) | ⇡ is a u-v -path}

[Section 5; Grastien et al., 2018]
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Computing DTP

Description:

Bicriterial Dijkstra with labels (k⇡k , capmin(⇡))

at most |E | labels per vertex

s
u v

t

�/4x

�/x�/x �/x

�/3x

[Section 5; Grastien et al., 2018]
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Computing DTP
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Computing DTP
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5
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Computing DTP
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15



Dorothea Wagner – Algorithmic Challenges in Power Grids Institute of Theoretical Informatics
Algorithmics Group

Computing DTP

Description:

Bicriterial Dijkstra with labels (k⇡k , capmin(⇡))

at most |E | labels per vertex

L :
(0,1)

(2,x)(1,4x)
(1,3x)

7

s
u v
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(3,x)(2,x)(1,x)
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x/xx/x x/x

3x/3x MPF = 4x

0

�✓(s, v , t) = 2 · x = 2x

�✓(s, t) = 1 · 3x = 3x



= MTSF

[Section 5; Grastien et al., 2018]

x 2x 3x
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Computing DTP

Description:

Bicriterial Dijkstra with labels (k⇡k , capmin(⇡))

at most |E | labels per vertex
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3 x/x 1

3 x/x
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u v
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2
3 x/x

5
3 x/2x MPF = 8

3 x
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7

0 5
3 x1

3 x 2
3 x
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Change the capacities

[Section 5; Grastien et al., 2018]
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Computing DTP

Description:

Bicriterial Dijkstra with labels (k⇡k , capmin(⇡))
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[Section 5; Grastien et al., 2018]
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Computing DTP

= MTSF

Optimal switches do not
have to lie on the DTP
if the structure is not
penrose-minor free

Description:

Bicriterial Dijkstra with labels (k⇡k , capmin(⇡))

at most |E | labels per vertex

L :
(0,1)

(2,x)

s
u v

t

(2,x)(1,x)

(1,2x)

7

0

MPF = 3x

x/x0/x 0/x

x/x2x/2xDTPs from s do not
have to form a tree

(1,x)

[Section 5; Grastien et al., 2018]

0 x 2x
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Penrose Graphs

v v

u

u

v

u

v

girdle vertices
tip vertices

dart extension
kite extension

All cases show penrose graphs, where u and v are either generators or consumers, but not
both the same. They are a combination of a kite graph (i.e., diamond graph with an additional
edge on one of the tip vertices) and a dart graph (i.e., diamond graph with an additional edge
on one of the girdle vertices).

[Section 5; Grastien et al., 2018]
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Flexible AC Transmission Systems (FACTS)

POWER GRID

PRODUCER

PROSUMER

Dorothea Wagner – Algorithmic Challenges in Power Grids Institute of Theoretical Informatics
Algorithmics Group

FACTS
FACTS. . .

are control units,
increase maximum load,
are expensive.

17



Dorothea Wagner – Algorithmic Challenges in Power Grids Institute of Theoretical Informatics
Algorithmics Group

Influence of Conductivity

Og
Oganesson

118

Rn
Radon

86

Xe
Xenon

54

Kr
Krypton

36

Ar
Argon

18

Ne
Neon

10

He
Helium

2

F
Fluorine

9

Cl
Chlorine

17

Br
Bromine

35

I
Iodine

53

At
Astatine

85

Ts
Tennessine

117

Lv
Livermorium

116

Po
Polonium

84

Te
Tellurium

52

Se
Selenium

34

S
Sulfur

16

O
Oxygen

8

N
Nitrogen

7

P
Phosphorus

15

As
Arsenic

33

Sb
Antimony

51

Bi
Bismuth

83

Mc
Moscovium

115

Fl
Flerovium

114

Pb
Lead

82

Sn
Tin

50

Ge
Germanium

32

Si
Silicium

14

C
Carbon

6

B
Boron

5

Al
Aluminium

13

Ga
Gallium

31

In
Indium

49

Tl
Thallium

81

Nh
Nihonium

113

Zn
Zinc

30

Cd
Cadmium

48

Hg
Mercury

80

Cn
Copernicium

112

Cu
Copper

29

Ag
Silver

47

Au
Gold

79

Rg
Roentgenium

111

Ds
Darmstadtium

110

Pt
Platinum

78

Pd
Palladium

46

Ni
Nickel

26

Co
Cobalt

25

Rh
Rhodium

45

Ir
Iridium

77

Mt
Meitnerium

109

Fe
Iron

26

Ru
Ruthenium

44

Os
Osmium

76

Hs
Hassium

108

Mn
Manganese

25

Tc
Technetium

43

Re
Rhenium

75

Bh
Bohrium

107

Cr
Chromium

24

Mo
Molybdenum

42

W
Tungsten

74

Sg
Seaborgium

106

Db
Dubnium

105

Ta
Tantalum

73

Nb
Niobium

41

V
Vanadium

23

Ti
Titanium

22

Zr
Zirconium

40

Hf
Hafnium

72

Sc
Scandium

107

Y
Yttrium

39

La-Lu
Lanthanides

57-71

Ac-Lr
Actinides

89-103

Ra
Radium

88

Ba
Barium

56

Sr
Strontium

38

Ca
Calcium

20

Mg
Magnesium

12

Be
Beryllium

4

H
Hydrogen

1

Li
Lithium

3

Na
Sodium

11

K
Potassium

19

Rb
Rubidium

37

Cs
Cesium

55

Fr
Francium

87

Rf
Rutherfordium

104

Lu
Lutetium

71

Lr
Lawrencium

103

No
Nobelium

102

Yb
Ytterbium

70

Tm
Thulium

69

Md
Mendelevium

101

Fm
Fermium

100

Er
Erbium

68

Ho
Holmium

67

Es
Einsteinium

99

Cf
Californium

98

Dy
Dysprosium

66

Tb
Terbium

65

Bk
Berkelium

97

Cm
Curium

96

Gd
Gadolinium

64

Eu
Europium

63

Am
Americium

95

Pu
Plutonium

94

Sm
Samarium

62

Pm
Promethium

61

Np
Neptunium

93

U
Uranium

92

Nd
Neodymium

60

Pr
Praseodymium

59

Pa
Protactinium

91

Th
Thorium

90

Ce
Cerium

58

La
Lanthanum

57

Ac
Actinium

89

Al: (2, 8, 3)

Au: (2, 8, 18, 32, 18, 1)
Ag: (2, 8, 18, 18, 1)
Cu: (2, 8, 18, 1)

Ne: (2, 8)
He: (2)

Conductors

Insulators

High conductivity
High resistance

Influences of Conductivity
Conductance of the material/conductor
(Temperature increases resistance and decreases conductivity)

Length of the line/cable

Wire gauge

In the linear AC-Model the conductivity can be changed by
the susceptance b(u, v )2 R. To change the susceptance we

use FACTS.
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The MAXIMUM FACTS FLOW (MFF) Problem

8(u, v ) 2 E : f (u, v ) = b(u, v )
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0
s t
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4
3 x
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7
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b(s, v ) = 0.75
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The MAXIMUM FACTS FLOW (MFF) Problem
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The MAXIMUM FACTS FLOW (MFF) Problem

fnet(u) = 0

|f (u, v )|  cap(u, v )
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✓(v ) � ✓(u)

�
= f (u, v )
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8(u, v ) 2 E

The value of the Maximum Flexible AC Transmission Switching
Flow (MFF) is defined as

MFF(N , k ) := maxE0✓E ,b MPF(N ) |E 0
|  k

with f being a feasible power flow meaning

s t

x

[Lehmann et al., 2015]
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The MAXIMUM FACTS FLOW (MFF) Problem
[Lehmann et al., 2015]

Instance: A power grid N .
Optimization Problem MFF

Objective: Find a set E 0
✓ E of edges with FACTS and a susceptance

configuration b(e) with e 2 E 0 such that MPF(N ) is maxi-
mum among all choices of FACTS placements and suscep-
tance configurations while complying with |E 0

|  k .
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The OPTIMAL FACTS FLOW (OFF) Problem

Instance: A power grid N .
Optimization Problem OFF

Objective: Find a set E 0
✓ E of edges with FACTS and a susceptan-

ce configuration b(e) with e 2 E 0 such that OPF(N ) is mini-
mum among all choices of FACTS placements and suscep-
tance configurations while complying with |E 0

|  k .

The value of the OPTIMAL POWER FLOW (OPF) is defined as
OPF(N ) = min�(N , f )

with f being a feasible power flow and the generator cost function �.
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OPTIMAL FACTS FLOW (OFF)
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OPTIMAL FACTS FLOW (OFF)

Conservation of Flow

Power Flow Constraint

optimize with regards to:

9

�10

�
11

�

14
�

13
�12

�

6
�

5
�

3
�

4
�

2
�

1
�

8
�

7
�

22



Dorothea Wagner – Algorithmic Challenges in Power Grids Institute of Theoretical Informatics
Algorithmics Group
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OPTIMAL FACTS FLOW (OFF)
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Physical Model
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OPTIMAL FACTS FLOW (OFF)
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Physical Model

f (u, v ) = b(u, v ) · (✓(u) � ✓(v ))
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Matching the Flow Model

Left Figure:
2 http://www.lichtenwald-mentaltraining.de/files/bild_licht_im_wald.jpg

FACTS are expensive – how many do we need?

1. How many FACTS are necessary for globally optimal power flows? Which
edges need to have a FACTS?

2. For a given number of available FACTS, is there a positive effect on flow
costs and operability when approaching grid capacity limits?

[Leibfried et al.& Mchedlidze et al., 2015]
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Globally Optimal Power Flows

Can we become as good as the Flow Model
with fewer FACTS?

FACTS
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Feedback Forest Set

feedback forest set
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Feedback Forest Set

feedback forest set

A set of trees (forest)
remains!
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Feedback Forest Set

If the graph without FACTS represents a forest all flows represent
feasible power flows.

feedback forest set

A set of trees (forest)
remains!
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Generalized Algorithmic Idea

ff
B1 B2

vc

Idea
Decompose the graph G at the cut-vertex vc into subgraphs Bi

The feasible power flows f does not change for the subgraphs Bi

If we have a feasible power flows for each block Bi and combine the
subgraphs at vc this leads to a feasible power flows again

[Leibfried et al.& Mchedlidze et al., 2015]
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Feedback Cactus Set

Feedback Forest Set

Feedback Cactus Set
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Feedback Cactus Set
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Feedback Cactus Set

If the remaining graph is a cactus and the capacities on the cycles
are suitably bounded then there is for every flow a cost-equivalent

feasible power flow.

Feedback Forest Set
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The Wind Farm Cable Layout Problem
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The Wind Farm Cable Layout Problem
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The Wind Farm Cable Layout Problem

PCC (110 kV)

Grid Point

[Lehmann et al., 2017]
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The Wind Farm Cable Layout Problem

PCC (110 kV)

Grid Point

Wind Turbine (33 kV)

[Lehmann et al., 2017]
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The Wind Farm Cable Layout Problem

SubstationPCC (110 kV)

Grid Point

Wind Turbine (33 kV)

[Lehmann et al., 2017]
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The Wind Farm Cable Layout Problem

SubstationPCC (110 kV)

Grid Point

Wind Turbine (33 kV)

Transport Cable
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The Wind Farm Cable Layout Problem

SubstationPCC (110 kV)

Grid Point

Wind Turbine (33 kV)

Transmission Cables

Transport Cable

[Lehmann et al., 2017]
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The Wind Farm Cable Layout Problem
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VS set of substations (each with capacity),
VT set of turbines (each with unit production),
E set of edges (possible connections),
for each edge: cable types (each with cost and capacity)
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Network Flows and Wind Farm Cabling

Update

Find “good” path
to free substation

[Gritzbach et al., 2018]
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 6 Wind Turbines; $ 140
 9 Wind Turbines; $ 162Optimal Windfarm Cabling. . .

significantly decreases the
overall building costs,
allows multiple cable types.
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