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Abstract

In this thesis, we study two kinds of hierarchical layouts for upward planar digraphs. In
the first one, called Upward Point Set Embedding, we are given an upward planar digraph and
a point set on the plane and we are asked to find a correspondence between the vertices of
the graph and the points of the point set so that the resulting straight-line drawing is upward
and planar. In the second one, called Upward Topological Book Embedding, we are given an
upward planar digraph and we are asked to find an upward planar drawing of it so that all its
vertices lie on a single line and the edges are represented by curves monotonically increasing
in the direction of this line. The two types of embeddings find applications in fields like project
management, construction of PERT diagrams and VLSI circuit layouts. They can be also utilized
in the visualization of hierarchies in directed graphs, where constraints on the positions of
vertices are also required.

In the first chapter, we give a brief introduction to the field of Graph Drawing and present
the problems studied in this thesis.

In the second chapter, we study upward point set embeddings. We first concentrate on
directed trees and convex point sets. We show that there are several families of trees that
always admit an upward planar drawing into every convex point sets. On the other hand, we
prove that there is a family of trees that does not admit such drawing on some convex point
set. Then, we prove that it can be tested in polynomial time whether a given tree admits an
upward planar embedding into a given convex point set. This results is then extended to the
class of outerplanar digraphs, i.e. we show that it can be tested in polynomial time whether a
given outerplanar digraph admits an upward planar embedding into a given convex point set.
Since each graph admitting a planar drawing on a convex point set is an outerplanar graph, this
result concludes the study of upward planar point set embeddings for convex point sets. Then,
we concentrate on general point sets and on oriented paths. We prove that every oriented path
with n vertices admits an upward straight-line embedding into every general point set of O(n?)
points. Finally, we prove that it is N¥-hard to determine whether an upward planar digraph
admits and upward point set embedding on a given point set.

The third chapter is devoted to the study of upward book embeddings. More specifically,
we study the problem of spine-crossing minimization in upward topological book embeddings.
In order to simplify its study, we introduce the problem of Acyclic Hamiltonian Path Completion
with Crossing Minimization (Acyclic-HPCCM for short). We first show an equivalence between
the Acyclic-HPCCM problem and the problem of obtaining an upward topological 2-page book
embeddings with minimum number of spine crossings. Then, we solve the Acyclic-HPCCM
problem for the class of outerplanar st-digraphs. We also examine whether the Acyclic-HPCCM
problem can be solved with zero crossings. We show that it can be efficiently solved for embed-
ded N-free digraphs and for bounded-width digraphs. Finally, we study p-constrained upward
topological book embeddings, i.e. topological book embeddings where the order of the vertices
in which they appear on the spine is given as a part of the input. We provide a worst-case
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optimal upper bound on the number of spine crossings per edge which improves the bound
given in Eﬂ?

Finally, in the fourth chapter, we present a graph-theoretical result concerning unilateral
orientations of mixed graphs. We present the first recognition algorithm for unilaterally ori-
entable mixed graphs. Based on this algorithm we derive a polynomial time algorithm for test-
ing whether a unilaterally orientable mixed graph has a unique unilateral orientation, partially
resolving a reported open problem by Pascovici ].
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Chapter 1

Introduction

1.1 The Research Field of Graph Drawing

“Graph Drawing” is an active research field that has been developed during last two decades
and comprises a subfield of computer science borrowing techniques from Graph Theory and
Computational Geometry.

A graph is an abstract mathematical structure that models a set of objects and a pairwise
relation between them. The objects are called nodes and the pairwise relations are called edges
of the graph. But, why a non-mathematician may want to draw a graph? The answer is that
the drawing of the graph contributes to a better understanding of the overall structure of the
relations between objects and may reveal the properties of the graph.

Graph drawing offers its services to a large number of applied fields like: bioinformatics, net-
work security and management, supply chain management, software engineering, risk analysis,
data mining, database design, business process modeling, electrical diagrams, telecommunica-
tions, social networks, criminology, web visualization, knowledge representation, VLSI circuit
design.

Let us now give a more formal definition of graph drawing. A drawing of a graph G = (V, E),
where V is the set of nodes and E is the set of edges, is defined to be a mapping of the nodes and
the edges of the graph to the two-dimensional or three-dimensional space such that, the nodes
are represented by points or shapes (usually circles or rectangles in the plane and spheres or
boxes in 3D space) and the edges are drawn as simple curves that join adjacent nodes.

Having decided to use graph drawing as a tool, we would like to know what are the criteria
that distinguish a “good” drawing from a “bad” one. The problem is that different applications
may use different drawing criteria. So, the question that arises is: “Do we need for each of
these application a different graph drawing algorithm that, when drawing the graph, takes into
consideration some specific to the application criteria?” An affirmative answer to this question
would imply the need of a tremendous number of different graph drawing algorithms, one for
each application. Fortunately, this is not the case! There is a small number of concepts and
techniques that are strong enough to cover a wide variety of applications. For this purpose three
important concepts have been introduced ]: drawing conventions, aesthetics and drawing
constraints.

Drawing conventions describe the rules that a drawing has satisfy in order to be admissible,
for example: “the edges have to be drawn as straight/ polygonal lines”, “the arcs have to be
drawn upward”, “the coordinates of the vertices have to be integer numbers”, “the edges must
cross under a straight angle”, etc. Aesthetics are drawing criteria that we want to optimize and
they usually refer to the readability of graph, i.e. “total number of edge bends”, “number of
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» (3

crossings”, “area of the drawing”, etc. Finally, drawing constraints are rules that have to be
applied to a specified part of the graph.

Thus, every problem in Graph Drawing can be represented as a set of some specific drawing
conventions, aesthetics and drawing constraints. One of the biggest challenges of using Graph
Drawing for real applications is the large and diverse set of drawing conventions, aesthetics
and constraints that are necessary to be applied in order to model exactly a real problem. This
often results in problems which are computationally hard.

The field of graph drawing has been presented in detail in the books: “Graph Drawing:
Algorithms for the Visualization of Graphs” ], “Drawing Graphs: Methods and Models” II@g]
“Graph Drawing and Applications for Software and Knowledge Engineers“ ] , ”Graph Drawing
Software” I@], and the paper “Algorithms for Graph Drawing: an Annotated Bibliography” IE].

’

1.2 Directed Acyclic Graphs and their Drawings

In applications like project management and PERT diagrams, one of the criteria of a "good"
drawing is how clear the hierarchical structure of the graph is shown, see Figure [[L1I More
specifically in project management the whole project can be modeled by a graph as follows: the
jobs are viewed as nodes of the graph; if job B has to be executed after job A has been completed,
there is a directed edge from the node corresponding to job A to the node corresponding to job
B. Such a model can be easily perceived by a human eye if the corresponding graph is drawn
in an upward fashion, i.e. the edges of the graph are drawn as simple curves monotonically
increasing in a common direction, which is usually defined to be the upward (or downward
as in the picture) direction. On the other hand, in graph drawing literature, drawing graphs
without edge-crossings, called planar drawings, represent the central aspect of studies, since
an absence of crossings among the edges improves significantly readability of drawings. The
combination of a drawing conventions as upwardness and a drawing aesthetic as planarity
produces a style of drawing defined as upward planar drawings.

More formally, a drawing I" of graph G maps every vertex v of G to a distinct point p(v) on the
plane and each edge e = (u, v) of G to a simple open curve joining p(u) with p(v). A drawing in
which every edge (u, v) is a simple open curve monotonically increasing in the vertical direction
is an upward drawing. A drawing I' of graph G is planar if no two distinct edges intersect
except at their common end-vertices. Graph G is called upward planar if it admits a planar
and upward drawing. It is clear that acyclicityld and planarity represent necessary conditions
for a graph to be upward planar. However these conditions are not sufficient, as represented in
Figure

The study of upward planarity has fascinating connection with graph-theoretic and order-
theoretic properties, such as connectivity and dimensions [86].

Given a planar drawing I' of a planar graph G, the set of points of the plane that can be
connected by a curve that does not intersect any vertex or edge of the drawing are said to belong
to the same face of the drawn graph. An embedding of a planar graph G is the equivalence class
of planar drawings of G that define the same set of faces or, equivalently, of face boundaries.
A planar graph together with the description of a set of faces F is called an embedded planar
graph.

'The Program (or Project) Evaluation and Review Technique, commonly abbreviated PERT, is a model for project
management designed to analyze and represent the tasks involved in completing a given project.

2A directed graph is called acyclic if it does not contain any directed cycle.
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Figure 1.1: An example of PERT diagram.

Figure 1.2: An acyclic planar graph which is not upward planar.

When together with a planar acyclic graph its planar embedding is given Bertolazzi et al. ]
showed that upward planarity can be tested in polynomial time. Upward planarity of some
classes of single sources acyclic graphs can be tested in polynomial time Ilj) ]. While both
planarity and upwardness can be tested separately in polynomial time, the connected question
of upward planarity was proved to be NP-hard ]. Concluding this section, we note that
upward planarity is an important drawing convention that had been studied for more than 10
years and a long list of bibliography has been accommodated. For more information we refer
the reader to IE].
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1.3 Drawings with Vertices Restricted to Specific Locations

In practice, it may happen that some nodes of the given graph have to be mapped to pre-
specified points on the plane. For example, in the context of data base system design some
particularly relevant entities of an ER diagranﬁ may be required to be drawn in the center/or
along the boundary of the diagram (see e.g. I@]). In social network analysis, a typical technique
to visualize and navigate large networks is to group the nodes into clusters and to draw the
nodes of the same cluster close to each other and relatively far from those of other clusters (see
e.g. IIE]). In order to model this idea the following problem was defined.

A planar straight-line embedding of a graph G into a point set S is a mapping of each node
of G to a distinct point of S and of each edge of G to the straight-line segment between the
corresponding end-points so that no two edges cross each other. Point-set embeddability is the
problem of deciding whether a given planar digraph G has a planar straight-line embedding into
a point set S. The problem has been studied since 1991 ([52]) and a large body of literature has
been accumulated (, , , , , , @ ]). More details about the results presented
in these works are given in Chapter 2

A different drawing convention that also restrict positions of vertices to some pre-defined
locations is so called “book embedding”. Informally book embedding of a graph is a drawing
where all the vertices are drawn as points lying on a single line. More formally, a k-page book is
a structure consisting of a line, referred to as spine, and of k half-planes, referred to as pages,
that have the spine as their common boundary. A book embedding of a graph G is a drawing
of G on a book such that the vertices are aligned along the spine, each edge is entirely drawn
on a single page, and edges do not cross each other. The book thickness or page number of a
graph is the least k so that is has a book embedding into k-page book.

Book thickness has turned up in rather diverse applications such as fault-tolerant comput-
ing VLSI design (Ilﬂ, @]), computational complexity and graph separators (, @]), software
complexity metrics and vehicle traffic engineering [64], sorting permutations (I@, , @]) and
“bisecondary structures” used for modeling RNA folding energy states ].

In this work we are interested only on two-dimensional structures, thus we concentrate on
2-page book embeddings and since not all the graphs have a 2-page book embedding I@] we
have to allow edges to cross the spine. In the literature, the book embeddings where spine
crossings are allowed are referred to as topological book embeddings ].

1.4 Research Topics of this Thesis and their Applications

This thesis concentrates on the study on drawings of directed graphs and on two drawing
conventions: book and point set embedding. Since upward planarity is a widely accepted
convention for directed graphs it is natural to ask for a book or a point set embedding of a
directed graph to represent an upward drawing. Thus the problem of upward book embedding
and upward point set embedding have been defined. In both problems we are given an upward
planar digraph G and we are asked to construct a drawing of G where the vertices of G are
restricted to a given point set (upward point-set embedding) or are lying on a given line (upward
book embedding), so that the edges are represented as curves monotonically increasing in a

SIn software engineering, an entity-relationship model (ERM) is an abstract and conceptual representation of
data. Entity-relationship modeling is a database modeling method, used to produce a type of conceptual schema or
semantic data model of a system, often a relational database, and its requirements in a top-down fashion. Diagrams
created by this process are called entity-relationship diagrams, ER diagrams for short.
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common direction, which in case of book embedding is given by the direction of the given line.
For example consider an upward planar digraph of Figure[I.3la. In Figure[I.3]a 2-page upward
book embedding of this digraph is shown. While in Figure [[L.4] you can see a point set and an
upward planar embedding of this digraph into this point set.
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Study of existing bibliography

Passing prerequisite classes

Selection of topic

(a) (b)

Figure 1.3: (a) Part of the graph shown in Figure[L.1l (b) A 2-page book
embedding of graph of Figure [[3la.

Upward book embeddings: Motivated by parallel process-scheduling problems, upward
book embeddings of acyclic digraphs and of posets have a long story starting in late 80’es IIE]
and have been widely investigated. The first and more immediate application for upward book
embeddings is in the context of computing drawings of hierarchical structures where it is
required to consider not only convention and aesthetic such as upwardness and planarity but
also semantic constraints expressed in terms of collinearity for a (sub)set of the vertices; for
example, in the application domains of knowledge engineering and of project management,
PERT diagrams are often drawn by requiring that critical sequences of tasks be represented
as collinear vertices (see, e.g. @ ). The topological book embedding problem of digraphs
(edges are allowed to cross the spine) may also be of interest for its application to VLSI circuit
layout in multi-layers. In fact, the topological book embedding problem is regarded as such a
circuit routing problem in which:

e all wiring is done above the line,
e multiple interconnection layers are available,

e wires are allowed to cross from one layer to another using a via located on the same line
as the terminals, and

e every net is constrained to have just two terminals.

Upward point-set embeddings: Upward point-set embeddability problem was defined just
several years ago I@ ]. It represents an interesting combinatorial problem as an extension of
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Study of exisfind bibliography|

Figure 1.4: A point set and an upward embedding of graph of Figure [I.3]
into this point set.

well-studied problem of drawing of undirected graphs with fixed vertex locations. It also provides
a tool for information visualization combining conventions such as upwardness, planarity and
specified geometric positions for the vertices of graphs (or their subset).

Except their natural relevance the problems of upward topological book embedding and
upward point set embedding have a structural relevance, since upward topological book embed-
ding comprises a tool for construction of upward point set embeddings IB% Iﬁ @].

A more detailed description of previous and relevant work on upward book and point set
embeddings is given in the beginning of the corresponding chapters.

1.5 Thesis Organization

e In Chapter[2] we study upward point set embeddings. In Section [2.3.1] and Section 2.3.2]
we show that every caterpillar and every switch-tree admit an upward planar embedding
into any convex point set. The family of switch-trees is generalized to the family of k-
stwitch trees in Section [2.3.3] where we prove that for every k > 2 there is a big family
of k-switch trees which does not admit an upward planar embedding some convex point
sets. Finally, in Section 234l we prove that it can be efficiently tested whether a given
tree admit an upward planar embedding into a given convex point-set. In Section
this result is extended to the class of outerplanar graphs, i.e. we show that it can be
tested in polynomial time whether a given outerplanar digraph admits an upward planar
embedding into a given convex point set. Section is devoted to a very special case of
trees, which is an oriented path and to the general point sets. We prove that every oriented
path with n vertices and k switches admits an upward straight-line embedding into every
general point set of n2""2 points. We further improve this bound to O(n?). Finally, in
Section 2.8 we conclude the chapter with the proof of NP-hardness of the general problem
of upward point set embeddability.

e Chapter[3lis devoted to the study of upward book embeddings. More specifically, we study
the problem of spine-crossing minimization in upward topological book embeddings. In
order to formalize this problem and to simplify its study the problem of Acyclic Hamilto-
nian Path Completion with Crossing Minimization (Acyclic-HPCCM for short) is defined.
In Section an equivalence between the Acyclic-HPCCM problem and the problem of
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obtaining an upward topological 2-page book embeddings with minimum number of spine
crossings is established. Further, in Section Acyclic-HPCCM problem is solved for
outerplanar st-digraphs. Section is devoted to the study of Acyclic-HPCCM with zero
crossings. It is shown that it can be efficiently solved for embedded N-free digraphs and
for bounded-width digraphs. Finally, in Section[3.7, we study p-constrained upward topo-
logical book embeddings, i.e. topological book embeddings when the order of the vertices
in which they appear on the spine is given as a part of the entry. We improve the upper
bound for the number of spine crossings per edge given in @] and show that this bound
is worst-case optimal.

e Finally, in Chapter[d] we present a graph-theoretical result concerning unilateral orienta-
tions of mixed graphs. We present the first recognition algorithm for unilaterally orientable
mixed graphs. Based on this algorithm we derive a polynomial time algorithm for testing
whether a unilaterally orientable mixed graph has a unique unilateral orientation, partially
resolving a reported open problem by Pascovici [81].

Most of the definitions are given in the beginning of every chapter. In the next section we
define only the most basic and common for the entire manuscript terms.

1.6 Basic Definitions

We assume familiarity with basic graph theory Ilﬁ @]. Let G = (V,E) be a graph where V
and E represent its vertex and edge sets respectively. Throughout the manuscript, we use the
term “graph” when we refer to both directed and undirected graphs. We use the term “digraph”
when we want to restrict our attention to directed graphs. By (u, v) we denote a directed from
u to v edge, also called arc. An edge with end vertices at u and v is called incident to u and
v. A directed edge (u, v) is also called an edge outgoing from u and incoming to v. The graph
G = (V',E’) is called subgrph of G = (V,E), if V' C V and E’ C E. If G’ contains all the edges of
G, that connect the vertices V’, then we say that G’ is the subgraph of G induced by the set V’.
A subgraph of G that is a tree, vertices of which induce G, is called a spanning tree of G.

The number of edges incident to a vertex is called degree of this vertex. The number of
edges incoming to (resp. outgoing from) a vertex is called in-degree (resp. out-degree) of this
vertex. A vertex of a digraph with in-degree equal to zero (O) is called a source, while, a vertex of
G with out-degree equal to zero is called a sink. A cycle in an undirected graph is a sequence of

vertices and edges v;. ey, Ug, ..., Uk, € so that edge e;, 1 < i< k-1, is incident to the vertices v;
and v and ey is incident to vertices v, and v;. A directed cycle in a digraph is a sequence of
vertices and edges vy, e, U, ..., Uk, €, SO that edge e; is outgoing from vertex v; and incoming

to vertex vir1, 1 < i < k — 1, while edge e is outgoing from v and incoming to v,. A digraph
is called acyclic if it does not contain any directed cycle. An st-digraph is an acyclic digraph
with a single source and a single sink. Traditionally, the source and the sink of an st-digraph
are denoted by s and t, respectively. A path in an undirected graph is a sequence of vertices
and edges vy, e, Vg, ..., U so that edge e;, 1 < i < k — 1, is incident to the vertices v; and vy .
A directed path in a digraph is a sequence of vertices and edges vy, ej, s, ..., Uk, so that edge
e; is outgoing from vertex v; and incoming to vertex v;y;, 1 < i < k — 1. Two paths are called
independent if they do not share a vertex. An edge of a digraph (u, v) is called transitive if there
exists a directed path from u to v containing more that one edge.

A planar drawing I" of a graph G is a mapping p of every vertex v of G to a distinct point p(v)
on the plane and each edge e = (u, v) of G to a simple open curve joining p(u) with p(v) so that
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two distinct edges does not intersect except at their common end-vertices. A graph is called
planar if it admits a planar drawing. Given a planar drawing I' of a planar graph G, the set of
points of the plane that can be connected by a curve that does not intersect any vertex or edge
of the drawing are said to belong to the same face of the drawn graph. The unbounded face is
called the external face. Each face of a drawing can be indicated by the sequence of edges that
surround it. An embedding of a planar graph G is the equivalence class of planar drawings of
G that define the same set of faces or, equivalently, of face boundaries. A planar graph together
with the description of a set of faces F is called an embedded planar graph. A graph G is called
outerplanar, if it admits a planar drawing, such that all of its vertices are presented in the same
face, which is usually chosen as the external face.

Given a line 1, a curve c is called monotone with respect to [, if and only if for every two points
p, q of the curve, their orthogonal projection on 1 appear in the same order as they apper along
c. Let G be a planar acyclic digraph. A planar drawing of G in which every edge is represented
by a simple open curve monotone with respect to a vertical line and so that for every edge (u, v),
v is drawn higher than u is called an upward planar drawing. An upward planar embedding of
a planar graph G is the equivalence class of upward planar drawings of G that define the same
set of faces of G. In an upward planar embedding of an st-digraph, the vertices s and t appear
in the external face. A planar st-digraph, which is given together with its planar embedding
where its source s and sink t appear on the boundary of its external face, is referred to as a
planar st-digraph.

A topological ordering of a planar digraph G with n vertices is a mapping p of its vertices to
distinct integers such that for each edge (u, v) we have p(u) < p(v). A topological numbering of
G is a topological ordering where the vertices are mapped to the numbers 1,...,n.

An undirected graph is called connected if there exists a path between each pair of its vertices.
Otherwise the graph is called disconnected. A maximal connected subgraph of a disconnected
graph, is calles connected component of the graph. An undirected graph is called k-connected,
It > 2, if there is no set of k — 1 vertices, the deletion of which make the graph disconnected.
The 2-connected graphs are also called biconnected. The vertex of a graph, deletion of which
makes it disconnected, is called cut vertex. The maximal biconnected subgraphs of a graph is
called its blocks. Each edge of G belongs to a single block of G, while cut vertices are shared
by different blocks. The block-cutvertex tree, or BC-tree, of a connected graph G is a tree with a
B-node for each block of G and a C-node for each cutvertex of G. Edges in the BC-tree connect
each B-node u to the C-nodes associated with the cutvertices in the block of p.

Let G be a digraph. If we ignore the directions of the edges of G, we create the underlying
undirected graph of G.

A point set in general position, or general point set, is a point set such that no three points
lie on the same line and no two points have the same y-coordinate. The convex hull H(S) of a
point set S is the point set that can be obtained as a convex combination of the points of S. A
point set in convex position, or convex point set, is a point set such that no point is in the convex
hull of the others. Given a point set S, we denote by b(S) and by t(S) the lowest and the highest
point of S, respectively. An one-sided convex point-set S is a convex point-set in which b(S) and
t(S) are adjacent in the border of H(S).



Chapter 2

Upward Point Set Embeddability

2.1 Definition and Previous Work

In practice, it may happen that some nodes of the given graph have to be mapped to pre-
specified points on the plane. For example, in the context of data base system design some
particularly relevant entities of an ER schema may be required to be drawn in the center/or
along the boundary of the diagram (see e.g. @]). In social network analysis, a typical technique
to visualize and navigate large networks is to group the nodes into clusters and to draw the
nodes of the same cluster close to each other and relatively far from those of other clusters (see
e.g. IIE]). In order to model this idea the following problem was defined.

A planar straight-line embedding of a graph G into a point set S is a mapping of each node
of G to a distinct point of S and of each edge of G to the straight-line segment between the
corresponding end-points so that no two edges cross each other. Point-set embeddability is the
problem of deciding whether a given planar digraph G has a planar straight-line embedding
into a point set S. It is clear that not every planar graph has planar straight-line embedding
into every point set. For example, K4 does not has a planar straight-line embedding into any
4-point convex point set (see Figure [2.1). The problem has been studied since 1991 (]) and
a large body of literature has been accumulated (IIE, @ E , |_4L_1| , @ |Zl|]). Gritzmann
et al. ] proved that the class of graphs that admit a planar straight-line embedding into
every point set in general position or in convex position is that of outerplanar graphs. Efficient
algorithms are known to embed outerplanar graphs ] and trees ] into any point set in
general or in convex position. Recently, Cabello [18] proved that the general problem of point-
set embeddability is NP-hard. When the point set is larger than the given graph, determining
the minimum cardinality f(n) of a point set S such that every n-node planar graph admits a
straight-line embedding into an n-point subset of S is a well-known problem. The best known
upper bound for f(n) is quadratic [41]], while until very recently only linear lower bounds were
available , H]. In our recent work IE], we proved that O(n( 101g°1gogn)2) points are enough for a
planar embedding of a simply-nested planar graph.

Planar graph embeddings into point sets have been also studied where edges are allowed to
bend (see, e.g., IE |El| ). Kaufmann and Wiese @] have proved that a planar graph with n
nodes always admits a point-set embedding with at most two bends per edge on any set of n
distinct points in the plane; in the same paper, it is also proved that two bends per edge are
necessary for some planar graphs and some configurations of points.

When the correspondence between the nodes of the graph and the points of the point set
is given as a part of the input the problem is called a point-set embeddability with mapping.
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@ (b) ()

Figure 2.1: Graph K, does not has a planar straight-line embedding into any
convex point set. But it is planar straight-line embeddable to any non-convex
point set of 4 points.

Halton @] shows that every planar graphs admits a point-set embedding on any point-set,
where a mapping is provided; however he does not addresses the question of minimizing the
number of bends per edge in the computed drawing. Pach and Wenger @] prove that a linear
number of bends is always sufficient to compute a point-set embedding of a planar graph G on
any set of n points; they also show that ((n) bends per edge may be necessary even for paths
and points in convex position. The constants in these results were recently improved in [5].

The point-set embeddability and point-set embeddability with given mapping problems have been
studied in a unifying framework of k-colored point-set embeddability for undirected graphs. In
a k-colored point set embedding each node of G and each point of S is assigned one of k colors
and the drawing algorithm can map a node of color i to any point of S having the same color.
If k = 1 the problem coincides with the point-set embeddability problem; if k = n we have the
point-set embeddability problem with mappilgrg. A selected list of papers about the k-colored

point set embeddability includes IB , , @ @ @].

The problem of point-set embeddability has also been studied for directed graphs. Since directed
graphs express a kind of hierarchy, it is useful to draw them so that their arcs are represented
by curves monotonically increasing in a common direction. See more on upward drawings in
Section

So, the upward point-set embeddability problem was defined, in which, given an upward planar
digraph D, the task is to decide whether D has an upward planar embedding into a point-set S.
More formally,

Definition 1. An upward straight-line point-set embedding (UPSE for short) of agraph G = (V, E)
into a point-set S, so that |S| = |V|, is a mapping of each vertex of G to a distinct point of S and of
each arc to a straight-line segment between its end-points such that no two arcs cross and each
arc (u, v) has y(u) < y(v).

Upward point-set embeddabiliﬁecenﬁygbecame an active field of research and several impor-

tant results are known [I@, , . @ , @ @]]-

Upward point-set embeddability with mapping, i.e. where a correspondence between the nodes
and the point-set is given as a part of the input, was studied in ]. The authors showed
that every planar st-digraph admits an upward point-set embedding with at most 2n — 3 bends
per edge. The study of straight-line version of upward point-set embeddability was initiated by
Binucci et. al. ], who proved the following main results: (i) No biconnected directed graph
admits an upward planar straight-line embedding into every point set in convex position; (ii)
The upward planar straight-line embeddability of a directed graph into every one-side convex
point set can be characterized and efficiently tested; (iii) There exist directed trees that do not
have an upward planar straight-line embedding into every point set in convex position; (iv)
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Every directed path admits an upward planar straight-line embedding into every point set in
convex position. The rest bibliography on the upward point-set embeddability is presented in
the following section.

2.1.1 Our contribution: embedding digraphs into point sets

Our previous work on the upward point-set embeddability is presented in the current chapter
and has been published in [4, , , @ @].

In IIE] we studied the version of upward point-set embeddability where bends on edges are
allowed. We showed that every planar st-digraph admits an upward point-set embedding with
at most two bends per edge.

In @] we studied the upward point-set embeddability problem when a mapping between the
vertices and the points is given as a part of the input. We improved the result given in IIE]
by providing an algorithm for constructing an upward point-set embedding with at most n — 3
bends per edge and by providing an example which require n — 3 bends per edge.

In IE @ @] we studied straight-line drawings and presented several interesting and partial
results. Among them are: (i) any caterpillar-tree and switch-tree is upward embeddable in
any convex point-set; (ii) it can be tested in polynomial time whether an outerplanar digraph
admits an upward point-set embedding into a given convex point set; (iif) the class of digraphs
embeddable into every general point set is distinct from the class of digraphs embeddable
into every general point-set; (iv) every planar digraphs with a single source and each cycle of
length three admits an upward point-set embedding into every general point set; (v) general
upward point-set embeddability problem is NP-complete even for single-source digraphs with
longest cycle of length four, which together with characterization (iv) provide a complete picture
regarding the complexity of the problem.

In this chapter we present our obtained results in the topic of upward point-set embeddability.
We start with necessary definitions and notation in Section [2.2]

o In Section[2.3] we present two positive and one negative results regarding trees and point
set in convex position. More specifically, in Section 2.3 T]and Section [2.3.2] we show that
every caterpillar and every switch-tree are upward embeddable into any convex point set.
The family of switch-trees is generalized to the family of k-stwitch trees in Section [2.3.3]
where we prove that for every k > 2 there is a big family of k-switch trees which are not
upward embeddable so some convex point sets. In Section [2.3.4] we prove that it can be
tested in polynomial time whether a given tree is upward embeddable into a given convex
point-set. The result on caterpillars is published in I@]. The results on switch-trees and
Ic-switch trees are published in @]. While the testing algorithm appears in Iﬁ].

o Section 2.4] is devoted to outerplanar digraphs and convex point sets. More specifically,
we prove that it can be tested in polynomial time whether a given outerplanar digraph is
upward embeddable into a given convex point-set. This nontrivial and surprising result
takes us an essential step towards the line that separates efficiently solvable graph classes
from NP-complete cases. This result was submitted for publication to the journal of
Computational Geometry: Theory and Applications.

o Section is devoted to a very special case of trees, which is an oriented path and to
the general point sets. Besides the simplicity of this family if graphs the testing problem
whether an oriented path is upward embeddable to a general point set is still open. More-
over there is no counterexample proving that the embedding is not always possible. In
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Section 2.5.1] I discuss the relevant results and describe a possible perspective for this
problem. Section is devoted to the case when the given point set is larger than
the graph. We prove that every oriented path with n vertices and k switches admits an
upward straight-line embedding into every general point set of n2* 2 points. Then, using
different techniques, we prove that O(n?) are enough for an upward planar embedding of
an oriented path. The n2" 2 upper bound was published in [4], while bound O(n?) is not
published yet.

o Finally, in Section[2.6 we conclude this chapter with the NP-completeness of the general
problem. This result was published in ].

2.2 Notation and Useful Results

We mostly follow the terminology presented in the introduction. Next, we give some definitions
that are used throughout this chapter. The notation that is specific for each problem is given
in the beginning of each section.

2.2.1 Point set

Recall that, a point set in general position, or general point set, is a point set such that no three
points lie on the same line and no two points have the same y-coordinate. The convex hull H(S)
of a point set S is the point set that can be obtained as a convex combination of the points of
S. A point set in convex position, or convex point set, is a point set such that no point is in the
convex hull of the others. Given a point set S, we denote by b(S) and by t(S) the lowest and the
highest point of S, respectively.

An one-sided convex point-set S is a convex point-set in which b(S) and t(S) are adjacent in
the border of H(S). If b(S) and t(S) appear adjacent in the border of H(S) as we traverse it in
the clockwise (resp., counterclockwise) direction, then the one-sided convex point-set is called
a left-sided point-set (resp., right-sided convex point-set). A point-set consisting of at most two
points is considered to be either a left-sided or a right-sided convex point-set. A convex point-
set which is not one-sided, is called a two-sided convex point-set. Each given convex point-set
S may be considered to be the union of two specified (at the time S is given) one-sided convex
point-sets, one left-sided which is denoted by L(S) and is referred to as the left-side of S, and
one right-sided which is denoted by R(S) and is referred to as the right-side of S. When there
is no confusion regarding the point-set S we refer to, for simplicity, we use the terms L and R
instead of L(S) and R(S), respectively. Each of points b(S) and t(S) belongs to either L(S) or
R(S) but not both.

Consider a point set S and its convex hull H(S). Let S; = S\ H(S), S; = S; \ H(Sy), ...,
Sm = Sm-1 \H(Sn-1). If mis the smallest integer such that S, = 0, we say that S is an m-convex
point set. A subset of points of a convex point set S is called consecutive if its points appear
consecutive as we traverse the convex hull of S in the clockwise or counterclockwise direction.
Let [ be a line on the plane, which is not parallel to the x-axis. We say that point p lies to the
right of 1 (resp., to the left of 1) if p lies on a semi-line that originates on [, is parallel with the
x-axis and is directed towards +oo (resp., —o0). Similarly, if [ is a line on the plane, which is not
parallel to the y-axis, we say that point p lies above [ (resp., below ) if p lies on a semi-line that
originates on [, is parallel with the y-axis and is directed towards +oo (resp., —o).
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2.2,2 Graphs

In this chapter we concentrate on the directed trees and on their specific families, such as:
switch-trees, k-switch trees and caterpillars. A directed tree is a directed acyclic graph whose
underlying undirected structure is that of a tree. A switch-tree is a directed tree T, such that,
each vertex of T is either a source of a sink. Note that the longest directed path of a switch-tree
has length oneﬂ. Based on the length of the longest path, the class of switch trees can be
generalized to that of k-switch trees. A k-switch tree is a directed tree, such that its longest
directed path has length k. According to this definition a switch tree is a 1-switch tree. A digraph
D is called path-DAG, if its underlying graph is a simple path. A monotone path (v;, vs,. .., U) is
a path-DAG containing arcs (v;, vi+1), 1 < 1 < k—1. Note that an upward straight-line embedding
of a monotone path into any general point set S can be easily constructed by mapping vertex v;
to the i-th lowest point of S. A caterpillar-DAG G is a tree such that removing all the degree-1
vertices yields a path-DAG.

2.2.3 Useful results

Paper by Binucci et. al ] was the first where the upward planar straight-line point-set
embedding were studied. The following results presented there are used in this chapter.

Lemma 1 (Binucci at al. ]). Let T be an n-vertex tree-DAG and let S be any convex point set of
size n. Let u be any vertex of T and let Ty, Ty, . .., T} be the subtrees of T obtained by removing
u and its incident edges from T. In any UPSE of T into S, the vertices of T; are mapped into a set
of consecutive points of S, foreachi=1,2,..., k.

Theorem 1 (Binucci at al. ]). For every odd integer n > 5, there exists a (3n + 1)-vertex
directed tree T and a convex point set S of size 3n + 1 such that T does not admit an UPSE into S.

Lemma 2 (Binucci at al. ]). Let S be any one-sided convex point set of size n and let P =
(v1, Ug, ..., Uy) be any n-vertex path-DAG. If edge (vy, o) is directed from v; to vy (resp. from vy
to v;) then there exists an upward straight-line embedding of P into S in which v; is on b(S) (resp.
v is on t(S)).

The following theorem is one of the main results presented in ].

Theorem 2 (Binucci at al. ]). Every n-vertex path-DAG admits an upward straight-line em-
bedding into every convex point set of size n.

2.3 Embedding a Tree into a Convex Point Set

2.3.1 Directed caterpillars

In this section we prove that any caterpillar-DAG G = (V, E) admits an upward straight-line
embedding into every point set in convex position. This result extends the positive result for
path-DAGs presented by Binucci et al. ] (see Theorem [2] higher).

Let us first introduce some specific for this section terminology. Recall that a caterpillar-DAG
G is a tree such that removing all the degree-1 vertices, called the legs of G, yields a path,

'The length of a directed path is the number of arcs in the path.
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called the spine of G. A caterpillar-DAG G whose spine is a monotone path is called a monotone
caterpillar. Let vs and v; be a source and a sink of the spine of a caterpillar. A vertex w
that is connected to vs by the arc (w, vs) or to vy by the arc (v, w) is called an extremal leg
of a caterpillar. A vertex w that is connected to vs by the arc (vs, w) or to v; by the arc
(w, vy) is called a border leg of a caterpillar. In Figure the extremal legs have numbers
1,13 - 14,20 -21,28,29,39 — 41 and are denoted by grey circles, while, the border legs have
numbers: 3,10, 11,23,24,25,26,31, 36,37. We denote by |G| the number of vertices in graph
G and by |S|, the number of points in the point set S.

First, we give two simple algorithms that obtain an upward straight-line embedding of any
caterpillar-DAG G into a given convex point set S when some constraints are imposed either on
G or on the structure of S. These results will be later on used to obtain the general caterpillar-
DAG embedding algorithm in a general convex point set.

Lemma 3. Let G = (V,E) be a caterpillar-DAG, let C be its spine and let u € C be one of the
end-points of C. Let also U = {u} U {the extremal legs of u}. Then, G admits an upward straight-
line embedding into every point set S in one-sided convex position such that the points of U are
mapped to the |U| lowest (highest) point of S.

Proof: Binucci et. al. ] (see Lemma [2) presented an algorithm that given a path-DAG G and
a one-sided point set S in convex position constructs an upward planar straight-line drawing
of G on S. The algorithm can be easily generalized to caterpillar-DAGs, by mapping the legs
of each spine vertex to consecutive points preceding and following the point where the spine
vertex is mapped to. |

We define an enumeration function &: V — N for the vertices of the caterpillar-DAG G that will
be used later on in the embedding algorithm. Let C C V be the set of vertices of the spine of
G, and let s, t be the end vertices of the spine. The enumeration is obtained according to the
following rules:

R1: For any two vertices u, v € C such that u is before v when traversing the spine of G from
sto t, &) < E(v);

R2: for any two vertices u € C and v ¢ C such that there exists a directed edge (u,v) € E,
E(u) < E(v);

R3: for any two vertices u € C and v ¢ C such that there exists a directed edge (v, u) € E,
E(v) < E(u).

Note that rules R2 and K3 are sufficient to enumerate all the legs of G. An example of such an
enumeration is presented in Figure

Lemma 4. Let G = (V, E) be a monotone caterpillar-DAG and let C be its spine with source s and
a sink t. Assume also that s and t are a source and a sink of G. Then, G admits an upward
straight-line embedding into every convex point set S such that s is mapped to the lowest point of
S and t is mapped to the highest point of S.

Proof: Let vy, ..., v, be an ordering of G, given by the enumeration function &. Let the points
of S be ordered by their y-ordinate in increasing order. Map vertex v; to the i-th point of S. Note
that the order given by the enumeration function & is a topological ordering when restricted to
a monotone caterpillar. Hence, the resulting drawing is upward. Since s is a source and t is
a sink of G, we have that s = v; and t = v,, and thus s and t are mapped to the lowest and
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Figure 2.2: A caterpillar-DAG enumerated accordingly to rules R1 — R3.

highest points of S, respectively. Finally observe that any spine vertex and its legs are drawn
on consecutive points of S, therefore there can be no crossings in the final drawing. O

In the remaining part of this section we describe an algorithm to obtain an upward straight-line
embedding of a caterpillar-DAG G into any point set S in convex position. The idea is to partition
G into three subcaterpillars and to assign them to suitable parts of S in such a way that each of
these subcaterpillars can be embedded with one of the two simpler algorithms described above.
In the following we formalize this idea.

Let G be a caterpillar-DAG and C its spine with end points s and t, so that &(s) < &(t). Let
(C1.Csy,...) be a partition of the spine C such that C; is a maximal monotone path-DAG of C.
Note that on some C; the enumeration function & induces a topological ordering while on others
does not. If & induces a topological ordering on a path-DAG C; then C; is called an increasing
path-DAG, otherwise it is called a decreasing path-DAG. Since we need a disjoint partition of the
spine we assume that the sources and the sinks of the spine are contained in the corresponding
increasing path-DAGs.

Let G; be the monotone caterpillar induced by the vertices of C; and by the legs of G connected
to a vertex of C;, except for the extremal legs of G. Note that G; is a monotone caterpillar. A
caterpillar-DAG G; is called an increasing caterpillar-DAG (resp. decreasing caterpillar-DAG) if C;
is an increasing (resp. decreasing) path-DAG. Note that in this decomposition all the border legs
are contained in the increasing caterpillars and that two consecutive caterpillars G; and G
are disjoint (see Figure2.3). Note also that caterpillar G is partitioned in increasing caterpillars,
decreasing caterpillars and extremal legs. Observe that G; is always an increasing caterpillar,
since it contains at least an end-point of the spine of G.

For example in Figure [2.2] the vertices of G; are numbered from 2 to 12, while the vertices of Gy
are numbered from 15 to 19.

Let G; be an increasing caterpillar in the decomposition of G. We denote by s(G;) the source of
the spine of G; and by t(G;) the sink of the spine of G;. If G; is a decreasing caterpillar, then
s(G;) denotes the source of the spine G that is connected by an arc to G; and by t(G;) the sink
of the spine of G to which G; is connected by an arc. Note that for any G;, s(G;) is a source
of the spine of G, while t(G;) is a sink of the spine of G. In Figure observe that s(Gy) = 2,
t(G1) = 12 s(Gg) = 22, t(Gg) = 12.

Let G; again be a monotone caterpillar in the decomposition of G. Next we define the subcater-
pillars G} and G? of G induced by G;. Let G; be an increasing caterpillar (see Figure 2.4(a)). We
set G} to be the caterpillar induced by all the vertices of G preceding s(G;) (excluding s(G;)) in
the enumeration & except for the extremal legs of s(G;) and G? to be the caterpillar induced by
all the vertices of G following t(G;) in & (excluding t(G;)) except for the extremal legs of t(G;).
If G; is decreasing caterpillar (see Figure [2.8(a)), we set Gi1 to be the caterpillar induced by
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Figure 2.3: Illustration of G; and Gy,,.

all the vertices of the spine preceding t(G;) (including t(G;)) in the enumeration & except for
the extremal legs of t(G;) and G? to be the caterpillar induced by all the vertices of the spine
following s(G;) in & (including s(G;)) except for the extremal legs of s(G;).

Let us consider the left and right part of S, L(S) and R(S) respectively, or L and R for simplicity.
We assume that the points with the smallest and the largest y-coordinate are considered to be
part of set L.

Consider vertex vy in the enumeration vy, v, .. .. U, of the vertices of G obtained according to
rules R1 — R3, i.e. vy, is the |L|-th vertex in the enumeration. We will use vy to partition our
caterpillar G into three parts. In order to do that we will consider four cases (1) vy, is a vertex
of an increasing caterpillar, (2) vy is a vertex of a decreasing caterpillar, (3) v is an extremal
leg that is a sink vertex of G, and (4) vy is an extremal leg that is a source of G.

Before proceeding to examine these cases we need to prove two important lemmata on which
our drawing algorithm is based.

Lemma 5. Let G be a caterpillar-DAG and {R;, Ry, . . . } be its decomposition into disjoint monotone
caterpillar-DAGs. Let S = LU R be the partition of point set S by a line passing through the points
with the smallest and largest y-coordinate. Let vy be the |L|-th vertex in the enumeration of G
given by the rules R1 — R3 and let G; be the monotone increasing caterpillar-DAG so that either
v € G; or v is an extremal leg of s(G;) or vy is an extremal leg of t(G;). Denote by i, (resp. ix)
the number of extremal legs of s(G;) (reps. t(R;)) and by B (resp. H) the set of i;, + 1 lowest (resp.
in + 1 highest) points of S. Let also h, = [HN R| and b; = |BN L|. If it holds that |L| > |G}| + by,
IR| > IG?I + h,, then there exists an UPSE of G into point set S.

Figure 2.4: (a) Partition of G used in Lemma [5] (b) Partition of S used in
Lemma [5]

Proof: The monotone increasing caterpillar G; and the subcaterpillars G} and G? induced by
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Figure 2.5: The construction of Lemmal[5l Case |A’| > |G}|, |B'| > |G?|.

G; are viewed in Figure [2.4(a)} Note that the vertex sets of G!, G;, GZ, {extremal legs of s(G;)}
and { extremal legs of t(G;)} are pairwise disjoint and that their union is the vertex set of G.

Recall the partition of point set S into sets L and R. Let the point sets H and B as they described
in the lemma. Next we farther refine the partition of S. Let L’ = L\ (BU H) and R’ = R\ (BU H).
Recall that [HN R| = h,, IBNL| = b; and set |HN L| = h;, |BN R| = b, (see Figure 2.4(b)). By
construction it holds that: [L| = |L’| + b; + h; and |R| = |R’| + b, + h,..

We will use the partition L', R’, H, B of point set S to construct the drawing. Next we consider
three cases based on the sizes of L’ and R’.

Case 1 . |L'| > |G!| and |R’| > |G?| , i.e. both of R’ and L’ are big enough to draw G and G?
respectively. First, map s(G;) to the highest point of B and the extremal legs connected
to s(G;) to the other points of B (see Figure 2.5). Analogously, map t(G;) to the lowest
point of H and the extremal legs connected to t(G;) to the other points of H. Note that all
the edges connecting s(G;) and t(G;) to their extremal legs are drawn in upward planar
fashion. We draw G} on the |G}| lowest points of L’. This can be done using Lemma [3]
since L’ is a one-sided convex point set. Note that, by Lemma [3] the source of the spine of
G} and its extremal legs are drawn on the lowest points of L’. Note also that the lowest
point of L', is higher than the highest point of B. Hence s(G;) can be connected to the
source of the spine of G! in an upward way without creating any crossing. Finally observe
that Gil, s(G;) and the extremal legs of s(G;) are drawn on consecutive points of G.

Analogously, map G? to the |G?| highest points of R’. This can be done using Lemma [3]
since R’ is a one-sided convex point set. Note that, by Lemma [3] the sink of the spine of
G? and its extremal legs are drawn on the highest points of R’. Note also that the highest
point of R’, is lower than the lowest point of H. Hence the sink of the spine of GZ can be
connected to t(G;) in an upward way without creating any crossing. Observe also that GZ,
t(G;) and the extremal legs of t(G;) are drawn on the consecutive points of S.

Finally, it remains to draw G;. By construction, the unique source of the spine of G; is
s(G;), which is mapped to a point that is lower than all the remaining free points, while
the unique sink of the spine of G; is t(G;), which is mapped to a point that is higher than
all the remaining free points. Note also that the set of free points is comprised by a subset
of consecutive points of L’ and a subset of consecutive points of R’. Hence, by Lemma [4]
we can draw G; on the remaining points of S in an upward planar fashion.
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Figure 2.6: The construction of Lemma5l Case |A’| < |G}|. (a) A given partition
A’, B', H, L. (b) The modified partition A}, B}, H,, L,. (c) The final drawing of G.

Case 2: |L'| < |Gl|, i.e. L’ is not big enough to draw G!. Next we create a new partition L/,

L], H, and By of S so that G/ can be drawn on L! and they have exactly the same size, G?
and G; can be drawn on R/, while s(G;) with its extremal legs and t(G;) with its extremal
legs on B; and H; respectively.

By the assumptions of the lemma, it holds that |G}|+ b; < |L|. Let dgr = |G| - L], i.e. dg:
is the number of points we need add to L’ in order to draw G;. Hence, dg < IL|—b;—|L'| =
IL'|+ b+ hy — b —|L'| = hy, or dg < h. We set Ly =LU {dGil lowest points of H N L}
(see Figure [2.6la,b). This construction is possible due to inequality dg1 < h. Next, we set
R} = R’ \ {dg highest points of R'}, H; = H \ {dg: lowest points of H N L} U {dg; highest
points of R’} and finally B; = B.

First, map s(G;) to the highest point of B; and the extremal legs connected to s(G;) to the
remaining points of B; (see Figure [2.6.b,c)). Analogously, map t(G;) to the lowest point
of H; and the extremal legs connected to t(G;) to the other points of H;. Note that all
the edges connecting s(G;) and t(G;) to their extremal legs are drawn in upward planar
fashion. We draw G/ on the points of L|. It can be done using Lemma [3 since L] is a
one-sided convex point set. Note that, by Lemma [3] the source of the spine of Gi1 and
its extremal legs are drawn on the lowest points of L;. Note also that the lowest point of
L}, is higher than the highest point of B;. Hence s(G;) can be connected to the source of
the spine of G} in an upward way without creating any crossing. Finally observe that G/,
s(G;) and the extremal legs of s(G;) are drawn on the consecutive points of S.

Analogously, map G? to the |G?| highest points of R]. It can be done using Lemma[3] since
R is a one-sided convex point set. Note that, by Lemma [3] the sink of G? and its extremal
legs are drawn on the highest point of R|. Note also that the highest points of R}, is lower
than the lowest point of H;. Hence the sink of the spine of G? can be connected to t(G;)
in an upward way without creating any crossing. Observe also that Giz, t(G;) and the
extremal legs of t(G;) are drawn on the consecutive points of S.

Finally, it remains to draw G;. Observe that, by construction, the unique source of the
spine of G; is s(G;), which is mapped to a point that is lower than all the remaining
free points, and the unique sink of the spine of G; is t(G;), which is mapped to a point
that is higher than all the remaining free points. Note also that the set of free points is
comprised by a subset of consecutive points of R]. Hence, by Lemma 4, we can draw G;
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Figure 2.7: The construction of Lemma [5l Case |L’| > |G}| and |R'| < |G?|. (a)
A given partition L', R’, H, B. (b) The modified partition L{, R|, H;, B;. (c) The
final drawing of G.

Figure 2.8: (a) Partition of G used in Lemma [@] (b) Partition of S used in
Lemma [6]

on the remaining points of S in an upward planar fashion.

Case 3: |[L'| > |G}| and |[R'| < |G?|, i.e. R’ is not big enough to draw G?. This case is symmetric

to that of Case 2. We will again create a new partition L], R}, H; and B, of S so that G? can
be drawn on R} and they have exactly the same size, G} and G; can be drawn on L], while
s(G;) with its extremal legs and t(G;) with its extremal legs on B; and H; respectively.
By the assumptions of the lemma |R| > |G?| + h,. Let dgz = |G?| - |R|, i.e. dg is the
number of points we need add to R’ in order to draw GZ2. Then, dez < IRl - h = |R'| =
IR'| + hy + by = hy = |[R'| = b;. So, we have that dg2 < b;.
Set R| = R’ U {dg highest points of B N R} (see Figure 2.7la,b). This construction is
possible due to inequality dgz < br. Next, set L =L\ {dGizlowest points of L'}, By =
B\ {dG? highest points of BN R} U {dcglowest points of L’} and finally H; = H. Similarly to
the previous cases, we can draw G? on R}, G and G; on L, while s(G;) with its extremal
legs and t(G;) with its extremal legs on B; and H; respectively (see Figures [2.7lb,c).

O

The next lemma is an analogue of the Lemma B for the case where G; is a decreasing caterpillar.
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Figure 2.9: The construction of Lemmal[6l Case [L'| > |G}| -1, |[R'| > |G?| - 1.

Lemma 6. Let G be a caterpillar-DAG and {G;, Go, . . . } be its decomposition into disjoint monotone
caterpillar-DAGs. Let S = LU R be the partition of point set S by a line passing through the points
with the smallest and largest y-coordinate. Let vy be the |L|-th vertex in the enumeration of G
given by the rules R1 —R3 and let G; be the monotone decreasing caterpillar-DAG so that either
v € Gy or vy is an extremal leg of s(G;) or vy is an extremal leg of t(G;). Denote by i, (resp. in)
the number of extremal legs of s(G;) (reps. t(G;)) and by B (resp. H) the set of i, lowest (resp.
in highest) points of S. Let also hy = |[H N L| and b, = |BN R|. If it holds that |L| > |G}| + by — 1,
IR| > IG?I + b, — 1, then there exists an UPSE of G into point set S.

Proof: The decreasing monotone caterpillar G; and the subcaterpillars G! and G? induced by
G; are viewed in Figure Note that the vertex sets of G}, G;, GZ, {extremal legs of s(G;)}
and {extremal legs of t(G;)} are pairwise disjoint and that their union is the vertex set of G.
Recall the partition of point set S into sets L and R. Let the point sets H and B as they described
in the lemma. Next we farther refine the partition of S. Let L’ = L\ (BUH) and R" = R\ (BU H).
Recall that hy = [H N L|, b, = |BN R| and set also |H N R| = h, and |BN L| = by (see Figure [2.8(D)).
By construction, it holds that: |L| = [L’| + b; + h; and |R| = |R’| + b + h,.

We will use the partition L', R’, H, B to construct the drawing. Similarly to the proof of previous
lemma we consider three cases based on the sizes of L’ and R’.

Case 1: |[L'| > |G}| - 1 and |[R'| > |G?| - 1, i.e. G! \ {t(G))} and G? \ {s(R;)} are small enough to
be mapped to the points of L’ and R’, respectively. The vertices s(G;) and t(G;) will be
mapped to points in B and H, respectively.

First, map s(G;) to the highest point of B and the extremal legs connected to s(G;) to the
remaining points of B (see Figure[2.9). Analogously, map t(G;) to the lowest point of H and
the extremal legs connected to t(G;) to the remaining points of H. Note that all the edges
connecting s(G;) and t(G;) to their extremal legs are drawn in upward planar fashion.

Observe that the point where s(G;) is mapped to, together with the |G?| lowest points
of R’, form a one-sided convex point-set. Denote this point set by Rg2. Note that, by
construction, s(G;) is a source in G? and hence, by Lemma Bl we can draw G? on the
point set Rz so that s(G;) is mapped to its lowest point, i.e to the point it has already
been mapped. The drawing of G? is upward planar due to Lemma Observe also that
Giz, s(G;) and the extremal legs of s(G;) are all drawn on consecutive points of S.
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Figure 2.10: The construction of Lemma Case |A’| < |G}| - 1. (a) A given
partition A’, B, H, L. (b) The modified partition A|, B}, H;, L,. (c) The final
drawing of G.

Similarly, note that the point where t(G;) is mapped, together with the |G}| highest points
of L’, form a one-sided convex point-set. Denote this point set by Lsi. Note that, by
construction, t(G;) is a sink of G} and hence, by Lemma [3, we can draw G} on the point
set L so that ¢(G;) is mapped to its highest point, i.e to the point it has already been
mapped. The drawing of G} is upward planar due to Lemma [3. Observe also that G/,
t(G;) and the extremal legs of t(G;) are all drawn on consecutive points of S.

Finally, it remains to draw G;. Note that, by construction, s(G;) is mapped to a point that
is lower than all the remaining free points, and t(G;) is mapped to a point that is higher
than all the remaining free points. Denote by F the set of free points together with the
points where s(G;) and t(G;) are mapped. Since G; is a decreasing caterpillar-DAG it is
connected by edges to s(G;) and t(G;). Denote by G; the graph induced by the vertices of
Gi, s(G;) and t(G;). By Lemma [4 we can draw G/ on the points of F in an upward planar
fashion so that s(G;) and t(G;) are mapped to the lowest and to the highest points of F,
i.e. to the same points they have already been mapped. Note also that the point set F is
comprised by a subset of consecutive points of L’ and a subset of consecutive points of
R’. Hence, the resulting drawing is also planar.

2: |L'| < |G}| -1, i.e. L’ is not big enough to draw G! \ {t(G;)}. Next we create a new
partition L], R{, H; and B of S so that G! \ {t(Gy)} can be drawn on L] and they have
exactly the same size, G2\ {s(G;)} and G; can be drawn on R/, while s(G;) with its extremal
legs and t(G;) with its extremal legs on B; and H; respectively.

By the assumptions of the lemma |L| > |G}|+ h;— 1. Let dg = |G- 1-1|L|, i.e. dg; is the
number of points we need add to L’ in order to be able to draw G/. dgi < |LI-h+1-1- IL'| =
IL’| + hy + by — hy = |L’| = b;. So, we have that dgi < by

Set L] = L’ U {dg highest points of BN L} (see Figure 2.I0la,b). This construction is
possible due to inequality ds < b; and, therefore, L] is a one-sided convex point set.

Next, we set R| = R'\ {dg1 lowest points of B'}, By = B\ {dg, highest points of BN L} U{d:
lowest points of R’} and, finally, H; = H.
First, map s(G;) to the highest point of B; and the extremal legs connected to s(G;) to the

remaining points of By (see Figure 2.10.b,c). Analogously, map t(G;) to the lowest point
of H; and the extremal legs connected to t(G;) to the remaining points of H;. Note that
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Figure 2.11: The construction of Lemmalg Case |[L'| > |G}|-1and [R| < |G?|-1.
(a) A given partition L', R, H, B. (b) The modified partition L{, R|, Hy, B;. (c)
The final drawing of G.

all the edges connecting s(G;) and t(G;) to their extremal legs are drawn in upward planar
fashion.

Observe that the point where s(G;) is mapped to, together with the |G?| lowest points
of R}, form a one-sided convex point-set. Denote this point set by Rgz. Note that, by
construction, s(G;) is a source in G? and hence by Lemma [Blwe can draw G on the point
set Rg2 so that s(G;) is mapped to its lowest point, i.e to the point it has already been
mapped. The drawing of G? is upward planar due to Lemma [3. Observe also that GZ,
s(G;) and the extremal legs of s(G;) are drawn on the consecutive points of S.

Similarly, note that the point where t(G;) is mapped to, together with the points of L',
comprise a one-sided convex point-set. Denote this point set by L. Note that, by
construction, t(G;) is a sink of G} and hence by Lemma [3 we can draw G} on the point
set L so that ¢(G;) is mapped to its highest point, i.e to the point it has already been
mapped. The drawing of G} is upward planar due to Lemma [3. Observe also that G/,
t(G;) and the extremal legs of t(G;) are drawn on the consecutive points of S.

Finally, it remains to draw G;. Note that, by construction, s(G;) is mapped to a point that
is lower than all the remaining free points, and t(G;) is mapped to a point that is higher
than all the remaining free points. Denote by F the set of free points together with the
points where s(G;) and t(G;) are mapped to. Since R; is a decreasing caterpillar-DAG, it
is connected by edges to s(G;) and t(G;). Denote by G; the graph induced by the vertices
of G;, s(G;) and t(G;). By Lemma [ we can draw G; on the points of F in an upward
planar fashion so that s(G;) and t(G;) are mapped to the lowest and to the highest points
of F, i.e. to the same points they have already been mapped. Note also that point set F is
comprised by a subset of consecutive points of R” and the point where t(G;) was mapped.
Hence, the resulting drawing is planar.

3: |L'| > |G}| - 1 and |R'| < |G?| - 1, i.e. R’ is not big enough to draw G? \ {s(G;)}. This
case is symmetric to the Case 2. Let now dgz = |G?| - 1 - |R'|, i.e. dgz is the number
of points we need add to R’ in order to be able to draw Gi2 \ {s(G;)}. Remember that by
assumption of lemma |R| > |G?| + b, — 1, thus dgz = |IG2|-1-|R|<|RI-b,+1-1-|R| =
IR'l+ hy + by — by — [R'| = h;. L.e dgz < h,.

We create again a new partition L], R}, H; and B; of S so that G2\ {s(G;)} can be drawn on



2.3 Embedding a Tree into a Convex Point Set 33

R] and they have exactly the same size, Gi1 and G; can be drawn on L], while s(G;) with
its extremal legs and t(G;) with its extremal legs can be drawn on B; and H, respectively.

Set R} = R' U {dgz lowest points of H N R}. The partition is illustrated in Figures 2.11la.b.
This partition is possible due to the inequality dgz < h, and, hence, R] is a one-sided
convex point set. Let L] = L")\ {dG% highest points of L'}, H; = H\ {dG% lowest points of HN
R} U {dg2 highest points of L'} and finally B; = B. We draw s; with its extremal legs on Bj,
t; with its extremal legs on H;. G? on R| and finally G} and G; on L] as in previous case
(see Figures [2Z.11lb,c).

Now we are ready to prove the main result of this section.

Theorem 3. Let G = (V, E) be a caterpillar-DAG. G admits an upward straight-line embedding
into every convex point set S of size |V/|.

Proof:

Let G be a caterpillar-DAG and {G;, Gs, . ..} be the decomposition of G into disjoint caterpillar-
DAGs as described in the beginning of the section. Recall that G; U Go U ... contain all the
vertices of G except for the extremal legs of G. Let S = L U R be the partition of S created by a
line through the points of S with smallest and largest y-coordinate. We assume that these two
points are contained in L. Identify the vertex v;| of G in the enumeration of G given by the rules
R1 —R3. Note that a vertex of G is either contained in G;, for some i, or is an extremal leg. We
proceed considering four cases based on whether vy € G;, for some i, and G; is an increasing
or a decreasing caterpillar-DAG, or v, is an extremal leg that is connected to a source or to a
sink of the spine of G. In each of the cases we refine the partition of S = L U R by making it
appropriate for the current position of the vertex vy,.

Case 1: vy, is a vertex of an increasing caterpillar-DAG G;. (Refer to Figure|[2.4(a)).

Assume that s(G;) has i, extremal legs, while t(G;) has i, extremal legs. Let, as in Lemmal[5]
H be the point-set containing the i, + 1 highest points of S and let B be the point-set
containing the i, + 1 lowest points of S. Let also h, = |[H N R| and b; = [BN L|. Recall that
G! and G? are the subcaterpillars induced by G;. In order to use Lemma [5 we have to
show that: |L| > |G}| + by, |R| > |G?| + h,.

Let [HNL| = hy and [BN R| = b,. Note that G}, G; and G? are disjoint and none of them
contains i, and i, extremal legs of s(G;) and t(G;) respectively. Note that since vy € G;
it is true that |G!| + i, + |G;| > |L|. Then |R| = |G| = |L| > |G| = |G}| - i, — |G| = in + |G?| =
h + h + |G?| > |G?| + h,. So the inequality |R| > |G?| + h, holds. Also since vy € G; it
holds that |G}| + i, < |L|, and since i, = b; + b, — 1, it follows that |G}| + b; < |L|. Hence by
Lemma [5] the result follows.

Case 2: yj is a vertex of a decreasing caterpillar-DAG G;. (Refer to Figure[2.8(a)l)

Assume that s(G;) has i, extremal legs, while t(G;) has i, extremal legs. Let, as in Lemmal(g
H be the point-set containing the i, +1 highest points of S and B be the point-set containing
the i, + 1 lowest points of S. Let also iy = |[HN L| and b, = |BN R|. Recall that Gi1 and
G? are the subcaterpillars induced by G;. In order to use Lemma [6l we have to show that:
ILI 2 |G{| + i = 1, [R| 2 |G| + by = 1.

Since vy € G; it is true that |L]| > |G + i = |G + hy — 1.
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Figure 2.12: The construction of Proposition[I]
Note that |G?| = |G| - |G| — in — i» — |Gi|. We know that |G}| + i, +|Gi| > |L| since vy is in G;.
So from the previous equality and last inequality we get |G?| < |G| — |L| — i, = |R| — ip. Then
IR| > |G2| + i, > |G?| + b, — 1, since i, + 1 = b; + b,. Hence by Lemma [@] the result follows.
Case 3: vy is an extremal leg that is a sink.

Let G; and Gy such that t(G;) = t(Gi+1) and vy is an extremal leg of t(G;). Note that G;
is an increasing, while Gy is a decreasing caterpillar. Assume that t(G;) (= t(Gi+1)) has
ip extremal legs. Let H be the set of i, + 1 highest points of S and denote |[H U L| = hy,
|[H U R| = h,. Note also that h; + h, = iy + 1.

Let us first prove the following proposition.

Proposition 1. Let G}. G} and G/,,. G% | be the subcaterpillars of G induced by G; and

Gy, respectively. At most one of the following inequalities holds:

IL| < |G+ -1 2.1)

IRl < |G| + h, (2.2)

Proof of Proposition[Il. ~See Figure [2.12] for the illustration of the proof. For the sake of
contradiction assume that both inequalities hold. Then |L|+|R| < |Gl~1+1| +h+h —1+|G? =
|G| +|G?| + i = N. So |L| + |R| < N, a clear contradiction. o

Now we consider two cases based on wether one the inequalities (2.1) or does not
hold.

3.a Inequality (2.1) does not hold. Thus |L| > |Gi1+1| + h; — 1. We consider the decreasing

caterpillar G;;; and the subcaterpillars Gl.lJrl and Gi2+1 of G induced by G;;; (see
Figure[2.8(a)). Assume that s(G;;;) has i, extremal legs and let B be the i, + 1 lowest
point of S. Set b, = |BN R| and b; = |[BN L|.
We will show that |R| > |G?| + b, — 1. Note that |G || = |Gl — |G, || — in — ib — |Gis1l.
We know that |Gi1+1| + i + |Gis1| 2 |L| since vy is an extremal leg of t(Gi,1). So from
the previous equality and last inequality we get IG?HI < |G| -I|L| —ip = |IR| — ip. Hence
R > IGiZI + i, > IG?I + b, — 1, since i, + 1 = b; + .. Note that G;;; is a decreasing
caterpillar, vy is an extremal leg of t(G;1) and all the conditions of Lemma [6] hold.
So by the same lemma the result follows.
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Figure 2.13: The construction of Proposition[2]

3.b Inequality does not hold. Hence |R| > |G?| + h,. We consider the increasing
caterpillar G; and the subcaterpillars G} and G2 of G induced by G; (see Figure[2.4(a)).
Assume that s(G;) has i, extremal legs and let B be the set of i, + 1 lowest point of S.
Set by = |BNL| and b, = [BNR|. Note that |L| > |G}|+i, > |G|+ by , since i+ 1 = b;+b,.
So we have that G; is an increasing caterpillar, v is an extremal leg of t(G;) and both
inequalities required by Lemma[5] hold. So by the same lemma the result follows.

Case 4: yj is an extremal leg that is a source.

Let G; and Gy4; such that s(G;) = s(Gi4+1) and vy is an extremal leg of s(G;). Note that G;
is a decreasing, while G;;; an increasing caterpillar. Assume that s(G;) (or s(Gi;1)) has i,
extremal legs. Let B be the set of i, + 1 lowest points of S and set |[BU L| = b;, | BUR]| = b;.
Note also that b; + b, = i, + 1.

Let us first prove the following proposition.

Proposition 2. Let G}. G} and G/,,. G% | be the subcaterpillars of G induced by G; and

Gi.1 respectively(see Figure[2.13). At most one of the following inequalities holds:
IL| < |Gy, | + by 2.3)

IRl < |G?| + b, — 1 (2.4)

Proof of Proposition[2. For the sake of contradiction assume that both inequalities hold.
Then |L| + |R| < |Gl.1+1| +b+b -1+ IGiZI = N, a clear contradiction. O
Now we consider two cases based on wether one the inequalities or ([2.4) does not
hold.

4.a Inequality (2-3) does not hold. Hence |L| > |Gi1+1| + b;. We consider the increasing

caterpillar G;;; and the subcaterpillars Gl.lJrl and Gi2+1 of G induced by G;;; (see
Figure [2.4(a)).
Assume that t(Gi1) has i, extremal legs. Identify i, highest points of S and call
them H. Set LUH = h; and RU H = h,. In order to use the Lemma [5] we have
to show that |[R| > IG?I + h,. Note first that |Gi2+1| = |G| - IGi1+1| —ip — |Gis1] — in
and that |Gi1+1| + i, > |L|, since yy is an extremal leg of s(Gi;;). Hence we get
IGZ.1| < |Gl = IL| = iy = |Gir1l = in = IRl = i — |Gis1| = in. So we have |GZ, | + h, <
IRl = ip = |Gy 1| — in + by = IRl = ip — |Gir1l =y — hy + 1+ Ry = |R| = ip — |Giy1| — hy — 1 and
since i, > 1 we get that IGl.2+1| + h, < |R|. So by Lemma [§ the result follows.
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Figure 2.14: The construction of Lemma [7]and Lemma [9

4.b Inequality .4) does not hold. Hence |R| > |G?| + b, — 1. We consider the decreasing
caterpillar G; and the subcaterpillars Gi1 and Gi2 of G induced by G; (see Figure|2.8(a)).
Assume that t(G;) has i, extremal legs. Identify i, highest points of S and call them
H. Set LUH = hy and RU H = h,. In order to use Lemma [6l we have to show that
L] > IGill + hy — 1. But it is trivial since vy is an extremal leg of t(G;) and hence
IL| > |G!| + ix. So by Lemma [6] the result follows.

O

In this section we proved that every directed caterpillar G has an UPSE into any convex point
set S. The algorithm is based on a partition of G into three subcaterpillars and to assign them
to suitable parts of S. The idea is similar to that used by Binucci et al. ] for the case of a
path-DAG, but the proof becomes non-trivial due to the existence of the legs. The crucial idea of
the proof is that there always exist two adjacent monotone caterpillars in G, such that at least
one of them defines the desired partition.

2.3.2 Switch-trees

In this section we enrich the positive results regarding embeddability of trees into convex point-
sets ] by proving that, any switch-tree has an UPSE into any point set in convex position.
During the execution of the algorithms, presented in the following lemmata, which embed a tree
T into a point set S, a free point is a point of S to which no vertex of T has been mapped yet.
The following lemma treats the simple case of a one-sided convex point set and is an immediate
consequence of a result by Heath et al. @] (Theorem 2.1).

Lemma 7. Let T be a switch-tree, r be a sink of T, S be a one-sided convex point set so that
|S| = |T|, and p be S’s highest point. Then, T admits an UPSE into S so that vertex r is mapped to
point p.

Proof: Let Ty, ..., T) be the sub-trees of T that are connected to r by an arc and let ry, ..., ri be
the vertices of Ty, .. ., Ty, respectively, that are connected to r (see Figure[2.14lb). Observe that,
since T is a switch tree and r is a sink, vertices ry, ..., . are sources. We draw T as follows:
We map r to p, then we map T; to the |Ti| highest points of S, so that r; is mapped to the lowest
of them. This can be trivially done if T} consists of a single vertex, i.e. of r;. Assume now that
T, contains more than one vertex. Denote by S; the |T;| highest free points of S. Let, T, ... ’1}1

be the sub-trees of T}, connected to r; by an arc, and let rll, e rf1 be the vertices of Tll, e Tfl,
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Figure 2.15: The construction of Lemma 9

1
-
f
lemma recursively we draw T} on the |T}| consecutive highest points of S; so that r| is mapped
to the highest point (Figure 2. 14la). Similarly we draw trees T3, ..., Tf1 on the remaining free

points of S;. Finally we map r; to the last free point of Sy, i.e. to its lowest point. Since all of

rll, R rf1 are drawn higher than r;, the arcs (ry, rll), e (m, rJ}) are drawn in upward fashion.

respectively, to which r; is connected. Since r; is a source, rll, .. are all sinks. Using the

Since each of Tll, e 7}1 is drawn on the consecutive points of S in an upward planar fashion
we infer that the drawing of T} is upward planar and is placed on the consecutive points of S.

In a similar way, we map T> to the |T»| highest consecutive free points of S so that r, is mapped to
the lowest of them. We continue mapping the rest of the trees in the same way on the remaining
free points. Note that forany i = 1,..., k, arc (r;, r) does not intersect any of H(P;), where P, is a
point set where the vertices of the subtree T; are mapped. Hence for any i = 1,...,k, arc (r;, 1)
does not cross any other arc of the drawing. Since p is the highest point of S and r is mapped
to p, we infer that arcs (r;,r), i = 1,..., k are drawn in upward fashion. Since, by construction,
the drawings of Ty, ..., T are upward and planar, we infer that the resulting drawing of T is
upward and planar. |

The following lemma is symmetrical to Lemmal[7land can be proved by a symmetric construction.
Lemma 8. Let T be a switch-tree, r be a source of T, S be a one-sided convex point set so that

|S| = |T|, and p be S’s lowest point. Then, T admits an UPSE into S so that vertex r is mapped to
point p.

Now we are ready to proceed to the main result of the section.

Theorem 4. Let T be a switch-tree and S be a convex point set such that |S| = |T|. Then, T admits
an UPSE into S.

The proof of the theorem is based on the following lemma, which extends Lemma [7] from one-
sided convex point sets to convex point sets.

Lemma 9. Let T be a switch-tree, r be a sink of T, S be a convex point set such that |S| = |T.
Then, T admits an UPSE into S so that vertex r is mapped to the highest point of S.

Proof: Let Ty,..., T be the sub-trees of T that are connected to r by an edge (Figure 2.141b)
and let r,..., . be the vertices of Ty, ..., T}, respectively, that are connected to r. Observe
that, since T is a switch tree and r is a sink, vertices ry, ..., r, are sources.
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We draw T on S as follows. We start by placing the trees Ty, Ty, ... on the left side of the point
set S as long as they fit, using the highest free points first. This can be done in an upward
planar fashion by Lemma[8] (Figure2.15la). Assume that T; is the last placed subtree. Then, we
continue placing the trees Ti.1, ..., Ti—; on the right side of the point set S. This can be done
due to Lemma [8l Note that the remaining free points are consecutive point of S, denote these
points by S’. To complete the embedding we draw Tj on S'. Let T¥, ..., T/ the subtrees of T,
that are connected to ri by an arc. Let also r{‘, e rlk be the vertices of T{‘, e le, respectively,
that are connected to r (Figure 214lb). Note that rf, ..., r/ are all sinks. We start by drawing
T{‘ , Té‘, ... as long as they fit on the left side of point set S’, using the highest free points first.
This can be done in an upward planar fashion by Lemma[7l Assume that ’1}k is the last placed
subtree (Figure 2.15lb). Then, we continue on the right side of the point set S” with the trees
’I}’_‘H, el Tl’f ;- This can be done again by Lemmal[Zl Note that there are exactly |le| + 1 remaining
free points since we have not yet drawn le and vertex ri of T,. Denote by S” the remaining
free points and note that S consists of consecutive points of S. If S’ is a one-sided point set
then we can proceed by using the Lemma [7] again and the result follows trivially. Assume now
that S” is a two-sided convex point set and let p; and ps be the highest points of S” on the
left and on the right, respectively. W.l.o.g., let y(p;) < y(pz). Then, we map r, to p;. By using
the lemma recursively, we can draw le on S” \ {p;} so that rlk is mapped to po. The proof is
completed by observing that all edges connecting rj to r{‘, e rlk and ry, ..., to r are upward
and do not cross each other.

O

Theorem @] follows immediately if we select any sink-vertex of T as r and apply Lemma [O

2.3.3 K-switch trees

Binucci et al. ] (see also Theorem [I) presented a class of trees and corresponding convex
point sets, such that any tree of this class does not admit an UPSE into its corresponding point
set. In this section we extend this result by presenting a larger class of trees that also does not
admit an UPSE into some convex point set. Our result is also interesting because the family
for which we prove this result is a family of k-switch trees, k > 2. Recall that k-switch trees is
a generalization of switch trees, in sense that 1-switch tree is exactly a switch tree. Moreover
in previous section we showed that each switch tree admits an upward planar embedding into
each convex point set.

The (3n + 1)-size tree T constructed in the proof of Theorem [Iﬂﬂ] has the following structure
(see Figure 2 I6la for the case n = 5). It consists of: (i) one vertex r of degree three, (ii) three
monotone paths of nvertices: P, = (Up, Up—1,...,U1), P, = (U1, V2,...,0n), Py = (W1, Wa, ..., W),
(iii) arcs (r, uy), (v1,r) and (wy,r).

The (3n + 1)-convex point set S, used in the proof of Theorem [Iﬂﬂ], consists of two extremal
points on the y-direction, b(S) and t(S), the set L of (3n — 1)/2 points I;, .. .., l3n-1)/2. cOm-
prising the left side of S and the set R of (3n — 1)/2 points 1,7y, ..., (3n-1)/2, comprising the
right side of S. The points of L and R are located so that y(b(S)) < y(r;) < y(l;) < y(re) < y(k) <
s < Y(rsn-ny/2) < Ylsn-1)/2) < Y(E(S)). See Figure 2.16b for n = 5.

Note that the (3n + 1)-node tree T described above is a (n — 1)-switch tree. Hence a straightfor-
ward corollary of Theorem [Iﬂﬂ] is the following statement.

Corollary 1. For any k > 4, there exists a k-switch tree T and a convex point set S of the same
size, such that T does not admit an UPSE into S.
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Figure 2.16: (a-b) A 4-switch tree T and a point set S, such that T does not
admit an UPSE into point set S.

From Section [2.3.2] we know that any switch tree T, i.e. a 1-switch tree, admits an UPSE into
any convex point set. The natural question raised by this result and Corollary [ is whether an
arbitrary 2-switch or 3-switch tree has an UPSE into any convex point set. This question is
resolved by the following theorem.

Theorem 5. For any n > 5 and for any k > 2, there exists a class T,’f of 3n + 1l-vertex k-switch
trees and a convex point set S, consisting of 3n + 1 points, such thatany T € Tr’f does not admit
an UPSE into S.

Proof: For any n > 5 we construct the following class of trees (see Figure 2.17la). Let P,
be an n-vertex path-DAG on the vertex set {u;, ug, ..., u,}, enumerated in the order they are
presented in the underlying undirected path of P,, and such that arcs (us, uz), (us, u;) are
present in P,. Let also P, and P, be two n-vertex path-DAGs on the vertex sets {vy, g, ..., Un}
and {w1, we, ..., wy} respectively, enumerated in the order they are presented in the underlying
undirected path of P, and P,, and such that arcs (v, 1»), (02, v3) and (w;, we), (W, W3) are
present in P, and P,,, respectively. Let T(P,, P,, P,,) be a tree consisting of P,, P,, Py, vertex r
and arcs (1, uy), (v1.r), (wy, r).

Let T,’f = {T(Py, Py, Py) | the longest directed path in P,, P, and P, has length k}, k > 2. So,
T is a class of 3n + 1-vertex k-switch trees. Let S be a convex point set as described in the
beginning of the section. Next we show that any T € ‘7’,’: does not admit an UPSE into point set
S.

Let T € 7,F. For the sake of contradiction, we assume that there exists an UPSE of T into S. By
Lemmal [} each of the paths P,, P, and P,, of T is drawn on consecutive points of S. Denote by
Su. Sy and Sy, the subsets of point set S, in which P,, P, and P,, are mapped to, respectively.
Hence |S,| = |S,| = |Sw| = n. By construction of S, the largest subset of S which is a one-sided
convex point set, contains two extremal points of S and has size I'%'I +2 < 2n, when n > 5.
Thus, at least one of S, S, and S, is a two-sided convex point set. We denote by S, and S;
any two-sided point sets, which consist of consecutive points of S, so that |S,| = |S¢| = n, and
b(S) € Sy, t(S) € S; respectively. Next, we show that in any UPSE of T on S, P, can not be drawn
on S, while P, and P,, can not be drawn on S;.

Statement 1. For any upward drawing of P, on S; there is a crossing created by the arcs of T.

Proof of Statement[Il Recall that S; C S is a two-sided convex point set, so that t(S) € S;. In any
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Figure 2.17: (a) k-switch tree, k > 2. (b) The construction of the proof of
Statement[Il Cases 1 to 2.
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Figure 2.18: (a-b) The construction of the proof of Statement[Il Cases 2 to 3.
(c) The construction used in Statement[3]

drawing of P, on S, the vertices uy, us, us are mapped to some points of S;. Next we consider
four cases based on whether u;, uy, usz are drawn on the same side of S.

Case 1. Vertices uy, Uy, ug are mapped to the same side of S, possibly including t(S), say w.l.0.g.
to the left side of S, see Figure 2. 17lb. Let u;;1 be the first vertex of P, that is mapped
to the right side of S. Then, since r is mapped to a point of S\ S;, arc (r, u;) crosses arc
(ug, u1) (or are (wir1, wy)).

Case 2. Vertices ug, us are mapped to the same side of S, possibly including t(S), say w.l.o.g.
to the left side of S, see Figure 2Z.17lc. Then, u; is mapped to the right side of S. Note
that ug can not be mapped to t(S), because then there is no point for u; to be mapped to,
so that the drawing is upward. Hence, there is at least one point p higher than the end
points of arc (uy, u;), that has to be visited by path P,. Thus, path P, crosses arc (us, uy).

Case 3. Vertices u;, uy are mapped to the same side of S, possibly including t(S), say w.l.o.g.
to the left side of S. Then, us is mapped to the right side of S (Figure 218 a) and, as a
consequence, arcs (1, u;) and (us, ug) cross.
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Case 4. Vertices u;, uz are mapped to the same side of S, possibly including t(S), say w.l.o.g.
to the left side of S. Then, uy is mapped to the right side of S (Figure 2.18b) and, as a
consequence, arcs (r, u;) and (us, ug) cross.

The proof of following statement is symmetrical to the proof of Statement [11

Statement 2. For any upward drawing of P, or P, on Sy, there is a crossing created by the arcs
of T. |

So, we have proved that there is no upward planar mapping of T into S so that P, is mapped
to a set S;, or such that P, or P, is mapped to a set S,. Next, we prove that there is also no
upward planar mapping of T on S so that P, is mapped to Sy, and such that P, or P,, is mapped
to St.

Statement 3. There is no upward drawing of T on point set S, such that P, is mapped to the
points of Sp,.

Proof of Statement[3. Denote by p,, the point of S, with the largest y-coordinate, see Figure[2. 18] c.
By the construction of S and since S, is a two-sided point-set which contains n points, we infer
that S\ S, contains at most n — 3 points lower than p,. Moreover, all of these points are on the
side opposite to p,. We observe the following: (i) r has to be placed lower than p,, and hence
r is placed on the opposite side of that of p,, (if) v; has to be placed lower than r, and since P,
has to be mapped to consecutive points of S, the whole P, is mapped to the points on the same
side with r and lower than r. But, there are at most n—4 free points, a clear contradiction since
|P,| = n. O

The following statement is symmetrical to Statement [3]

Statement 4. There is no upward drawing of T on point set S, such that P, or P,, is mapped to
the points of S;. |

As we observed in the beginning of the proof of the theorem, at least one of P, P,, P,, is mapped
to a two-sided point set containing either b(S) or t(S). But, as it is proved in Statements [ to [
this is impossible. So, the theorem follows.

O

2.3.4 Embeddability of trees into convex point set

In previous sections we considered several families of trees that either have or have not an UPSE
into a convex point set. More specifically, we showed that switch-trees and caterpillars always
have an UPSE into any convex point set. From the negative point of view, we showed that there
is a big family of k-switch trees, for k > 2, which does not admit an UPSE into some point-sets
in convex position. An immediate question that arises from these facts is whether the existence
of an UPSE of a tree into a convex point-set can be efficiently tested. In this section we give an
affirmative answer to this question. More specifically, we show that, given a directed tree T and
a convex point-set S, it can be tested in polynomial time whether T admits an UPSE into S.
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2.3.4.1 Specific notation

A subset of points of a convex point-set S is called consecutive if its points appear to be consec-
utive as we traverse the convex hull of S in the clockwise or counterclockwise direction. Given
that all points of S have distinct y-coordinates, we can refer to the first, the second, the third,
etc., lowest point on the left (right) side of S. By p{‘, 1 < i < |L(S)| we denote the i-th lowest
point on the left side of S. Similarly, by pF, 1 < i < |R(S)| we denote the i-th lowest point on the
right side of S.

Let Sq pe.da = {pFla <i< blU{pR|c < i< d} denote the subset of S consisting of b — a + 1
consecutive points on the left side of S, starting from point p{; in the clockwise direction, and
of d — ¢ + 1 consecutive points on the right side, starting from point p¥ in the counterclockwise
direction. For simplicity, for an one-sided point-set S we use the notation S,_j.

In the following, we assume that queries of the form “Find the i-th point on the left/right side
of the convex point-set S” can be answered in O(1) time, e.g., the points on each side of S are
stored in an array in ascending order of their y-coordinate.

In this section we consider directed rooted trees. Directed tree T is a rooted tree if one of its
vertices, denoted by r(T) is designated as its root. We then say that T is rooted at vertex r(T). By
d (v) (resp., d*(v)) we denote the in-degree (resp., the out-degree) of vertex v of T. d(v) denotes
the total degree of vertex v, i.e., d(v) = d”(v) + d*(v).

Let T be a rooted tree and let r = r(T) be its root. Let T!, ..., Tclr(r)’ Tlh, e T;(r) be the rooted
subtrees of T obtained by removing from T its root r and r’s incident arcs and having as their
roots the vertices that are incident to r by either an incoming or outgoing arc (see Figure [2.19]a).
T{, e Té,(r), Tlh, .. ,T;h(r) are called the subtrees of T. Note that the superscripts “I” and “h”
indicate whether a particular subtree of T is connected to r by an incoming to or by an outgoing
from r arc, respectively.

The rooted subtree of T consisting of T’s root, r, together with T!, ..., Tcli, n 18 called the lower
subtree of T and is also rooted at r. The lower subtree of T is denoted by lower(T) (Figure[2.19.b).
Similarly, the rooted subtree of T consisting of T’s root, r, together with T", ..., T;E, . 1s called
the upper subtree of T and is also rooted at r. The upper subtree of T is denoted by upper(T)
(Figure 2-19].c).

In this section we use the notation {u, v} to denotes arc (u, v) if (u, v) € T or arc (v, u) if (v, u) € T.
If u is mapped into point p and v is mapped into point g which is located below p, then we say
that {u, v} is drawn upwards (downwards) if (v, u) € T (u, v) € T).

The following lemma concerns the UPSE of a rooted tree into a one-sided convex point-set. It
can be considered to be a simple restatement of a result by Heath et al. @] (Theorem 2.1) and
of Lemma [7]

Lemma 10. Let T be an n-vertex directed tree rooted at r and S be an one-sided convex point-set
of sizen. Let Ty, Ty, ..., T4(r) be the subtrees of T. T admits an UPSE into S so that the following
are true:

i) EachT;, 1 < i< d(r), is drawn on consecutive points of S.

ii) If the root r of T is mapped into point p, then there is no arc connecting a point of S below p,
to a point of S above p,.

By utilizing Lemma[I0l we can easily derive simple algorithms that support the following lemma:

Lemma 11. Let T be an n-vertex directed tree rooted at r and S be an one-sided convex point-set
of size n. Then, an UPSE of T into S satisfying the properties of Lemmal[I0 can be obtained in
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lower(T) i upper(T)

(@) (b) ©
Figure 2.19: (a) A rooted at vertex r tree T its subtrees Tj,..., T} -
T ..., T . (b) The subtree lower(T) of T. (c) The subtree upper(T) of T.

dr(r)*

O(n) time. Moreover, the point p, that hosts the root r of T can be determined in O(1) time (i.e.,
without determining the complete UPSE of T into S).

Proof: Let ik = |lower(T)| be the size of subtree lower(T) (rooted at r). It immediately follows
that in an UPSE of T into S satisfying the properties of Lemma [I0] there are k — 1 vertices of T
(all belonging to lower(T)) that are placed below r. Thus, r is mapped into the k-th lowest point
of S. This point, say p,, can be computed in O(1) time. Having decided where to place the root
r, the UPSE of T can be completed in O(n) time by recursively embeding the vertices of lower(T)
(upper(T)) to the points of S below (above) p;. m]

2.3.4.2 Arestricted UPSE problem for trees
In order to tackle the general problem we first solve the following special case.

Definition 2. In a restricted UPSE problem for trees we are given a directed tree T rooted atr, a
convex point set S, and a point p, € S. We are asked to decide whether there exists an UPSE of
T into S such that (i) the root r of T is mapped to point p, and, (ii) each subtree of T (rooted at r) is
mapped to consecutive points on the same side (either L or R) of S.

The following observation follows directly from the definition of a restricted UPSE.

Observation 1. In a restricted UPSE of a directed tree T rooted at r into a convex point set S,
where the root r of T is mapped to point p, € S, no edge enters the triangles A(t(L), t(R), p,) and
A(b(L). b(R). pr).

Figure 2.20la shows a tree T rooted at vertex r, a convex point set S consisting of a left-sided
convex point set L and a right-sided convex point set R. Tree T has a restricted UPSE only if
its root r is mapped to point p, € L (Figure 2.20.b). Mapping r to any other point p € S makes
it impossible to map each subtree of T to consecutive points on the same side of S.

Before we proceed to describe a decision algorithm for the restricted UPSE problem, we need
some more notation. Let T be a directed tree rooted at vertex r and let 4 = (Ty, ..., Tqr)) be an
ordering of the subtrees of T. Let S be a convex point set and let I' be an UPSE of T into S. We
say that UPSE I' respects ordering A if for any two subtrees T; and T;, 1 <i <j < d(r), that are
both mapped on the same side of S, T; is mapped to a point set that is entirely below the point
set T; is mapped to.
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Figure 2.20: (a) A tree T rooted at vertex r and a convex point set S = L UR.
(b) A restricted UPSE of T into S so that r is mapped to point p,. No restricted
UPSE of T exists when r is mapped to any point other than p;.

Consider a tree T rooted at vertex r and let A = (T%,. .., Té,(r), T ... ,T;ﬂ(r)) be an ordering of
the subtrees of T. Ordering 7 is called a proper ordering of the subtrees of T if it satisfies the

following properties:
(i) |lupper(TH| < Iupper(T}l)l, 1<i<j<d (r),and
(ii) [lower(TM)| > |lower(’13.h)|, 1<i<j<di(n).

For example, ordering A, = (Ty, Ty, Ty, T3) is a proper ordering of the subtrees of T in Fig-
ure [2.20la since |upper(T:)| < |upper(Ty)| and |lower(Ty)| > |lower(Ts)| while ordering A, =
(Ty, Ty, Ts, Ty) is not. Observe that in a proper ordering 7 of T, the subtrees in the lower subtree
of T appear before the subtrees in the upper subtree of T.

Lemma 12. Let T be a n-vertex directed tree rooted at vertex r, 1 be a proper ordering of the
subtrees of T, and S be a convex point set of size n. Then, if there exists a restricted UPSE of T
into S, there also exists a restricted UPSE of T into S that respects A.

Proof: Consider a restricted UPSE I' of T into S and assume that it does not respect ordering A.
Consider any two subtrees T} and Ty of T that are mapped on the same side of S, say both are
drawn on the left side of S and T; is drawn below Ty, and assume that they appear in reverse
order in A.

First observe that both T} and T, belong either to the lower or to the upper subtree of T. If they
do not, and since they do not respect ordering A, T; belongs to the upper subtree of T and T,
in the lower subtree of T. Then, it is impossible that edges (r, r(T})) and (r(T3), r) that belong to
T are both drawn upward in any restricted UPSE of T into S with T} drawn below T5.

Without lost of generality assume that both T} and T, belong to the lower subtree of T (the
proof where they both belong to the upper subtree of T is symmetric). Let the highest point of
T, be mapped to the ip-th lowest point on the left side of S, i.e., point pg (see Figure 2.27]a).
Consider the drawing I'” obtained from I" by shifting downwards by |T;| points the drawing of
subtree T, and of all the subtrees drawn between T} and Ty in I', and by drawing T; (as it was
drawn in I') at the |Ty| points {pf; . p{;_ml .1} (see Figure Z.2Tlb). The resulting drawing I is
obviously planar. In order to prove that " is a restricted UPSE it is sufficient to prove that both
edges (r(Ty), r) and (r(Ty), r) remain upward. Edge (r(Ty), r) obviously remains upward since
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Figure 2.21: The configuration of subtrees used in the proof of Lemma [I2] (a)
The drawing of subtrees T, and T does not respect proper ordering A. (b) Sub-
trees Ty and T;, as well as the subtrees placed between them, have been redrawn
so that proper ordering il is respected (as far as T; and Ty are concerned).

vertex r(Ty) is mapped to a lower point in [” that the point it was mapped in I". The root r(T,) of
subtree T, was mapped to point pg lupper(Ty) in I'. Since I" does not respect the proper ordering
A, it holds that Ty appears before T in A and, thus, |upper(Ty)| < |upper(Ty)|. So, in I vertex
r(T)) is mapped to a point that is at or below the one vertex r(Ty) was mapped in I'. We conclude

that edge (r(Ty), r) is upward in [” and, thus, [ is a restricted UPSE.

Be repeatedly identifying pairs of subtrees that cause a restricted UPSE drawing to not respect A
and by transforming the drawing as described above, we can obtain a restricted UPSE drawing
for tree T on S that respects the proper ordering A of the subtrees of T. O

Theorem 6. Let T be a n-vertex directed tree rooted at vertex r, L and R be left-sided and right-
sided convex point sets, resp., such that S = LU R is a convex point set of size n, and p, a point of
S. The restricted UPSE problem with input T, S and p, can be decided in O(d(r)n) time. Moreouver,
if a restricted UPSE for T, S and p, exists, it can also be constructed in O(d(r)n) time.

Proof: Let A = (T1,Ty.....Tyy) be a proper ordering of the subtrees of T. Proper ordering
A can be computed in O(n) time by a simple tree traversal that computes at the root of T the
number of vertices in each subtree of T\ {v} followed by a bucket sort of the sizes of the subtrees
rooted at r. Since the restricted UPSE problem will be repeatedly solved on subtrees of T, we
assume that T has been appropriately preprocessed in O(n) time and, thus, a proper ordering
of the subtrees rooted at r can be computed in O(d(r)) time. By Lemma it is enough to
test whether there exists a restricted UPSE that respects A. Thus, we will describe a dynamic
programming algorithm that tests whether there exists a restricted UPSE on input T, L, R and
pr-

Our dynamic programming algorithm uses a two-dimensional d(r) X|L| matrix M. Value M[i,j] is
TRUE if and only if there exists a restricted UPSE of the subtree of T induced by r and Ty, ..., T;
that uses all the j lowest points of the left-sided point set L and as many consecutive points as
required in the lowest part of the right-sided convex point set R. Recall that {u, v} denotes arc
(u, v) if (u, v) € T; arc (v, uw) if (v, u) € T; otherwise it is undefined.

For the boundary conditions of our dynamic programming we have that:

MI[0, 0] = TRUE
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TRUE, ifj=0 and p, ¢ Ry, and {r(Ty).p,} is upward
M[1,j] =<{ TRUE, ifj=|Ty| and pr ¢ Ly 1, and {r(Ty).p,} is upward

FALSE, otherwise
Let o = |Th|+ ... +|Ty. M[ij], 1 <i<d(r)and O <j < |L|, is set to TRUE if any of the following
conditions is true; otherwise it is set to FALSE.

c-1: M[ij— 1] = TRUE and p, = L; ;.
This is the case where point p, happens to be the j-th point of L. There is no need to test
for upwardness of {r(T;), p,} since it has been already tested when entry M[i,j — 1] was
filled in.

c-2: M[i—1,j—|Tjl] = TRUE and p; ¢ Li_1+1.; and {r(T}). p;} is upward.
In this case, T; is placed on L. We know that T; fits on L since j < |L|, however, we must
make sure that it also holds that p, is not one of the |T;| topmost points of L;_;.

c-3: M[i—-1,j] = TRUE and p,; € Ry _o_j_1,+1 and 0 —j+ 1 < |R| and {r(T}). p;} is upward.
In this case, T; is placed to R. If p, is one of the points in Ry s j |1+1 then we have to
make sure that at least o0 —j + 1 points exist in |R].

c-4: M[i—1,j] = TRUE and p: ¢ R, , j and 0 —j < |R| and {r(T}). p,} is upward.
In this case, T; is also placed to R. However, in contrast to case ¢-3, p, is not one of the
points in Ry , j. Thus, we only need to make sure that at least o — j points exist in |R|.
Note that, if both p, € Ry o—j_1;}+1 and p, ¢ Ry, ,—; are false, we have that p, € Ry—j_1;+2..0-j
which means that T; can not be drawn on these points and therefore M[i,j] should not
change its value to TRUE.

When determining the value of an entry M[i, j] we need to decide whether the arc {r(T}), p,} is
upward. In order to do that, we need to know the point to which r(T;) is mapped. By Lemma/[I1]
after O(n) time preprocessing, this point can be computed in O(1) time since T; is mapped to
|T;| consecutive points forming a one-sided convex point set.

From Lemma [I2] it follows that entry M[d(r), |L|] = TRUE if and only if there exists a restricted
UPSE of T into L U R such that r(T) is mapped to p,.

Each entry of matrix M can be filled in O(1) time. Thus, all entries of matrix M are filled in
O(d(r)|L]) time. In the event that a restricted UPSE of T into L U R exists, we can construct it
by storing in each entry M[i, j] the side (“L” or “R”) in which T; was placed. This information,
together with the fact that the restricted UPSE respects ordering A is sufficient to construct the
embedding. |

Denote by £L(T, L, R) the set of points p € L U R such that there exists a restricted UPSE of T on
L U R where the root of T is mapped to p. The next theorem follows easily from Theorem [6] by
testing each point of L U R as a candidate host for r(T).

Theorem 7. Let T be an n-vertex directed tree rooted at vertex r and L and R be left-sided and
right-sided convex point sets, resp., such that S = L U R is a convex point set of size n. Then, the
set L(T, L, R) can be computed in O(d(r)n?) time. |

Note: In this paper we only consider embeddings of n-vertex trees into point sets of size n.
Thus, by definition £(T, L, R) is empty when |T| # |L| + |R|.
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@ (b)

Figure 2.22: (a) The decomposition of tree T based on a path between a source
s and a sink t of T. (b) The structure of an UPSE of the tree T into point set S.

2.3.4.3 The testing algorithm

Let T be a directed tree and let S be a convex point set. In any UPSE of T into S, a source s and
a sink t of T will be mapped to points b(S) and t(S), respectively. In this section, we present a
dynamic programming algorithm that, given a n-vertex directed tree T, a source s and a sink ¢t
of T, and a convex point set S of size n, decides in polynomial time whether T has an UPSE into
S so that s and t are mapped to b(S) and t(S), respectively. The application of this algorithm to
all (source, sink) pairs of T, yields a polynomial time algorithm for deciding whether T has an
UPSE into S.

Let s and t be a source and a sink vertex of T, respectively. Denote by Ps; = {s = w;, Wy, ..., Wy =
t} the (undirected) path connecting s and t in T, see Figure 2.:22la. By Ts,,. 1 < i < m, we
denote the subtree of T that contains source s and is formed by the removal of edge {w;, w;y1}.
By definition, Ts,,, = T. Let Ty, = Tsw, \ Tsw_,» 1 < i < m. By definition, T,,, = Tsu,. By
Lemmal [Il we know that T, is drawn on consecutive points of S, call this point set S; (see also
Figure 2.221b). Since s is mapped to b(S), we infer that b(S) € S;. Similarly, in any UPSE of
T into S, Ts,,,, is also drawn on consecutive points of S that contain b(S), call this point set
Sir1. Hence, Ty, is drawn on a set Sy,,, = S;+1 \ S;, that is, a subset of S comprised by two
consecutive point sets of S, one on its left and one on its right side.

Our dynamic programming algorithm maintains a list of points P(a, b, k), 0 <a <|L|, 0 < b <
IR, 1 £ k < m, such that:

Ts,w, has an UPSE into point set Sy_q1.., With
pe®P(a b k) =
vertex wj mapped to point p.

For the boundary conditions of our dynamic programming we have that:

P(a,b, 1) = L(Ty,.L1.qa. R1.p) Where a + b = [T, |.
Note that since w; is a source, P(a, b, 1) is either {b(s)} or 0.
Assume that Ts,, , has an UPSE into some consecutive points of S, say S;. q-q,.1..b-b,» With
vertices s, w;_; mapped into points s, g, respectively. Also assume that T, has a restricted
UPSE in Lg—g,+1..a Y Rp-p,+1..» With w; mapped into p. If arc {w;_;, w;} which is drawn as line-
segment (g, p) is upward, then we can combine the UPSE for Ts,,_, with the restricted UPSE
for Ty, in order to get an UPSE of Ts,, on point set S;_41..5. This idea allows us to add points
in P(a, b, i) and is formally described by the following recurrence relation.
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For any 1 < i < m we set:

Pla,.b,i)={p | dai.by €Z:a;+ by =Ty,
and b€ L(Twi, La7a1+1..a, Rb*b1+1..b)
and dge P(a—a;,b—b;,i— 1)
and {p, g} is upward }

(2.5)

Lemma 13. Let T be a n-vertex rooted directed tree, S be a convex point set of size n, let s and
t be a source and a sink of T, respectively. Let Ps; = {s = w;,Wws....,wy, = t} be the path
connecting s and t in T and let Ts,,. 1 < i < m be the subtrees of T, as defined above. There
exits an UPSE of T into S such that s and t are mapped to b(S) and t(S), respectively, if and only
if P(IL|, |R|. m), computed by the recurrence relation (Z.5), is non-empty.

Proof: We first prove that if p € P(a, b, i) then Ts,, has an UPSE into point set S; 1., With
vertex w; mapped to point p. From the boundary conditions it is true for i = 1. Assume that if
geP(a—a;,b—b;,i—1) then Ty, , has an UPSE into S;. 4 q,,1..b-b, With vertex w;_; mapped
to point q. Let now p € P(a, b, i). Then by the definition of the recurrence relation we infer that:
(1) there exist a;.b; € Z so that a; + by = [Tyl (2) p € L(Tw,. La-a,+1..a» Rb-b,+1..p), Which by
definition of £, means that there exists a restricted UPSE of T,,, into Ly—q,+1..a: Rb-b,+1..» With
w; mapped to p, (3) dg € P(a — a;, b — by, i — 1), thus, by induction hypothesis, T, , has an
UPSE into S;.q-q,,1..b-b,» and, finally, (4) edge {p. g} is upward. Then we combine the UPSE for
Ts,w, , With the restricted UPSE for T, and the edge {p, g} in order to get an UPSE of T, on
point set S;_41..p- By Observation[Il we have that the combined drawing is planar.

For the reversed statement we also work by induction. From the boundary conditions we know
that if Ts,,, = T,», has an UPSE into a point set S;_41.» then b(S) € P(a, b, 1), where a+b = |T,,|.
Assume that the statement is true for T, ,. i.e., if Ts,, , has an UPSE into a point set S;_41..5
with vertex w;—; mapped to q then q € P(a.b,i — 1). Assume also that Ts,, has an UPSE
into a point set S; 1. With vertices s and w; mapped to points b(S) and p, respectively. By
the discussion above we know that in every such embedding T ,,_, is mapped to consecutive
points of S; 1. that contains b(S). Therefore there exist two numbers a; and b;, so that
a; + by = |T,| and subtree T, is mapped to the point set Sq_g,+1..a.b-b,+1..p» With vertex wy
mapped to some point p, p € Sq_q,+1..a,b-b,+1..b- Moreover, by induction hypothesis, there exists
qgeP(a—a;,b—b;,i—1). So, since the edge connecting p and q is upward, by the definition of
recurrence relation we infer that p € P(a, b, i).

For i = m we infer that an UPSE of T into S such that source s and sink t are mapped to b(S) and
t(S), respectively, exists if and only if P(|L|, |R|, m) is non-empty. Note that if P(|L|, |R|, m) # 0,
then it must hold that P(|L|, |R|, m) = {t(S)}. O

P(a, b, k), when 0 < a <|L|, 0 < b<|R|, 1 < k < mis calculated by Algorithm [Tl

Theorem 8. Let T be a n-vertex rooted directed tree, S be a convex point set of size n, s be a
source of T and t be a sink of T. Then, it can be decided in time O(n®) whether T has an UPSE
into S such that s is mapped to b(S) and t is mapped to t(S). Moreover, if such an UPSE exists, it
can also be constructed within the same time bound.

Proof: The Algorithm[]calculates the values P(a, b, k), when0 < a<|L|,0<b<|R|, 1 <k <m,
thus from Lemma [I3] we infer that Algorithm [I] decides whether T has an UPSE into S such
that s and t are mapped to b(S) and t(S), respectively.

A naive analysis of Algorithm [I] yields an O(n”) time complexity. The analysis assumes that
(i) the left and the right side of S have both size O(n), (ii) the path from s to t has length O(n),
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Algorithm 1: TREe-UPSE(T, S, s, t)
input :A directed tree T, a point set S, a source s and a sink t of T. Path
(s =wy,...,wy, =t)is used to progressively build tree T from subtrees
T, 1 <i<m
output “YES” if T has an UPSE into S with s mapped to b(S) and t mapped to t(S), “NO”

otherwise.
1. Fora=0...|L|
2. For b=0...|R|
3. P(a.b. 1) = L(Ty,.L1.a. Ri.b)
4. Fork=2...m //Consider tree Ty,
5. P(a,b, k) =0
6. Fori=0...|Ty,,| //We consider the case where i vertices
of T, are placed to the left side of S
7. if (a-i>0)and (b - ([T, | -1 = 0)
8. Let L = L(Tw,. La-i+1..a: Ro~(T, |-0)+1..b)
9. //We consider all possible placements of wj._;
10. For each gin P(a — i, b — (|Ty, | — ). k- 1)
11. //We consider all the possible placements of wj
12. For each pin L
13. if ( {w;_1, w;} drawn on line-segment (q, p)
14. is upward )
15. then add p to P(a, b, k).
16. if P(|L|, |R|, m) is empty then return(“NO”);

17. return(“YES”);

(iii) each tree T,,, has size O(n) and (iv) each L-list containing the solution of a restricted UPSE
problem is computed in O(n®) time. However, based on the following two observations, the total
time complexity can be reduced to o(nd).

o A factor of n can be saved by realizing that in our dynamic programming we can maintain
a list #'(a, i) which uses only one parameter for the left side of the convex set (in contrast
with $(a, b, i) which uses a parameter for each side of S). The number of points on the
right side of S is implied since the size of each tree T, is fixed. For simplicity, we have
decided to use notation P(a, b, i).

o Another factor of n can be saved by observing that the computation of list £ is actually
O(deg(w;)n?). Thus, summing over all i gives O(n®) in total, and not O(n%).

The UPSE of T into S can be recovered easily by modifying Algorithm [1] so that it stores for each
point p € P(a, b, k) the point g where vertex w;_; is mapped to as well as the point set that hosts
tree Ty, , (i.€., its top point on the left and the right side of S). O

By applying Algorithm [ on all {source, sink) pairs of T we can decide whether tree T has an
UPSE on a convex point set S, as the main next theorem indicates.

Theorem 9. Let T be a n-vertex rooted directed tree and S be a convex point set of size n. Then,
it can be decided in time O(n®) whether T has an UPSE into S. Moreover, if such an UPSE exists,
it can also be constructed within the same time bound.
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Proof: Note that a naive application of the idea leads to the algorithm with time complexity
O(n”), since there are O(n?) distinct pairs of sources and sinks. Next we explain how the
overall time complexity can be reduced to O(n®). Let P, be a path from s to t, passing through
m vertices, and let t’ be the j-th vertex of Ps; that is also a sink of G. During the computation
of P(a, b, m) corresponding to path Ps; we also compute P(a, b, j) and thus we can immediately
answer whether there exists an UPSE of G into S so that s and t’ is mapped to b(S) and
t(S), respectively. Next consider a sink  that does not belong to path Ps;. Consider the path
Psy. Assume that the last common vertex of Ps; and Psy is the j-th vertex of Ps;. In order to
compute whether there exists an UPSE of G into S so that s and 7 are mapped to b(S) and t(S),
respectively, we can start the computations of Algorithm [I] determined by variable k from the
Jj + 1-th step (see line 4 of the algorithm). Thus, for a single source s and all possible sinks
variable k changes at most n times. Since the number of different sources is O(r) we conclude
that the whole algorithm runs in time O(n®). a

2.4 Embedding an Outerplanar Digraph into a Convex Point Set

In this section we extend our decision algorithm for trees, presented in Section [2.34] to the
class of outerplanar digraphs. For better understanding we keep the new definitions and the
line of arguments on outerplanar graphs as close as possible to already existing definitions for
trees.

Consider an acyclic outerplanar digraph G (outerplanar DAG for short), i.e., a directed acyclic
graph whose underlying undirected structure is that of an outerplanar graph. A cut vertex is
any vertex of G that when removed increases the number of connected components. Let c be a
cut vertex of G and let Gy, . . ., G) be the maximal connected components obtained after deletion
of c and all the edges incident to it. Let G] be a digraph induced by the vertices of G; and vertex
¢, i =1,...,k. The set of subgraphs Gj,...,G; of G is called a cut at vertex c. A maximal
biconnected subgraph of G is called a block of G. A vertex of G which is either a source or a
sink is referred to as a switch. Let B be a block of G. Binucci et al. ] proved the following
lemma.

Lemma 14 (Binucci et al. ]). Let G be a n-vertex DAG containing a k-vertex cycle-DAG C, for
some k < n. Suppose that C has at least two vertices u and v that are sources in C. Then there
exists a convex point set S of size n such that G has no upward straight-line embedding into S.

This result easily extends to an arbitrary two-sided convex point set:

Lemma 15. Let G be a n-vertex outerplanar DAG, let B a block of G and S be a convex point set
of size n. If B contains either two sources or two sinks then G does not admit an UPSE into S.

Proof: Let B be a block with two sources s; and sy;. Note that then B has also two sinks. We
observe that there is no upward planar drawing of B such that all the vertices of B lie in a
convex position. Since S is a convex point set, block B, and therefore G, does not admit an
UPSE into S. O

Since each block has an equal number of sources and sinks, by previous lemma, we are only
interested in digraphs so that each of their blocks contains exactly one source and one sink.
Note also that if there exists an UPSE of an outerplanar DAG G into a convex point set S, then
it is outerplane and thus in the following we consider only outerplane embeddings of G. An
outerplane embedding of a block B with a single source and sink is bounded by two paths,



2.4 Embedding an Outerplanar Digraph into a Convex Point Set 51

connecting its source and its sink, called sides of B. If one of the sides is a single edge, then B
is called a one-sided block, otherwise it is called a two-sided block. A vertex of B which is not
a switch of B is called a side vertex of B. By L(B) and R(B) we denote the side-vertices of two
different sides of block B. When block B of graph G is specified, by L(G) (resp. R(G)) we denote
all the vertices of L(B) (resp. R(B)) plus the vertices of the components incident to the vertices
of L(B) (resp. R(B)) and refer to L(G) and B(G) as to sides of G.

The edges of G that do not belong to any biconnected component are supposed to be the trivial
blocks of G. Thus the two end vertices of such edge are considered to be a source and a sink of
the corresponding trivial block.

Let v be a cut vertex of G. The blocks of G that have v as their switch are called extremal
blocks of v, the remaining blocks incident to v are called side blocks of v (see Figure 2.23la).
By b (v) (resp., b"(v)) we denote the number of extremal blocks of v that have v as their sink
(resp., source). By b(v) we denote the total number of extremal blocks that contain v, i.e.,
b(v) = b~ (v) + b*(v).

We say that G is a rooted outerplanar DAG if one of its vertices, denoted by r(G) is designated
as its root. We then also say that G is rooted at vertex r(G).

Let Gi, cee Gll),(r), and G’f, cee G1’71+(r) be the rooted subgraphs of G obtained by a cut at r and
having r as their sink or source, respectively. They are called the extremal subgraphs of G (see
for example the red subgraph in Figure 2.23]b). A subgraph of G, obtained by a cut at r and
having r as its side vertex is called a side subgraph of G (see for example the green subgraph in
Figure[2.23]b). Note that the superscripts “I” and “h” indicate whether a particular subgraph of
G has r as its sink or as its source, respectively.

The rooted subgraph of G consisting of G’s root, r, together with G!, . . ., Gif () 18 called the lower
subgraph of G. The lower subgraph of G is denoted by lower(G) (Figure 2.23|b). Similarly, the
rooted subgraph of G consisting of G’s root, r, together with G", ..., G1’71+(r) is called the upper
subgraph of G and is also rooted at r. The upper subgraph of G is denoted by upper(G). Let a
block of G that contains its root r and let v be a vertex of this block, different from r, that is a
cut vertex of G. Consider a cut at v. By G(v) we denote the union of the connected components
that do not contain r (Figure [2.23|b). Subgraph G(v) is considered to be rooted at v.

upper(G)

@ (b) ()

Figure 2.23: (a) An example of extremal and side blocks. The extremal
blocks are drawn by red. The rest are the side blocks. (b) An outer-
planar DAG G. An extremal and side subgraphs of G are drawn by red
and green ink, respectively. A lower and an upper subgraphs of G are
surrounded by gray curves. The subgraphs G(v) and G(w) of graph G
are surrounded by blue curves. (c) Proof of Lemma [T6l

Given two vertices s and t of G, a cut vertex c of G is called (s, t)-separating if the removal of ¢
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leaves s and t in different connected components.

Let G be an outerplanar DAG rooted at it source (resp. sink) r. We say that G is one-side
embeddable iff G admits an UPSE into a one-sided convex point set of size |G| so that r is
mapped to its lowest (resp. highest) point.

The next theorem, proved by Binucci et al. ], presents necessary and sufficient conditions for
an outerplanar graph to have an UPSE into any one-sided point set without a restriction that
its root has to be mapped to an extremal point of the point set. In order to state the theorem
we adopt the definition of auxiliary tree from ].

Let 7(G) be the BC-tree of G. A node u of the auxiliary tree 7'(G) corresponds to a connected
subtree T of 7 (G) which is maximal with respect to the following property: A cut vertex c that
belong in T and is shared by two blocks of G is a switch vertex for both of them. An edge
of 77(G), directed from u to v corresponds to a cut vertex which is a side vertex for a block
associated with i and a switch vertex for a block associated with v.

Theorem 10 (Binucci et al. ]). A n-vertex connected DAG G admits an upward straight-line
embedding into every one-sided convex point set of size n if and only if the following conditions
are satisfied:

Condition 1: Every block of G is one-sided.
Condition 2: Every cut vertex shared by two blocks is extremal for at least one of them.

Condition 3: Every node of 7' has at most one incoming edgeﬁ.

Next we extend this theorem to the case when it is required to map the root of the given digraph
to the extremal point of the point set.

Lemma 16. Let G be an outerplanar DAG rooted at its switch r. DAG G is one-side embeddable
iff the conditions of Theorem[I0 hold and moreover r belongs to a vertex of 7' (G) with no incoming
edges.

Proof: In the proof of Theorem [I0] it is shown that if r is a source (resp. sink) vertex of G and
belong to the vertex of 7(G) without incoming edges then G has an UPSE into any one-sided
point set so that r is mapped to its lowest (resp. highest) point. We next show that this is also
a necessary condition.

Let C, be the set of blocks of F that are represented in 7'(G) by a single vertex and let r € C,.
Assume for the sake of contradiction that, the vertex of 77(G), where r belong to, has a positive
indegree. Then, there is a block B in G, which is incident to C; by a vertex v, so that v is a side
vertex of B. Let v’ be a vertex of B, connected to v by edge (v, v) (see Figure 2.:23lc). In any
UPSE of G into a one-sided point set, the vertices of C, are mapped to the points that are higher
than the point where v’ is mapped to. Thus the lemma follows. |

Note that the construction of the auxiliary tree 7'(G) of a graph G, the check of the Conditions 1-
3, as well as the check of the fact that r belongs to a vertex of 7/(G) with zero in-degree can
be done in O(|G|) time. Moreover, in the proof of Theorem [10] ] the authors, given a switch r
of G with the above property, present a O(|GJ) time algorithm to construct an UPSE of G into S
with r at the extremal point of S. Thus, we get the following lemma.

2Without defining the tree 7 this condition sounds like: “Each cut vertex of G, shared by several blocks, is side
vertex for at most one of them.”
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Lemma 17. Let G be an outerplanar DAG rooted at r. It can be tested in O(|G]|) time whether G
is one-side embeddable. In affirmative such an UPSE can be constructed within the same time
bound. a

2.4.1 Properties of outerplanar digraphs

In this section we present necessary conditions for the structure of an outerplanar DAG that
has an UPSE into a convex point set.

Figure 2.24: A path from s to t is denoted by red. The subpath
Pg, = {s = wy,wq, w3, wy = t} are the cut vertices that are also (s, {)-
separating vertices of G. The path components G, w,,,. i =

the components G, i=1,..., 4 are denoted by grey curves.

Let S be a convex point set of n points. Let G be a n-vertex outerplanar DAG and s, t a
source and a sink of G. Let Ps; be a path from s to t and let Pg;, = (s = wy,...,wn = 1)
be the subpath of Ps; that contains only the cut-vertices which are also the (s, t)-separating
vertices (see Figure [2.24). We call Pg, an (s, t)-separating subpath of Ps;. Note that every two
consecutive vertices w;, w;y; in Psc,t belong to the same block of G, that can be also a trivial
block, i.e., an edge. By Gy,,w,,, We denote the graph that is induced by this block and all vertices
connected to it by paths not passing through w; or w;;;. We assume that G, .,,, is rooted at
w;. Graphs Gy, w,. - - -+ Guw,,_,.w,, are called the path components of G defined by the path Ps .

Consider vertex w; and the subgraph of G that contains w; and is produced by deletion of edges
of Gy,_,.w, and Gy, that are incident to w;. Denote this graph by G, and call it cut vertex
component at vertex w; defined by the path Ps;. Finally, let Gs,, be the subgraph of G induced
by the vertices of cut vertex components Gy,,.. . .,Gy, and path components Gg . - - -+ Gu,_ ,,w,
(see again Figure see also Figure 2.27la for the general structure). We also say that
subgraph Gs,, is defined by Ps; and w;. By definition, Gs,,, = G and G, = Gsu,. The
following lemma presents various properties of G that are necessary so that it admits an UPSE
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Gwnww+1

Figure 2.25: An UPSE of G, , ., and of path Ps; on some points of S.
Path Ps, is denoted by dashed lines.

into a convex point set as well as some properties of an UPSE of G into a convex point set.

t

s

@ (b) ()

Figure 2.26: Illustration the proof of Lemma[I8l (a) Statement (1). (b—c)
Statement 3, path Ps; is denoted by black bold inc.

Lemma 18. Let G be a n-vertex outerplanar DAG, let S be a convex point set of size n and let
I'c be an UPSE of G into S, so that a source s and a sink t of G are mapped to b(S) and t(S),
respectively. Let Ps; be a path from s to t, let Pg, = (s = w1, ..., wy, = t) be the (s, t)-separating
subpath of Ps;. Let Gy, ,,, be one of the path components defined by the path Ps;. Let B; be the
block of Gy, w,,, that contains both w; and wiy1, and s; and t; be the source and the sink of B;.
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Let also Gy, be the cut vertex component at cut vertex w; and let Gs ,,, be a subgraph of G defined
by Ps; and w;. The following statements hold for G and for embedding I';:

(1) For each vertex v of G there is at most one block so that v is its side vertex.

(2) Let B’ be a two-sided block of G. The vertices of L(B") and R(B’) of block B’ are mapped. in
I'; to the opposite sides of S.

(3) Vertex w; (resp. w;;1) of block B; either coincides with the source s; (resp. sink t;) of B; or is
adjacent to it.

(4) If w; (resp. w;y1) of block B; is incident to source s; (resp. sink t;) of B;, then s; (resp. t;) is
mapped inI'g to the side of S opposite to which w; (resp. wj.1) is mapped.

(5) The vertices of G, inl'g. 1 < i < m, are mapped to consecutive points of S containing b(S)
(see Figurel2.27l a-b).

(6) The vertices of G, inl'g, 1 < i < m are mapped on a subset of S comprised by two consecutive
point sets of S, one on its left and one on its right side. Moreover, for every u, v € Gy, SO
that u ¢ Gy, and v € Gy, and such that, u and v are mapped to the same side of S. v is
mapped higher than u (see Figure[Z.27.b).

(7) The vertices of Gy w,,» 1 < 1 < m~— 1, except of w; and w;y; are mapped on a subset of
S comprised by two consecutive point sets of S, one on its left and one on its right side.
Moreover, for every u € Gy, U € Gy, w,,, such that, u and v are mapped to the same side of
S, v is mapped higher than u (see Figure[2.27.b).

@ (b)

Figure 2.27: (a) The structure of G, illustration of G ,,» Gu,» Gu,w,,, (blue
ink), G, (v). (b) Ilustration for Lemma [18]

1 Wi+ 1

(8) For each v € B;, v # w;, Wit+1. G, w,,, (V) contains only extremal subgraphs.
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(9) For each v € B;, v # w;, Wiy, the vertices of Gy, w,,,(V) are mapped inT'g to the same side
where v is mapped on consecutive points around v (see Figure[2.25).

(10) All the vertices of a single extremal or a side subgraph of Gy,. 1 < i £ m, except for vertex
w;, are mapped inI'g to the consecutive points of the same side of S. Moreover, the vertices
of a side-subgraph of G, are mapped to the side of S opposite to that of w;.

(11) A cut vertex component G, contains at most one two-sided block B and if so then w; is a
side vertex of B. Moreover, if B’ is a side block of w; (one-sided or two-sided), then either
L(B)={wi}orRB)={w;}, 1 <i<m.

Wit1

Figure 2.28: Proof of Statement (8) of Lemma [I8]

Proof:

(1) For the sake of contradiction assume that there are two blocks B; and By so that v is a
side vertex for both B; and By (see Figure 2.26la). Since S is convex, in any UPSE of G into
S, the points to which the vertices of By and By, are mapped, represent a convex point set. On
the other hand, in any upward planar drawing of B; and By so that all the vertices lie on the
boundary of the drawing, the vertex v has to be drawn inside the convex hall of the rest vertices
of By and By. A clear contradiction.

(2) Note that if B’ is a two-sided block then any drawing which does not map L(B’) and R(B’) to
different sides of S is either not upward on non-planar.

(8) For the sake of contradiction, assume that vertex w; is neither s; nor is adjacent to it (the
case of w;y; and t; is symetrical) (see Figures [2.26lb-c). Let a, b be the vertices adjacent to
s;. Note that in any UPSE I'g of G into S the path Ps; splits S on one-sided point sets. By
Statement (2), the vertices a and b have to be mapped to different sides of S. Thus, we get a
crossing with path Ps; and a clear contradiction to the planarity of I';.

(4) The statement is true because there exists a path Ps; which does not contain s; (resp. t)
and connects w; (resp. w;i;1) to b(S) (resp. t(S)).

(5) We first construct a spanning tree T of G with specific properties (consult Figure[2.271a): for
each w;, 1 <i < m, T contains exactly one vertex of G, , ., incident to w; and exactly one vertex
from Gy, u,,, incident to w;. For simplicity of presentation call Ty, T, Tw,w,, the subtrees
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of T that are the spanning trees for Gs ., Guw,, Gu;w,,,» respectively. Call p;, n; the vertices of
Tw, ,,wi» Tw,w,» respectively, that are incident to w;. Since I' is an UPSE of G, it contains an
UPSE of T, say I'r. Consider a cut of T created by the removal of n;. One of the trees resulting
from this cut is Tsy,. By Lemmal[ll the subtree Ts,,. is mapped in I'r on consecutive points of
S, moreover, this point set contains b(S), since by the requirements of the lemma, s is mapped
to b(S). Since, Gs,y, is a graph induced by the vertices of T, we infer that the vertices of Gs .
in I'g are mapped to consecutive points of S containing b(S).

(6) By the previous statement Gy, is mapped to consecutive points of S containing b(S). Con-
sider spanning tree Ts,, of Gs., as it was described in the proof of the previous statement.
Recall that p; is the single vertex of Gy, | w,. incident to wy in T ,,. The removal of p; from T,
results in a subtrees of Ty, one of which is T, that is the spanning tree of G,,,. By Lemma/[Il
we infer that T,,, is mapped to consecutive points of the point set where G, is mapped and
therefore, on a subset of S comprised by two consecutive point sets of S, one on its left and
one on its right side. Therefore the same holds for G,,,. We now prove that if u, v € Gg, SO
that u ¢ G, and v € Gy, and such that, u and v are mapped to the same side of S, then v is
mapped higher than u. Assume, for the sake of contradiction, that this is not true. Let first
w; be mapped to the same side where v is mapped (Figures 2.29.a-b). Then, since wj is part
of Gy, by the first part of this statement, we get that u is mapped above w;. Note that there
exist vertex-disjoint paths Ps, and P,, ;. Therefore Ps, and P,,; cross. A clear contradiction.
Let now w; be mapped to the side different from that where v is mapped (Figure [2.29.a and
Figure [2.29].c). Consider vertex-disjoint paths P,, , and Ps, in G. This paths cross each other.
A contradiction again. So the statement follows.

w;

s S S

@ (b) ()

Figure 2.29: (a-c) Proof of Statement (6) of Lemma [I8]

(7) By Statement (5), the vertices of Gs .., in I'g, are mapped to consecutive points of S containing
b(S). Applying this statement for i + 1 we get that the vertices of Gg,,, in I'g, are mapped to
consecutive points of S containing b(S). Note that Gs,,,, = Gsu, Y (Guw,wi,, Y Guw,,,)- Therefore
we get that the vertices of the union of Gy,,, and Gy, w,,,, €xcept for vertex w;, are mapped on
a subset of S comprised by two consecutive point sets of S, one on its left and one on its right
side. By Statement (6), the vertices of Gy,,,, are also mapped to two consecutive point sets of S,
one on its left and one on its right side. Therefore, we infer that the vertices of Gy, w,,,. €xcept
for vertices w; and w1, are mapped on a subsets of S comprised by two consecutive point sets
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of S, one on its left and one on its right side. Let u € Gy, U € Gy, w,,,. By the definition of G,
and Gy, u,,, there exist vertex-disjoint paths Ps, and P, in G. Assuming that both u and v are
mapped to the same side of S and that u is mapped higher than v. We infer that paths P, and
P, have to cross, a clear contradiction.

(8) Consider an upward planar drawing of block B; on some points of L U R. Assume for the
sake of contradiction that Gy, ., ,(v) contains a side subgraph and let C be the side block of v
that is contained in this side-subgraph. If v is a side vertex of B; then we get a contradiction
by Statement (1), since v is a side vertex of bosh B; and C. Otherwise, let v be a switch vertex
of B;, see Figure[2Z.28 Let v = t;, the case when v = s; is symmetrical. Then, by Statement (3),
and fact that v # wyy, t; is incident to wy; ;. By Statement (4), t; is drawn on the side opposite
to wi+. Let sc be the source of C. In any upward planar drawing sc is mapped to the side
opposite to that of t; and therefore to the same side where w;;; is mapped. This causes a
crossing between block C and path Ps;. Thus Gy, .,,, (V) contains only extremal subgraphs.

v = wiqq

.
S

@ (b)

Figure 2.30: (a-b) Proof of Statement (9) of Lemma [T8|

(9) Let G" be an extremal subgraph of Gy,,..,,,(v), that has v as its source. The case when v is
its sink is symmetrical. Let v" and v” be two vertices of B;, which are incident to v. Assume first
that both v and v” are mapped to the same side of S where v is mapped (see Figure 2.30]a).
W.l.o.g. let v/ be mapped higher than v. Then G" has to be drawn on the same side of S where
v is drawn, below v”, otherwise a crossing among G" and B; is created.

Let now, v be mapped to the other side of S (see Figure 2.30Lb). Since v # w; and v # W1,
we infer that v’ coincides either with w; or with w;;, otherwise path P, crosses B;. Therefore
there exists path P, ; that does not contain v. Thus G" has to be mapped to the same side
where v is, otherwise a crossing among G" and Py ; is created.

(10) By Statement (6), the vertices of G,,,, in I'¢ are mapped on a subset of S, call it S;, comprised
by two consecutive point sets of S, one on its left and one on its right side. Let T, be the
spanning tree of G, with the following property: T, contains only one edge from each of its
extremal and side subgraphs that is incident to w; and let T,,, be rooted at w;. Let I'r,, be the
drawing of T,,, on S; that is induced by the drawing of G,, on S;. By Lemmal/[l] each subtree of
Tw, is drawn on consecutive points of S;. Moreover each of the subtrees of T;,, should be drawn
on the same side of S;, otherwise a crossing with path Ps;, passing through w;, is produced
(see Figure 2.31]la). Hence the same is true for the extremal and side subgraph of Gy, . except
for vertex wj.
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Let now Gj, be a side-subgraph of G,, and B be the block of G;, attached to w;. lLe. B is
a side block of w;. Note that all vertices of B have to be mapped to the side of S opposite
to w;, otherwise we infer that either there is a crossing or a common vertex with Ps;, which
is impossible due to the planarity of ['¢ and the definition of G,,, respectively. Therefore all
vertices of G;, are mapped to the side of S opposite to wj.

(11) By Statement (10) each extremal and side subgraph of G, except for vertex w; is mapped
to one of the sides of S. Recall also, that by Statement (2) the sides of a two-sided block have
to be mapped to different sides of S. Therefore, the only two-sided block of an extremal or side
subgraph of Gy, can be the one which is attached to w;. For the sake of contradiction assume
that two-sided block B is contained in an extremal subgraph of Gy,,. therefore w; is B’s switch.
By Statement (2) the sides of B have to be mapped to different sides of S, which still violates
the Statement (10). Thus B can be only contained in a side-subgraph of G, and have w; as its
side vertex.

Let now B’ be a side block attached to wj, either one or two-sided. Assume for the sake of
contradiction that neither L(B’) = {w;} or R(B’) = {w;}. W.l.o.g assume that w; € L(B’) and let
a € L(B'). Vertices w; and a are connected by a directed path from a to w; (resp. from wj to
a), see Figure [2.31lb. Note that a ¢ Ps;, since by the definition of G, w; is the only common
vertex of Ps; and Gy,. By Statement (2) of this lemma, vertices a and w; are mapped to the
same side of S. Therefore block B’ crosses the path Ps .

wi T,

(b)

Figure 2.31: (a) Proof of Statement (10) of Lemma [I8 (b) Proof of State-
ment (11) of Lemma [T8]

2.4.2 Two restricted UPSE problems for outerplanar digraphs

Analogously to the restricted UPSE for trees, in this section, we study two restricted UPSE
problems for outerplanar graphs. These problems are later on used by our main algorithm
which decides whether there exists an UPSE of a given outerplanar DAG into a given convex
point set.
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2.4.2.1 Restricted UPSE for cut vertex components

Let G be an outerplanar DAG, let Ps; be a path in G from its source s to its sink t and let
Pg, = {s = w1,...,w, = t} be the (s, t)-separating subpath of Ps;. Let G, be one of the cut
vertex components defined by the path Ps;. Restricted UPSE for cut vertex components deals
with an UPSE of G,,,,. In Lemma[I8 we proved that, if G admits an UPSE I into a convex point
set S, then the following are true:

1. The vertices of G, in I'g are mapped on a subset of S comprised by two consecutive point
sets of S, one on its left and one on its right side (Statement (6)).

2. If Gy, contains a side block B’ attached to wj, then wy is a single side vertex of one of its
sides. Moreover B’ can be the only two-sided block of Gy, (Statement (11)).

3. All the vertices of a single extremal or a side subgraph of G, 1 < i < m, except for vertex
wy, are mapped to the consecutive points of the same side of S, with the vertices of a side
subgraph mapped to the side of S opposite to that of w; (Statement (10)).

Taking into consideration these necessary conditions we define and solve the following problem.

Definition 3. In a restricted cut vertex component UPSE problem (RCVC-UPSE, for short) we are
given an outerplanar DAG G rooted at r, so that if r is a side vertex of a block B of G, thenr is a
single side vertex on one of the sides of B, moreover B is the only block of G that can be two-sided
(see Figure for a possible entry graph G of the problem). We are also given a convex point
set S, and a designated point p, € S. We are asked to decide whether there exists an UPSE of G
into S such that:

(i) the root r of G is mapped to point p, and,

(ii) each extremal subgraph of G is mapped to consecutive points on the same side (either L or
R) of S (excluding the vertex r).

(iii) all the vertices of the side subgraph of G, except for vertex r, are mapped to the consecutive
points of the side of S opposite to that where vertex r is mapped.

An UPSE of G into S that satisfies these requirements is called an RCVC-UPSE.

Theorem 11. Let G be a n-vertex outerplanar DAG as described in RCVC-UPSE problem. Let L
and R be left-sided and right-sided convex point sets, resp., such that S = L U R is a convex point
set of size n, and p, a point of S. The RCVC-UPSE problem with input G, S and p, can be decided
in O(b(r)|G|) time. Moreover, if a RCVC-UPSE for G, S and p, exists, it can also be constructed in
O(b(r)|G]) time.

Proof:

Let G, rooted at r, be as described in the RCVC-UPSE problem. Recall that r should be mapped
to a pre-specified point p,. Assume without lost of generality that p, € L and let p, be the k,-th
point of L. Graph G has at most one block, B, having r as its side vertex. Let Gg be a side
subgraph of G that contains B (see Figure[2.32). By requirement of the problem, the vertices of
Gg, should be mapped to consecutive points of S, to the side opposite to that of r. Recall also
that all the vertices of a single extremal subgraph of G have to be mapped to consecutive points
of a single side of S. Thus, we infer that the vertices of lower(G) have to be mapped to the points
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Figure 2.32: Parts of the graph treated by the proof of Theorem [T1l Sub-
graph Gg is drawn by green and indicated by a dashed curve. Subgraph
Gg(v) is indicated by a black curve. The subgraphs upper(Gg(v)) and
lower(Gg(v)) are indicated by gray curves.

L B =
R Ryjower(G)|~kyp+|Gp|+1..|R]|

L=
Ly, .|

|upper(G)| points

R —
Rjiower(G)|~kp+1..[lower(G)|~kp+|Gs|

Lik, | lower(@)] points

Ry jlower(G)|~k,

Figure 2.33: The partition of the point set described in the proof of
Theorem [TT]

of S comprised by two consecutive subsets of S: that is all the points of L, below p;, i.e., the
point set L;_i, and the |lower(G)| — k;, lowest points of R, i.e., Ry_jiower(G)-k, (Se€ Figure 2.33).
The vertices of Gg have to be mapped to {p;} UR lower(G)|-k, +1..|lower(G)| -k, +|G|- Finally, the vertices
of upper(G) are mapped to the point set Lic,..\1) Y Riower(G)l-i,+/Gpl+1..R - Let us denote Ly, 1| by
L, Riower(G)-k,+Gpl+1.1R DY R" and Riower(G)|-i,+1..llower(G)-k,+/Gg| DY R”. We first show how to test
the existence of an RCVC-UPSE of upper(G) into point set L’ U R’. Testing of existence of an
RCVC-UPSE of lower(G) into the point set L.k, Y R1_jtower(G)-k, 1S symmetrical.

We construct a tree Typper(c). called upward skeleton of upper(G) and we prove that upper(G)
has an RCVC-UPSE into L' UR’, with r mapped to p;, if and only if T, pper(c) has a restricted UPSE
into L’ U R’, with r mapped to p,. Let G{‘, el GZ+ ) be the extremal subgraphs of upper(G), see
Figure[2.34la. We construct tree Typper(c) to consist of a root r and subtrees T, ..., Tl’; - Tooted
at vertices r,. .., rp+(r, respectively, that are connected to r by the edges (r,r;), 1 < i < b*(r),
respectively (see Figure 2.34lb). Consider GI' and let B; be the extremal block of r contained
in Gl.h. Note that B; can be also a trivial block, but B; is a one-sided block, because of the
requirements of the RCVC-UPSE. Thus r and the sink of B; must be adjacent. Let v be a vertex
of B;, adjacent to r, different from sink of B;, if such vertex exists, otherwise let v be a sink of
B;. Consider the graph G'(v) (see Figure Z34la, G'(v) is denoted by a blue curve). Tree T!
consists of its root r; a directed path of length |lower(Gih(v))| — 1, having r; as its sink, and of a
directed path of length IGPI - |lower(GP(v))| — 1, having r; as its source.

Lemma 19. The outerplanar DAG upper(G), rooted at r, admits an RCVC-UPSE into L’ U R’ with
r mapped to p; iff each extremal subgraph of upper(G), rooted at r, is one-side embeddable and
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@ (b)

Figure 2.34: (a) The graph upper(G), its extremal subgraph GI' and its
subgraph G!'(v). (b) The upward skeleton on upper(G). The subgraph
lower(G!'(v)) is substituted by a path of length |lower(G'(v))| — 1.

the upward skeleton Typper(cy of upper(G) admits a restricted UPSE into L’ U R" with r mapped. to
Dr.

Proof: Assume that upper(G), rooted at r, admits an RCVC-UPSE into L’ U R’ with r mapped
to pr. Let I' be such an embedding. We reconstruct this embedding into a restricted UPSE of
Tupper(c) into L U R’. We consider Glh, i=1,....b*r). SinceT is a RCVC-UPSE, Gih (except
maybe vertex r) uses the consecutive points of L’ U R’. Let v be a vertex of B;, incident to r,
different from sink of B;, if such vertex exists, otherwise let v be a sink of B;. Consider Glh(v), in
tree Ti)Ll the lower(Gf‘(v)) is substituted by a directed path of length |lower(Gih(v))| — 1. We draw
this path on the points where lower(Gih(v)) is drawn, using the points in the order of increasing
y-coordinate. The rest vertices of T]* are drawn on the points where the vertices of upper(Gl)
are placed. Now consider a drawing of a single GI', i = 1,...,b*(r). Subgraph G is rooted at
r and r is mapped to p. Let S; U {p,} be the points of L’ U R’ occupied by the G!'. Consider a
virtual point p; that is below the points of S; so that S; U {p;} creates a one-side convex point set.
Place vertex r to point p;. Note that the new drawing of Glh is upward and planar. Thus Glh is

one-side embeddable.

Now assume that T,pper(g) admits a restricted UPSE into L’ U R” with r mapped to p,. Let
Tih, i =1.....b"(r) be the subtrees of Typper(c) rooted at ry. ..., ry+ ) respectively. Each of Tih,
i=1,...,b"(r) is mapped to consecutive points of L’ U R/, call this point set S;. Now consider
Gih, i=1,...,b"(r). Recall that G[‘ is one-side embeddable. Consider S; U {p;}, where p; is a
virtual point lower than all points of S;. Map G to S; U {p;} so that r is mapped to its lowest
point, i.e. to p;. Move r to the point p,. Note that in any UPSE of G[‘ to S; U {p;}, vertex v is
mapped higher than all vertices of lower(GF(v)). Thus, since (r, v) is upward in the UPSE of Tih

it is also upward in the constructed drawing of G[‘ on point set S; U {p}. |

By Lemma[I9] upper(G) admits an RCVC-UPSE into L’UR’ if and only if each extremal subgraph
of upper(G), rooted at r is one-side embeddable and upward skeleton Typper(g) of upper(G)
admits a restricted UPSE into L’ U R’ with r mapped to p,. One-side embeddability of extremal
subgraphs of upper(G) can be tested in linear time by Lemma [I7]l Finally, the existence of a
restricted UPSE of Ty pper(c) into L’ U R’ can be tested in O(b*(r)|upper(G)|) time, by using the
dynamic programming procedure explained in Section [2.3.4] (see also Theorem [G).

Next we explain how to test whether side subgraph Gg has an UPSE into points {p,} UR", where
r is mapped to p,. Note that the positions of the vertices of block B are predetermined by the
sizes of the extremal graphs of the vertices of B. Le. for any edge (v, ') of B, the vertices of
lower(Gg(v')) and upper(Gg(v)) have to be drawn above v and below v/, respectively. Let I'
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be a drawing of the vertices of B on points of {p,} U R” so that for each edge (v, V') of B, there
are |lower(Gg(v"))| + lupper(Gg(v))| free points between the points to which v and v” are mapped.
If I'g is upward and for every v € B each of the lower(Gg(v)) and upper(Gg(v)) is one-side
embeddable, an UPSE of Gg on point set {p,} UR", so that r is mapped to p,, can be constructed
in time O(Gg), by Lemma [I71
Finally, since the size of Gg is bounded by |G| the overall time complexity is O(b* (r)|G|+ b~ (r)|G| +
IGI) = O(b(r)|G)).

O

Similarly to the case of trees, denote by £L(G, L, R) the set of points p, € L U R such that there
exists an RCVC-UPSE of G into L U R so that the root of G is mapped to p,. The next theorem
follows easily from Theorem [T by testing each point of L U R as a candidate host for r(G).

Theorem 12. Let G be an n-vertex outerplanar DAG rooted at vertexr, so that if r is a side vertex
of a block B of G, then r is a single side vertex on one of the sides of B, moreover B is the only
block of G that can be two-sided. Let L and R be left-sided and right-sided convex point sets,
resp., such that L U R is a convex point set of size n. Then, set L(G, L, R) can be computed in
O(b(r)n?) time. |

2.4.2.2 Restricted UPSE for path components

Let again G be an outerplanar DAG, S be a convex point set, let Ps; be a path from a source s
to a sink t of G and let P, = {s = w1,...,w, = t} be the (s, t)-separating subpath of Ps;. Let
Gu,w,, be a path component of G defined by Ps;. Let B; be a block of Gy, ,,, that contains
both w; and w;;,. If B; is a trivial block, i.e., an edge then its drawing is determined uniquely
by the positions of vertices w; and wyy;. Thus, in case of a tree, we only had to check whether
the edge connecting w; and w;y; is drawn upward. Assume now that B; is not a trivial block,
then Gy, w,,, might have more drawings on a point set corresponding to it. In this section we
present a restricted UPSE problem that deals with an UPSE of a path component.

We first recall that, by Lemma [18] if G admits an UPSE I'; into S with s and t mapped to b(S)
and t(S), respectively, then the following are true for the structure of G, ,,, and its UPSE into
a subset of S.

1. Vertex w; (resp. wy;) of block B; either coincides with the source s; (resp. sink t;) of B; or
is adjacent to it (Statement (3)).

2. If w; (resp. wy41) of block B; is incident to source s; (resp. sink t;) of B;, then s; (resp. t;)
is mapped in I'g to the opposite side to which wj; (resp. w;;1) is mapped (Statement (4)).

3. The vertices of Gy,w,,,» 1 < i< m-—1, except of w; and wy,; are mapped in I'g to a subset
of S comprised by two consecutive point sets of S, one on its left and one on its right side
(Statement 7).

4. For each v € B;, v # w;, w1, the vertices of Gy, u,,,(v) are mapped in I'g to the same side
where v is mapped on consecutive points around v (Statement 9).

Based on these necessary conditions we define and solve the following problem:

Definition 4. Let G be a n-vertex outerplanar DAG G, let B be a block of G, let s and t be the
source and the sink of B. Let also w, w'’ be the vertices of B so that w (resp. w’) either coincide
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with s (resp. t) or is incident to it. We assume that G is rooted at w. Let S be a convex point set of
n points and let q, p be two points of S. In a restricted path component UPSE problem (RPC-UPSE,
for short) we are asked to determine whether there exists an UPSE of G into S such that:

(i) Vertices w, w' are mapped to the points q, p, respectively.

(ii) If w (resp. W) is incident to s (resp. t), then s (resp. t) is mapped to the side of S opposite
to which w (resp. w’) is mapped.

(iii) Foreach v € B, v # w, W, the vertices of G(v) are mapped to the same side of S where v is
mapped on consecutive points around v.

An UPSE of G into S that satisfies these requirements is called an RPC-UPSE.

Lemma 20. Let an outerplanar DAG G, block B of G, vertices w, w’ of B, convex point set S and
points q, p of S= L U R, as defined in the RPC-UPSE problem. RPC-UPSE problem can be solved
in O(|G]) time. If an RPC-UPSE of G into S exists we can also construct it within the same time
bounds.

Proof: If B is a trivial block then it has a unique drawing defined by the positions of w and w’
and we only need to test the upwardness of the edge {w, w'}, thus the lemma holds. Assume,
that B is not a trivial block. Recall that when block B of graph G is specified, by L(G) (resp.
R(G)) we denote all the vertices of L(B) (resp. R(B)) plus the vertices of the components incident
to the vertices of L(B) (resp. R(B)) and refer to L(G) and B(G) as to sides of G.

By the definition of RPC-UPSE, vertices s, t either coincide with w, w’, or are incident to them,
respectively. By Statement 2 (Lemma [18), in any UPSE of B into some points of S, all the
vertices of L(B) (resp. R(B)) are mapped to the same side of S. While, by RPC-UPSE again, if
w (resp. w') is incident to s (resp. t) then s (resp. t) has to be mapped to the opposite side to
which w (resp. w’) is mapped. Thus, if at least one of w, w’ is different from s, t, respectively,
and since we know to which side of the point set w and w’ are mapped, it is predetermined to
which side the points of {L(B), R(B), s, t} are mapped.

Based on these notes we define a side mapping of G. Side mapping of G is a function M :
V(G) — {A, p}, so that:

1. For each v € G, M(v) = A (resp. M(v) = p) if vertex v is mapped by M to the left (resp.
right) side of the given point set.

2. M(w) and M(w’) are already given since we know that w and w’ should be mapped to
points g and p, respectively.

3. If w # s then M(w) # M(s). For each v € G which belong to the same side of G where w
belong, set M(v) = M(w), for the vertices of the other side of G, set M(v) # M(w).

4, If w # t then M(w’) # M(t). For each v € G which belong to the same side of G where w’
belong, set M(v) = M(w'’), for the vertices of the other side of G, set M(v) # M(w’).

5. If w = s and w’ = t then we define two distinct side mappings: (i) for all v € L(G) set
M;(v) = A and for all v € R(G) set M;(v) = p. (ii) for all v € L(G) set My(v) = p and for all
v € R(G) set My(v) = A.
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Note that a side mapping for G simply expresses the requirements of the RPC-UPSE problem.
For the simplicity we introduce the following notation:

AM) = [Upeg (M(v) = ). p(M) := [ Upee (M(0) = p)I.

Let M be a side mapping of G. Since the number of vertices of G that is mapped to the left (resp.
right) side of the given point set should be |L| (resp. |R|), we get the first necessary condition:

AM) = |LI. p(M) = |R|.

If the above equations holds we say that M is a valid side mapping of G.

Assume that there exists a valid side mapping of G. By requirement (iii) of RPC-UPSE, for each
v € B, G(v) has to be drawn on one the same side of S, where v is placed, on the consecutive
points around v. Thus, both upper(G(v)) and lower(G(v)) should be one-side embeddable. This
is the second necessary condition.

Finally, consider the following drawing ['g of B on S: let v be a vertex of B. Leave |upper(G(v))|
and |lower(G(v))| points free above and below the point where v is mapped. We call ['g, drawing
of B induced by mapping M. It is clear that the induced by M drawing of B should be upward,
this is the third necessary condition.

Next we overview the algorithm which tests the three necessary conditions and constructs the
drawing if the conditions are fulfilled, i.e., we prove that these conditions are also sufficient. We
also discuss the time complexity.

1. Test whether there exists a valid side mapping M of G to S. This can be done in time
proportional to the size of G.

2. Let I'g be drawing of B induced by mapping M. Test whether I'p is upward. The con-
struction of 'y and the upwardness test can be done in time proportional to the size of
G.

3. For each v € B, test whether upper(G(v)) and lower(G(v)) are one-side embeddable. This
can be done in time proportional to the size of the graph due to Lemma [I7l1 The con-
struction of the asked RPC-UPSE of G into S is then completed by the construction of an
UPSE of upper(G(v)) (resp. lower(G(v))) into a one-side convex point set of the same size,
comprised by the consecutive points lying above (resp. below) v, which are left free by the
definition of the drawing of B induced by a valid mapping. By Lemma [I7] this can be done
in time O(lupper(G(v))|) (resp. O(|lower(G(v))|)).

This concludes the proof of the lemma. |

Given G, block B of G, vertices w, w’ of B, convex point set S and points g, p of S, as in
RPC-UPSE problem, the procedure RPC-UPSE(G, w, w', S, q, p) returns true if there exists an
RPC-UPSE of G into S with vertices w, w’ mapped to g, p, respectively.

2.4.3 Testing algorithm for outerplanar digraphs

Let G be an outerplanar DAG and s and t be a source and a sink of G, respectively. Let S be a
convex point set. In this section we present a polynomial time algorithm that tests whether G
admits an UPSE into S, such that, s and t mapped to b(S) and t(S), respectively.
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Figure 2.35: Construction of an UPSE of Gs,, from an UPSE of G, ,, an
RPC-UPSE of G,,_, «, and an RCVC-UPSE of G,,,. Subgraph G ,,_, is denoted by
black, path component G,,_, ., by blue and cut vertex component G, by red.

Let Py be a path from s to t and let Pg, = {s = w1, ..., w, = t} be the (s, t)-separating subpath
of Ps;. Let Gy, 1 <i<m, and Gy, w,,» 1 £1<m—1, be a cut vertex components and a path
components defined by Ps;. Finally let Gs,,, 1 < i < m, be the subgraphs of G defined by Ps
and wj.

Similarly to the case of trees, the dynamic programming Algorithm [2] maintains a list of points
P(a,b, k), 0<a<]|Ll, 0<b<]|R|, 1<k<m,such that:

Gs,w, has an UPSE into point set S;_q,1. 5 With
peP(a b k)
vertices s, wj mapped to points b(S), p, respectively.

For the boundary conditions of our dynamic programming we have that:
P(a.b, 1) = L(Gy,. L. q.Ri.p) where a + b = |Gy, |.

Note that since w; is a source, P(a, b, 1) is either {b(s)} or 0.

Assume that Gs,, , has an UPSE into point set S;_q—q,-ay,1..b-b,~b, With vertex w;_; mapped to
point g (see Figure [2.35 black graph). Assume also that G, has an RCVC-UPSE in Lg_q,+1..qa YU
Rp_p,+1..» With w; mapped to p (red graph in Figure 2.35). Assume finally, that G,_, ., has an
RPC-UPSE into point set Lo—q,—ay+1..a-a; Y Rb-b,-by+1..-b, Y {P. q} (blue graph in Figure 2.35).
Then we can combine the UPSE for Gg ,,,,_, with the RCVC-UPSE for G,,,, and with the RPC-UPSE
for Gy, ,,w,» in order to get an UPSE of Gs ,, on point set S; 4 1., With vertices s and w; mapped
to b(S) and p, respectively. This procedure allows us to add points in P(a, b, i) and is described
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formally by the following recurrence relation:

Pla.b,i)={p | dai.by €Z:a;+ by =|Gy,l
Haz, by €Z:ay+ by = |Gwi—1vwi| -2
and beE -[:(Gwi’ La—a1+1..a! Rb—b1+1..b)
anquEP(a—al —ag,b—b; — by, i— 1)
and JRPC-UPSE of Gy, |, into
La7a17a2+1..a7a1 U Rb*bl*bg*’l..b*bl U {p’ q}
where w;_; and w; are mapped to
q and p, respectively}

(2.6)

Lemma 21. Let G be a n-vertex outerplanar DAG, S be a convex point set of size n. Let s
and t be a source and a sink of G, respectively, let Ps; be a path connecting s and t in G, let
Pg, = (s = wy,...,wy = t) be the (s, t)-separating subpath of Ps; and let Gsy,, 1 < i < m be
the subgraphs of G, defined by Ps; and w;. There exits an UPSE of G into S such that s and t
are mapped to b(S) and t(S), respectively, if and only if P(|L|, |R|, m), computed by the recurrence
relation [2.6), is non-empty.

Proof: We first prove that if p € P(a. b, i) then Gs 4, has an UPSE into point set S; 4., With
vertex w; mapped to point p. From the boundary conditions it is true for i = 1. Assume that if
g € P(a,b,i— 1) then Gs,, , has an UPSE into S;_ .., with vertex w;_; mapped to point g. Let
now p € P(a, b, i). Then by the definition of the recurrence relation we infer that:

1. There exist a;, b; € Z so that a; + b; = |Gy,,|.
2. There exist ay, by € Z so that ag + by = |Gy, |, — 2.

3. Point p € L(Gy,. La—a,+1..a- Rb-b,+1..p), Which by the definition of £, means that there exists
an RCVC-UPSE of Gy, into Lg—q,+1..a Y Rp—p,+1..» With w; mapped to p.

4. There exists g € P(a—a; — ag, b— by — by, i — 1), thus, by induction hypothesis, Gs,, , has
an UPSE into Ll..afalfaz U Rl..b*blsz-

5. There exits an RPC-UPSE of Gy,_, u, Int0 Lg—q,~-ay+1..a-a; Y Rb—b,—by+1..6-b, Y {P. g} Where
w;—1 and w; are mapped to g and p respectively.

Then we combine the UPSE for Gg,,_, into point set Si._q—a,-ay,1..b-b,—-b, With the RCVC-UPSE
for Gy, into point set S,_q +1..ab-b,+1..p and with the RPC-UPSE of Gy, ., into point set
Sa—a;-ay+1..a—a; b—b,—by+1..b-b, Y {P, q} in order to get an UPSE of Gs ,,, on point set Sy _41.p. Since
each extremal and a side subgraph of G, is drawn entirely on a single side of S we get that the
resulting drawing is planar. It is upward as a combination of upward drawings.

For the reversed statement we also work by induction. From the boundary conditions we
know that if Gs,,, = G, has an UPSE in to a point set S; _q1.» then b(S) € P(a, b, 1), where
a+ b = |Gy,|. Assume that the statement is true for G, ,, i.e., if Gy, , has an UPSE in
to a point set S;_4.1.» With vertex w;_; mapped to q then q € P(a. b,i — 1). Assume also that
Gs.w, has an UPSE in to a point set S;_ 1. with vertices s and w; mapped to points b(S) and p,
respectively. Recall Statements (5—7) of Lemma[I8 By these statements, there exists numbers
ay, by, ayg, by, so that

1. a; + by =|Gy,|, and p € Sq_q,+1..ab-b+1..b
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Algorithm 2: OuTERPLANAR-UPSE(G, S, s, t)

input :An outerplanar DAG G, a point set S= L U R, a source s and a sink t of G and a
path Ps;. Path Pg;, = (s = wy,..., wy = t) is used to progressively build graph G
from subgraphs Gy, w,, 2 <i<mand Gy,, 1 <i<m.

output “YES” if G has an UPSE into S with s mapped to b(S) and t mapped to t(S), “NO”

otherwise.

1. Fora=0...[L]|

2. For b=0...|R|

3. P(a.b. 1) = L(Gw,. L1 .q.Ri.p)

4. Fork=2...m //Consider outerplanar DAG Gy,

5. P(a,b, k) =0

6. Fori=0...|Gy,l //We consider the case where i vertices

of Gy, are placed to the left side of S

7. if (a-i>0)and (b - (|Gy,|—1) > 0)

8. Let £ = L(Guy. La-i+1..a- Rb—(Gyy |-0)+1..b)

9. //We consider all the possible placements of vertex wy
10. For each pin L
11. Let M be a side mapping of Gy,_, w,» When wy is
12. mapped to p and wy._; is mapped to some point of L.
13. //We consider all possible placements of wy._; to the
14. left side of the point set
15. For each g in
16. Pla—i—AM),b—-(|IGy, | —1) —p(M),k—1)NL
17. if RPC—UPSE[wk_l, Wi, La—i—ﬂ(M)+1..a—iU
18. Rb(1Guy |- 1)-p(M)+1..b~(Guy |-0) Y {P. G}, Q. D)
19. then add p to P(a, b, k).
20. Let M be a side mapping of Gy,_, w,» When wy is
21. mapped to p and wy_; is mapped
22, to some point of R.
23. //We consider all possible placements of wy._; to the
24. right side of the point set
25. For each g in
26. Pla—i— AM). b~ (|Gyl 1) —pM). k- 1)NR
27. if RPC-UPSE(Wy 1, Wi, La—i py+1..a-iY
28. Rb—(Gupy l-1)~p(M)+1..b=(1Guy I-)) Y P- G} G. D)
29. then add p to P(a, b, k).

30. if P(|L|, |R[, m) is empty then return(“NO”);
31. return(“YES”);

2. ag + bg = |Gwi_1,wl.| -2
3. The UPSE of G, contains the UPSE of Gg,, , into point set
S1..a—a;—ay.1..b-b,—b, With vertex w;_; mapped to some point g of

S1..a—aj—ay,1..b-b;—b,- By induction hypothesis we infer that g € P(a—a; —ag, b—b; —by, i—1).

4. Cut vertex component Gy, is mapped to the point set S,_q, +1..a,b-b,+1..p, With vertex w;
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mapped to point p. By the definition of £ we get that p € L(Gw,, La—a,+1..a: Rb—b,+1..b)-

5. Path component component G, , ., iS mapped to the point set
Sa—a;—ag+1..a—ay.b—b—by+1..b-b, Y {P, q}, with vertices w;_;, w; mapped to points g, p, re-
spectively. Moreover, by Statement (9) of Lemma if B; is the block of Gy,,_, w, that
contains both w;_; and wy, then for each v € B;, v # w;_;., w; the vertices of Gy, | u,(v) are
mapped on the same side of S around v. Therefore, there exists a RPC-UPSE of Gy,,_, u,
into Sa—al—a2+1..a—a1,b—bl—b2+1..b—b1 U {pi q}’ Wlth Vertices wi—l’ wi mapped to pOints q’ p’
respectively.

Thus, by the definition of recurrence relation we infer that p € P(a, b, i).

Finally, for i = m we infer that an UPSE of T into S such that source s and sink t are mapped
to b(S) and t(S), respectively, exists if and only if P(|L|, |R|, m) is non-empty. Note that if
P(L|. |[R|, m) # 0, then it must hold that P(|L|, |R|, m) = {t(S)}. O

The following theorem concludes the section and is proved along the same lines as Theorem
and Theorem 9]

Theorem 13. Let G be a n-vertex outerplanar DAG, S be a convex point set of size n, s be a
source of G and t be a sink of G. It can be tested in O(n®) time whether G has an UPSE into S.
Moreover, if such an UPSE exists, it can be constructed within the same time bound.

Proof: The Algorithm 2] calculates the values P(a., b, k), when0 < a < |L[,0 < b<|R|, 1 < k < m,
thus from Lemma [I3] we infer that Algorithm [2] decides whether G has an UPSE into S such
that s and t are mapped to b(S) and t(S), respectively.

We first prove that Algorithm 2] terminates in time O(n®). Note the following:

1. By Theorem[I2] the list £ in line 8 can be computed in time O(deg(w;)|Gy,,|*) and contains
at most 2|G,, | values.

2. In line 10, variable p runs over at most 2|Gy,, | values.
3. In lines 15 and 24, the variable g runs over at most |Gs , ,| different values.

4. By Lemma[20] the test of lines 17 — 18 and 26 — 27 can be done in time O(|Gy, , w,|)-
Thus, the complexity of the algorithm is limited by the following value:

ILI IR m
D (deg(wilGus,* +1Gs,wy 1| [Guy - [Guoy .0 = O(n®).

a=0 b=0 k=2
A factor of n can be saved by realizing that in our dynamic programming we can maintain a
list #'(a, i) which uses only one parameter for the left side of the convex set (in contrast with
P(a, b, i) which uses a parameter for each side of S). The number of points on the right side of S
is implied since the size of graph Gs ,,, is fixed. For simplicity, we have decided to use notation
P(a, b, ).
By applying Algorithm 2] on all {source, sink) pairs of T we can decide whether outerplanar DAG
G has an UPSE into a convex point set S. A naive application of this idea leads to the algorithm
with time complexity O(n”), since there are O(n?) distinct pairs of sources and sinks. Next we
explain how the overall time complexity can be reduced to O(n®). Let Ps; be a path from s to t,
passing through m vertices, and let P, be the subset of P, that contain only the cut vertices
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of G that are also (s, t)-separating vertices. Let first t’ be the j-th vertex of P, that is also a sink
of G. During the computation of $(a, b, m) corresponding to path Ps; we also compute $(a, b, )
and thus we can immediately answer whether there exists an UPSE of G into S so that s and
t’ is mapped to b(S) and t(S), respectively. Next consider a sink 7 that does not belong to path
P ;. Consider a path Ps; and its subset PSCI that contains only the cut-vertices that are also
(s. t)-separating vertices. Assume that the last common vertex of P, and Pg; is the j-th vertex
of Pg;. In order to compute whether there is an UPSE of G into S so that s and  are mapped
to b(S) and t(S), respectively, we can start the computations of the Algorithm [2] determined by
variable k from the j + 1-th step (see line 4 of the algorithm). Thus, for a single source s and
all possible sinks variable k changes O(n) times, since there are O(n) cut-vertices in G. Since
the number of different sources is O(n) we conclude that the overall time complexity of the
algorithm is O(n®).

O

2.5 Embedding a Path into a General Point Set

2.5.1 Known results and perspectives

This section is devoted to point sets in general position and a “simple” family of graphs, path-
DAGs. Path-DAGs are also referred to in literature as oriented paths. Despite the simplicity of
path-DAGs, not many results are known about them. Thus, we only know that the following
families path-DAGs always have an UPSE into any general point set:

(i) Any path-DAG with at most 5 switches and at least two of its monotone paths having
length two (see e.g. Figure [2.36la) IE].

(it) Any path-DAG P with 3 switches. Assume that P contains k and [ vertices on its monotone
paths and that the vertex between them is a sink. The drawing can be produced by the
following simple idea: using a line through S’s highest point, partition S on two parts,
one having k — 1 points and the other | — 1 points. Then draw the monotone paths using
sorted by y-coordinate points on each of the parts of S.

(iit)y Every path-DAG P = (vy,...,Uy), so that if its vertex v; is a sink-switch (resp. source-
switch), then its vertex v;;; is a source-switch (resp. sink-switch) (see Figure 2.36].b) ].

@ (b)

Figure 2.36: (a) Path-DAGs with at most 5 switches and at least two of its
monotone paths having length two. (b) Path-DAG P = (v;,..., v,), so that if its
vertex v; is a sink-switch, then its vertex v;,, is a source-switch.
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On the other hand we are aware of no path-DAG P and a point set S, so that P does not admit
an UPSE into S.

Recently we set an experiment on a grid point set. That, for every general point set S, consisting
of n points, and lying on a n X n grid, and every path-DAG P, of length n, we test whether P
admits an UPSE into S, by simply testing all possible mappings of P to the points of S. Our
experiment showed that there is no counterexample for n < 9.

Let us introduce an equivalent definition of this problem. We construct an embedded tour-
nament T from our point-set S as following: T contains |S| vertices, which are represented by
points of S and n(n—1)/2 edges, that connect every pair of vertices. The direction of the edges is
the one which corresponds to an upward orientation. We call a geometric digraph defined this
way an upward geometric tournament. Now, given an oriented path P, the question becomes:
“Does T contain a planar copy of P?”.

The undirected and non-planar versions of this problems are well-studied problems in graph
theory. Thus, Newborn and Moser ] showed that every drawing of a complete graph K,
contains at least 3/2010"/3] crossing-free Hamiltonian circuits. This result was improved by
Hayward I@] to the value of k3.2684", where k is a constant.

On the other hand, a non-planar but directed counterpart of our problem is the following: given
a tournament T and an oriented path P, determine whether T contains a copy of P. There is
a long series of works devoted to this problem, see IB] for a survey. This problem is known
as M.Rosenfeld’s conjecture and was finally positively resolved by Thomason I@] for the large
values of n. For the transitive tournaments it is easy to see that every tournament contain a
copy of any oriented path P.

These facts as well as the results of the our experiments drive us to the following conjecture.

Conjencture 1. Every n-vertex upward geometric tournament contains a planar copy of every
n-vertex oriented path.

2.5.2 Point set larger than graph

In this section we tackle the problem of embedding path-DAGs with at most k switches into
general point sets with more than n points. We first prove that every path-DAG P with n
vertices and k switches admits an upward straight-line embedding into every general point set
with n2*=2 points. Then we present another approach, decreasing the size of the point set to
o(n?).

2.5.2.1 Point set of n2"2 points
We next show the following:

Theorem 14. Every path-DAG P with n vertices and k switches admits an upward straight-line
embedding into every general point set S with |S| > n2" 2.

Proof: We prove the statement by induction on the number of switches; we suppose inductively
that one of the end-vertices of P is mapped to b(S) or t(S), depending on whether such a vertex
is a source or a sink. The statement is trivial if k = 2, as in such a case P is monotone and any
general point set with n points suffices.

Suppose that k > 2. Let a; be an end-vertex of P. Suppose that a; is a source, the case in
which it is a sink being analogous. Let P, = (a;, ag, . . ., @;) be the maximal monotone path of P
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P\{ay,...,a11}
it]151] > |5

P\{ai,..., a1}
if [S1] < [Sa]

B(S)

Figure 2.37: Illustration for the proof of Lemma [T41

containing a;. Notice that | > 2. Map P, \ {;} to the |P,| — 1 points of S with lowest y-coordinate.
Denote such a point set by S,. Map q; to t(S). Let S; and Sy be the point sets composed of t(S)
and of the points of S\ S, to the left and to the right, respectively, of the line through a;—; and a;.
If |S1]| > |Ss| (if |Sa| > |S1]), construct an upward straight-line embedding of P\ {a;, ag, ..., a1}
into S; (into Sy, resp.) with a; placed at t(S;) = t(S) (at t(Sz) = t(S), resp.).

It is easy to see that the constructed straight-line embedding is upward and planar. We show
that the cardinality of point sets S; and S, is sufficient to apply the induction. The number
of points in the one of S; and S; with more points is at least (|S| — (I — 1))/2. Further, P\

{a;.az. ..., a1} has n—(1— 1) vertices and k — 1 switches. Since |S| > n2* 2, the one of S; and
S, with more points has at least (n272 —(1-1))/2 = n2¥3 - (1-1)/2 > n2"3 — (1-1)2%3 and,
since k > 2, the lemma follows. |

2.5.2.2 Point set of O(n?) points

We first recall some definitions and introduced some new terms. If p is a point of S, we denote
by y(p) its y-coordinate. By p(v) we denote the point to which vertex v has been mapped. A free
point of S is a point to which no vertex of P has been mapped yet.

Consider a point set S and its convex hull H(S). Let L; = S\H(S), ..., Ly = Lyjn—1 \H(Ljp—1). If m
is the smallest integer such that L,, = 0, we say that S contains m—1 layers Ly, ..., Ly ;. Layers
L; and Ly are called consecutive layers of S. Let p and g be points of L; and L;y;, respectively.
We say that p is visible from q (or vice versa) if the straight-line segment p, g does not cross the
polygon defined by the points of L;;; (see Figure[2.38).

P1

P2

p3

P4

%

Figure 2.38: Points p; — ps are not visible from g, while point p, is visible.

The next simple lemma represents the key idea of the proof.
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Lemma 22. Let S be a point set in general position containing n? — n points. If S does not contain
a convex subset of n points then S contains at least n layers.

The following lemma is also used in the proof of the theorem.

Lemma 23. Let S be a point set in general position that contain m layers Ly, ..., Ly. Let p;, q; be
two consecutive points of layer L; and p;;1, qi+1 be two consecutive points of layer Li; 1, so that
Y(gi) < (gi+1) < Y(pi+1) < Y(pi). Moreover both p;, g; lie on the right side of Li and pi+1. gi+1 lie on
the right side of L;;1. At least one of the following statements holds: (a) p; is visible from qg;+1, (b)
q; is visible from p;; 1.

Proof: For the illustration of the statement of the lemma see Figure[2.39a. Assume for the sake
of contradiction that both statements (a) and (b) are false, i.e. neither p; is visible from g;;;
nor q; is visible from p;;;. Rotate line [ clockwise through p;;; starting from horizontal position,
see Figure [2.39.b. Line [ encounters point g;;; before point g;, since g; is not visible from p;, ;.
Similarly, rotate line f counterclockwise though g;;;, starting from horizontal position. Line f
encounters p; after p;;;. This means that both point g;;; and p;;; are in convex position with
points of L;, a clear contradiction.

@ (b)

Figure 2.39: (a) Point p; is visible from g;.;., but point g; is not visible from
Pir1- (b) Hlustration of the proof of Lemma 23] Points g;;; and p;;, are in convex
position with points of L;.

O

Theorem 15. Let S be a set of n? — n points in general position and let P be a path-DAG on n
vertices. P admits an upse into points of S.

Proof: If S contains n points in convex position, say S’, then by Theorem 7 of Binucci et. al. ],
P admits an upse into S’ and thus into S. Assume that none of n points of S are in convex posi-
tion. Then by Lemma [22] S contains at least n layers. Denote n of these layers by Ly, Ly, . . ., Ly,
so that L, is the external layer and L;, L;;; are two consecutive layers, i = 1,...,n— 1. Let
V(P) = {v;.....v,} be the vertex set of P, where the vertices are present in the order they appear
in the path P.
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We proof the statement of the theorem by induction.

If the first edge of P is (v, v2) we place v; on t(L,;) and v, on t(L,_;). Note that t(L,_;) is always
visible from t(L,). Case when the edge (v2, v;) is present is symmetrical. We place v; on b(Ly)
and vy on b(L, ). During the proof, if the vertex v; is places on the right (left) side of L;, then
we try to place vy to the right (left) side of L; ;.

Assume that after i steps we have placed vertex v; on the layer j, j < n — i + 1 and assume also
that the following conditions hold:

(R 1) For any k < i, if edge (vy-1, Ux) is present and both vj_;, v, are placed on the same layer
L, then, all of the points of L,,_; that are higher than the point p(v,_;) are invisible from
P(Vk-1)-

(R 2) For any k < i, if edge (vk, vi—1) is present and both vy_;, vy are placed on the same layer
L, then, all of the points of L,,—; that are lower than the point p(vj—1) are invisible from
P(Uk-1).

(R 3) The drawing is upward and planar.
Lj—l

Vi+1

@ (b)

Figure 2.40: Proof of Theorem [I5] Case 1.

Now we place v;y;. Assume that the edge (v;, vi41) is present, the case of edge (v, v;) is
symmetrical. Recall that vertex v; was mapped to the layer L;. Assume w.l.o.g that v; is mapped
to the right side of L;.

Case 1: Vertex v; ; was mapped to a point of layer Lj;; (Figure 2.20). Assume w.l.o.g. that
v;_1 was mapped to the right side of L;,;. Let g be a point of the right side of L;_; which is
next higher that p(v;). If q is visible from p(v;) we map there v;;; (Figure2.40la). If g is not
visible from p(v;) then we place vy into the point of L;, that is consecutive higher point
of p(v;) (Figure 2.40Lb). We know that such a point exists, because otherwise p(v;) is t(L;)
and then t(L; ) is visible from t(L;). We also know that this point is free because vertex
v;-1 was mapped to a point of layer L;;;. Note also that if g is not visible from p(v;), then
none of the points of L; ; that is higher than p(u;) is visible from it. Thus in both cases
conditions R 1,R 2 hold and the drawing is upward and planar (condition R 3 holds).

Case 2: Vertex v; 1 was mapped to a point of layer L; (Figure 2.41).
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Case 2.a: Edge (v;_1, ;) is present, see Figure 2.41la. Then we proceed exactly as in
Case 1.

Case 2.b: Edge (v;, v;_1) is present, see Figure 2. 41]b. By induction hypothesis the point
g of L;_; that is next lower than the point p(v;_1). is not visible from p(v;_1). Let g
to be the consecutive higher than g point of L; ;. The point g is higher than p(v; ).
Then, by Lemma 23] point g is visible from p(1;). So, we map vy to g. Conditions
R 1-R 3 hold.

Vit+1

Vit+1

g

@ (b)

Figure 2.41: Proof of Theorem [I5} Case 2.

2.6 Upward Point Set Embeddability is NP-complete

In this section we examine the complexity of testing whether a given n-vertex upward planar
digraph G admits an UPSE into a point set S. We show that the problem is NP-complete even for
a single source digraph G having longest simple cycle of length at most 4. This result is optimal
for the class of cyclic graphsﬁ, since we proved in IE] that every single-source upward planar
directed graph with no cycle of length greater than three admits an UPSE into every point set
in general position.

Theorem 16. Given an n-vertex upward planar digraph G and a planar point set S of size n in
general position, the decision problem of whether there exists an UPSE of G into S is NP-Complete.
The decision problem remains NP-Complete even when G has a single source and the longest
simple cycle of G has length at most 4 and, moreover, S is an m-convex point set for some m > 0.

Proof: The problem is trivially in NP. In order to prove the NP-completeness, we construct a
reduction from the 3-Partition problem.

Problem: 3-Partition
Input: Abound Be Z*, and a set A = {aj. ..., asm) with a; € Z*, B < q; < g.
Output: m disjoint sets Ay, ..., Ay C Awith |A;] =3 and },ep,a =B, 1 <i<m.

3A digraph is cyclic if its underling undirected graph contains at least one cycle.
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1(S)

t(S)

b(S)

b(S)
(@) (b) (©)

Figure 2.42: (a) The graph G of the construction used in the proof of NP-
completeness. (b) The point set S of the construction. (¢) An UPSE of G on S.
(d) The construction of Statement [5]

We use the fact that 3-Partition is a strongly NP-hard problem, i.e. it is NP-hard even if B is
bounded by a polynomial in m ]. Let A and B be the set of the 3m positive integers and the
bound, respectively, that form the instance (A, B) of the 3-Partition problem. Based on A and
B, we show how to construct an upward planar digraph G and a point set S such that G has an
UPSE on point set S if and only if the instance (A, B) of the 3-partition problem has a solution.
We first show how to construct G (see Figure [2.42]a for illustration). We start the construction
of G by first adding two vertices s and t. Vertex s is the single source of the whole graph. We
then add m disjoint paths from s to t, each of length two. The degree-2 vertices of these paths
are denoted by u;, i = 1,...,m. For each a € A, we construct a monotone directed path P; of
length a that has a new vertices and s at its source. Totally, we have 3m such paths Py, ..., Ps,,.
We proceed to the construction of point set S. Let b(S) and t(S) be the lowest and the highest
points of S (see Figure[2.421b). In addition to b(S) and t(S), S also contains m one-sided convex
point sets Cy, ..., Cy, each of size B + 1, so that the points of S satisfy the following properties:

e C;U{D(S), t(S)} is a left-sided convex point set, i € {1,...,m}.

The points of Ci;; are higher than the points of C;, i € {1,..., m — 1}.

Let I; be the line through b(S) and t(C;), i € {1,...,m}. Cy,...,C; lie to the left of line [
and Ci;1, ..., Cy lie to the right of line .

Let f; be the line through t(S) and ¢(C;), i € {1,....m}. C;, j > i, lie to the right of line f;.

{t(Cy) :i=1,...,m}is a left-sided convex point set.

The next statement follows from the properties of point set S.
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Statement 5. Let C; be one of the left-sided convex point sets comprising S and let x € Cj, j > i.
Then, set C; U {b(S), x} is also a left-sided convex point set, with b(S) and x consecutive on its
convex hull. |

Statement 6. We can construct a point set S that satisfies all the above requirements so that the
area of S is polynomial on B and m.

Proof of Statement[B: For each i € {0,..., m— 1} we let Cp,_; to be the set of B + 1 points
Cot = {(/ - B +2).72 - ((B+2)*) | j=1.2,....B+1|

Then, we set the lowest point of the set S, called b(S), to be point (=(B + 1) + ((m — 1)(B +
2))?, (B + 1)?2 — (m(B + 2))?) and the highest point of S, called t(S), to be point (0, (m(B + 2))?).

It is easy to verify that all the above requirements hold and that the area of the rectangle
bounding the constructed point set is polynomial on B and m. O

Statement 7. |S| = |V(G)|= m(B+ 1) + 2. O

We now proceed to show how from a solution for the 3-Partition problem we can derive a
solution for the upward point set embeddability problem. Assume that there exists a solution
for the instance of the 3-Partition problem and let it be A; = {a}, a?, a’}, i = 1...m. Note that
;’:1 a{ = B. We first map s and t to b(S) and t(S), respectively. Then, we map vertex u; on t(C;),
i =1...m. Note that the path from s to t through u; is upward and Cy, ..., C; lie entirely to the
left of this path, while Cy 1., ..., Cy lie to the right of this path. Now each C; has B free points.
We map the vertices of paths P}, P? and P? corresponding to a;', a?, @’ to the remaining points
of C; in an upward fashion (see Figure 2.42\.c). It is easy to verify that the whole drawing is
upward and planar.
Assume now that there is an UPSE of G into S. We prove that there is a solution for the
corresponding 3-Partition problem. The proof is based on the following statements.

Statement 8. In any UPSE of G into S, s is mapped to b(S). |

Statement 9. In any UPSE of G into S, only one vertex from set {u,, . .. u,} is mapped to point
setC;,i=1...m.

Proof of Statement[d: For the sake of contradiction, assume that there are two distinct vertices
u; and uy that are mapped to two points of the same point set C; (see Figures [2.43). W.l.o.g.
assume that wuy is mapped to a point higher than the point 1; is mapped to. We consider three
cases based on the placement of the sink vertex t.

Case 1: t is mapped to a point of C; (Figure 2.43la). It is easy to see that arc (s, uy) crosses arc
(uj, t), a clear contradiction to the planarity of the embedding.

Case 2: tis mapped to t(S) (Figure[2.43b). Similar to the previous case since C; U {b(S), t(S)}
is a one-sided convex point set.

Case 3: t is mapped to a point of C,, p > i, denote it by p; (Figure 2.43lc). By Statement 5
C; U {Db(S), p¢} is a convex point set and points p;, b(S) are consecutive points of C; U {b(S), p;}.
Hence, arc (s, w) crosses arc (u;, t), a contradiction. |

By Statement[9] we have that each C;, i = 1...m, contains exactly one vertex from set {uy, . . . Un}.
W.l.o.g., we assume that u; is mapped to a point of C;.

Statement 10. In any UPSE of G into S, vertex t is mapped to either a point of C,, or to t(S).
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t(S)

b(s) b(s) bs)
@ (b) (©)

Figure 2.43: Mappings used in the proof of Statement [9]

Proof of Statement[I0: t has to be mapped higher than any w;, i = 1...m, and hence higher
than u,,,, which is mapped to a point of C,,. |

Statement 11. In any UPSE of G into S, vertex u; is mapped to t(C;), 1 < i < m — 1, moreover,
there is no arc (v, w) so that v is mapped to a point of C; and w is mapped. to a point of C;, j > i.

Proof of Statement[T1l We prove this statement by inductionon i, i = 1...m — 1. For the basis,
assume that u; is mapped to a point p; different from t(C;) (see Figure [2.44la). Let p; be the
point where vertex t is mapped. By Statement [0, p; can be either t(S) or a point of C,. In both
cases, point set C; U {b(S), p;} is a convex point set, due to the construction of the point set S
and the Statement [Bl. Moreover, the points b(S) and p; are consecutive on the convex hull of
point set C; U {b(S), p}.

Denote by p the point of C; that is exactly above the point p;. From Statement[Q we know that
no u;, j # 1 is mapped to the point p. Due to Statement t cannot be mapped to p. Hence
there is a path Py, 1 < k < 3m, so that one of its vertices is mapped to p. Call this vertex u. We
now consider two cases based on whether u is the first vertex of Py of not.

Case 1: Assume that there is a vertex v of Pj, such that there is an arc (v, u). Since the drawing
of S is upward, v is mapped to a point lower than p and lower than p;. Since C; U{b(S), p;} is a
convex point set, arc (v, u) crosses arc (u;, t). A clear contradiction.

Case 2: Let u be the first vertex of P,. Then, arc (s, u) crosses the arc (u, t) since, again,
C1 U {Db(S), p;} is a convex point set, a contradiction.

So, we have that u; is mapped to t(C;), see Figure [2Z.44lb. Observe now that any arc (v, w),
such that v is mapped to a point of C; and w is mapped to a point x € Co U --- U Cy,, U {t(S)}
crosses arc (s, uy), since C; U {b(S), x} is a convex point set. So, the statement is true for i = 1.
For the induction step, we assume that the statement is true for C; and uy, g < i— 1, i.e. vertex
ug is mapped to t(Cy) and there is no arc connecting a point of C4 to a point of Cy, k > g and
this holds for any g < i — 1. We now show that it also holds for C; and u;. Again, for the sake of
contradiction, assume that u; is mapped to a point p; different from t(C;) (see Figure 2.44].c).
Denote by g the point of C; that is exactly above point p;. From Statement [@, we know that no
u;, 1 # i, is mapped to the point q. Due to Statement[I0] t can not be mapped to q. Hence, there
is a path Py, so that one of its vertices is mapped to g. Call this vertex u;. We now consider two
cases based on whether uy is the first vertex of Py of not.
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Figure 2.44: Mappings used in the proof of Statement [T1]

Case 1: Assume that there is a vertex vy of P such that there is an arc (vf, uy). By the induction
hypothesis, we know that vy is not mapped to any C;, | < i. Then, since the drawing of S is
upward, vy is mapped to a point lower than g and lower than p;. Since C; U {b(S), p;} is a convex
point set, arc (vy, uy) crosses arc (1, t). A clear contradiction.

Case 2: Let uy be the first vertex of P.. Then, arc (s, uy) crosses the arc (u;, t) since, again,
C; U {b(S), p;} is a convex point set, a contradiction.

So, we have shown that u; is mapped to t(C;), see Figure 2.44ld. Observe now that, any arc
(v, w), such that v is mapped to a point of C; and w is mapped to a point x € C;i;1U- - -UC,, U{t(S)}
crosses arc (s, 1;), since C; U {b(S), x} is a convex point set. So, the statement holds for i. |

A trivial corollary of the previous statement is the following:

Statement 12. In any UPSE of G into S, any directed path P; of G originating at s, j € {1,...,3mj},
has to be drawn entirely in C;, fori € {1,..., m}. O

The following statement completes the proof of the theorem.

Statement 13. In any UPSE of G into S, vertex t is mapped to point t(S).

Proof of Statement[13: For the sake of contradiction, assume that t is not mapped to t(S). By
Statement [I0] we know that t has to be mapped to a point in C,,. Assume first that t is mapped
to point t(Cy,) (see Figure 2.45a). Recall that w,-o and u,-; are mapped to t(C,—-2) and
t(Cn-1), respectively, and that {¢t(C;) : i = 1...m} is a left-sided convex point set. Hence, points
{t(Cn—2), t(Cir—1), t(Cpy). b(S)} form a convex point set. It follows that segments (t(Cp—2), t(Cr,))
and (t(Cy—1), b(S)) cross each other, i.e. edges (s, un—1) and (u,—2, t) cross, contradicting the
planarity of the drawing.

Consider now the case where t is mapped to a point of Cp,, say p, different from t(C,,) (see
Figure 2.48lb). Since point p does not lie in triangle t(Cy,—2), t(Ciy—1), b(S) and point t(Cy,—1)
does not lie in triangle t(C,,—2), p, b(S), points {t(C—2), t(Cn—1), p, b(S)} form a convex point
set. Hence, segments (t(C,—2), p) and (t(Cy,,—1), b(S)) cross each other, i.e. edges (s, u,—;) and
(Um_o, t) cross; a clear contradiction. O
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Figure 2.45: (a-b) Mappings used in the proof of Statement [T3l

Let us now combine the above statements in order to derive a solution for the 3-Partition
problem when we are given an UPSE of G into S. By Statement[8 and Statement [I3] vertices s
and t are mapped to b(S) and t(S), respectively. By Statement[d, for each i = 1...m, point set
C; contains exactly one vertex from {uy, ..., u,} . say y; and, hence, the remaining points of C;
are occupied by the vertices of some paths P!, PZ,..., Pf. By Statement[I2 P}, P?,..., Pf are
mapped entirely to the points of C;. Since C; has B + 1 points, the highest of which is occupied
by u;, we infer that P!, P2, ..., P¢ contain exactly B vertices. We set A; = {al,d?, ..., af}, where
a{ is the size of path Pf 1 <j<c Since g < a{ < g we infer that ¢ = 3. The subsets A; are
disjoint and their union produces A.

Finally, we note that G has a single source s and the longest simple cycle of G has length 4,
moreover the point set S is an m-convex point set for some m > 1. This completes the proof.

O

2.7 Conclusion and Open Problems

This chapter contains our obtained results on the upward point-set embeddability problem. The
major contribution is done in two direction: (1) Study of embeddability of graphs into convex
point sets and (2) Study of the complexity of the general UPSE problem.

Regarding the first direction we present a complete picture, thus we give two families of trees
that always have an UPSE into convex point sets and a family of trees which does not have
an UPSE into some convex point sets. We prove that it can be efficiently tested whether a tree
admits an UPSE into a convex point-set. Finally, we extend our tree-testing algorithm to the
class of outerplanar graphs, i.e. we proved that it can be efficiently tested whether an upward
outerplanar digraph admits an UPSE into a convex point set. This result complete the research
on the convex point-sets.

Regarding the second direction we proved that the general problem is NP-complete.

Next we present a list of interesting open questions and categorize them by the properties of the
point-sets.

lc-outerplanar point sets, k > 2: It would be interesting to study how the complexity of the
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problems changes when we deal at least with a 2-outerplanar point-set. Even for path-
DAGs there is no trivial extension of the embedding algorithm from an outerplanar point-
set to a 2-outerplanar point-set. It would be also interesting to answer whether there exist
a kk > 1 and a class of trees so that it is NP-hard to test whether these trees admit an

UPSE into k-convex point sets.

General point sets: The central question is that of path-DAGS, i.e. to prove or to disprove
Conjecture[Il Another interesting question is that of complexity of testing whether a tree
and an outerplanar digraph admits an UPSE into a general point set. Recall that our
NP-completeness proof works only for a digraphs with multiple sinks. Thus it would be
interesting to investigate the complexity of problem for planar st-digraphs.
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Chapter 3

Upward Topological Book Embeddings
of Digraphs

3.1 Definition and Previous Work

A k-page book is a structure consisting of a line, referred to as spine, and of k half-planes,
referred to as pages, that have the spine as their common boundary. A book embedding of a
graph G is a drawing of G on a book such that the vertices are aligned along the spine, each
edge is entirely drawn on a single page, and edges do not cross each other. Figure [31] gives an
example of a 3-page book embedding of a graph.

Figure 3.1: An embedding of a graph into 3-page book. Three pages are
denoted by different colors.

As it was already noticed in introduction book embeddings of graphs have a large number of
diverce applications.

Regurding the number of pages, Yannakakis I@] has shown that planar graphs have a book
embedding on a 4-page book and that there exist planar graphs that require 4 pages for their
book embedding. Thus, book embeddings for planar graphs are, in general, three-dimensional
structures.

In this work we are interested only on two-dimensional structures, thus we concentrate on
2-page book embeddings and since not all the graphs have a 2-page book embedding we have
to allow edges to cross the spine. In the literature, the book embeddings where spine crossings
are allowed are referred to as topological book embeddings I@], see for example Figure [3.2]a. It
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is known that every planar graph admits a 2-page topological book embedding with only one
spine crossing per edge [37].

(@ (b)

Figure 3.2: (a) A topological book embedding of a graph into 2-page book.
(b) An upward topological book embedding of a directed graph.

As we already noticed in introduction, when we draw directed acyclic graphs we usually wish
to emphasize the order that is given by the direction of the edges, i.e. we prefer all edges to
be drawn monotonically increasing in a common direction. As a consequence, an upward book
embedding of an acyclic digraph was defined. In an upward book embedding the vertices of the
graph appear along the spine in their topological order, see Figure [3.2]b.

Upward book embeddings have been studied for digraphs and posets in , @ , , ]. The
minimum number of pages required by an upward book embedding of a planar acyclic digraph
is unbounded I@], while the minimum number of pages required by an upward planar digraph
is not known , @ E]. From the positive point of view, Alzohairi and Rival IBE]) showed that
any upward planar series-parallel poset has an upward 2-page book embedding. In terms of
graphs, it means that any upward planar series-parallel digraph without transitive edges has
an upward 2-page book embedding. This result was improved by Giacomo et al. ]. The
authors provided a linear time algorithm, relaxing the constraint of non-transitive edges. On
the same period an optimal algorithm that constructs an upward 2-page book embedding for
N-free planar lattices was provided by Alzohairi Iﬁh. Note that, due to Habib and Jerou IE], the
class of N-free planar ordered sets can be considered as an extension of series-parallel ordered
sets.

Giordano et al. ] studied upward topological book embeddings of embedded upward planar
digraphs. They have shown how to construct in linear time an upward topological book embed-
ding for an embedded triangulated planar st-digraph with at most one spine crossing per edge.
Given that (i) upward planar digraphs are exactly the subgraphs of planar st-digraphs IIE ]
and (ii) embedded upward planar digraphs can be augmented to become triangulated planar
st-digraphs in linear time ], it follows that any embedded upward planar digraph has a
topological book embedding with one spine crossing per edge.

The results on upward topological book embeddings that appear in the literature focus on
the number of spine crossings per edge required to book-embed a graph on a 2-page book.
However, approaching the topological book embedding problem as an optimization problem, it
makes sense to also try to minimize the total number of spine crossings.

In order to formalize the problem of spine crossing minimization in upward topological book
embeings and to simplify its study, we define the problem of Acyclic Hamiltonian Path Comple-



3.1 Definition and Previous Work 85

tion with Crossing Minimization (Acyclic-HPCCM for short). Intuitively, Acyclic-HPCCM asks
to find some edges, which when added to the embedded upward planar digraph turns it to an
embedded hamiltonian acyclic digraph, creating as few crossings as possible.

Let us start with the definition of hamiltonian path completion as it is known in literature.

Given a graph G = (V, E), directed or undirected, a non-negative integer k < |V| and two vertices
s, t € V, the hamiltonian path completion (HP-completion) problem asks whether there exists a
superset E’ of E such that |[E” \ E| < k and the graph G’ = (V, E’) has a hamiltonian path from
vertex s to vertex t. We refer to G’ and to the set of edges E’ \ E as the HP-completed graph and
the HP-completion set of graph G, respectively. We assume that all edges of an HP-completion
set are part of the Hamiltonian path of G’, since otherwise they can be removed. When G is
a directed acyclic graph, we can insist on HP-completion sets which leave the HP-completed
digraph also acyclic. We refer to this version of the problem as the acyclic HP-completion
problem. The hamiltonian path completion problem is NP-complete ]. For acyclic digraphs
the HP-completion problem is solved in polynomial time @].

Both versions of HP-completion described can be extended to embedded digraphs. In this case
it makes sense to change the optimization criteria, trying to minimize the number of crossings
that the HP-completion set creates. We next formalize this idea.

Let G = (V, E) be an embedded planar graph, E’ be a superset of edges containing E, and ['(G")
be a drawing of G’ = (V,E’). When the deletion from ['(G’) of the edges in E’ \ E induces the
embedded planar graph G, we say that ['(G") preserves the embedded planar graph G.

Definition 5. Given an embedded planar graph G = (V, E), directed or undirected, a non-negative
integer c, and two vertices s, t € V, the hamiltonian path completion with edge crossing mini-
mization (HPCCM) problem asks whether there exists a superset E’ of E and a drawing I'(G") of
graph G’ = (V, E’) such that (i) G’ has a hamiltonian path from vertex s to vertex t, (ii) I'(G’) has
at most ¢ edge crossings, and (iii) ['(G") preserves the embedded planar graph G.

We refer to the version of the HPCCM problem where the input is an upward planar (and thus
acyclic) digraph and we are interested in HP-completion sets which leave the HP-completed
digraph also acyclic as the acycliccHPCCM problem.

Over the set of all HP-completion sets for a graph G, and over all of their different drawings
that preserve G, any set with a minimum number of edge-crossings is called a crossing-optimal
HP-completion set. Note that an acyclic HP-completion set of minimum size is not necessarily
a crossing-optimal HP-completion set. This fact is demonstrated in Figure [3.3l For the non-
triangulated outerplanar st-digraph of Figure [8:3la, every acyclic HP-completion set of size 1
creates 1 edge crossing (see Figure [3.31b) while, it is possible to obtain an acyclic HP-completion
set of size 2 without any crossing (see Figure [3.3lc).

For acyclic digraphs, the acyclic HP-completion problem has been studied in the literature
in the context of partially ordered sets (posets) under the terms Linear Extensions and Jump
Number. Each acyclic digraph G can be treated as a poset P. A linear extension of P is a total
ordering L = {x; ... x,} of the elements of P such that x; < x; in L whenever x; < x; in P. We
denote by L(P) the set of all linear extensions of P. A pair (x;, x;+1) of consecutive elements of L
is called a jump in L if x; is not comparable to x;;; in P. Denote the number of jumps of L by
s(P,L). Then, the jump number of P, s(P), is defined as s(P) = min{s(P,L) : L € L(P)}. A linear
extension L € L(P) is called optimal if s(P, L) = s(P). The jump number problem is to find s(P)
and to construct an optimal linear extension of P.

From the above definitions, it follows that an optimal linear extension of a poset P (or its
corresponding acyclic digraph G), is identical to an acyclic HP-completion set E. of minimum
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size for G, and its jump number is equal to the size of E.. This problem has been widely studied,
in part due to its applications to scheduling. It has been shown to be NP-hard even for bipartite
ordered sets I@] and for the class of interval orders ]. Up to our knowledge, its computational
classification is still open for lattices. Nevertheless, polynomial time algorithms are known
for several classes of ordered sets. For instance, efficient algorithms are known for series-
parallel orders @], N-free orders @], cycle-free orders Iiﬂ], orders of width two Iiﬂ], orders of
bounded width ], bipartite orders of dimension two ] and K-free orders I@]. Brightwell
and Winkler IIE] showed that counting the number of linear extensions is fP-complete. An
algorithm that generates all linear extensions of a poset in constant amortized time, that is
in time O(|L(P)|), was presented by Pruesse and Ruskey I@]. Later on, Ono and Nakano ]
presented an algorithm which generates each linear extension in “worst case” constant time.

S S

@ (b) ©

Figure 3.3: An acyclic digraph that has a crossing-optimal HP-completion set
of size 2 that creates no crossings. Any HP-completion set of size 1 creates 1
crossing.

Colbourn, Pulleyblank ] and later Ceroi ] studied the weighted version of jump number
problem. In ] this problem is referred as the problem of minimum setup scheduling (for short,
MSS). The MSS is a problem of precedence constrained scheduling which appears to be different
from other better studied problems of this field I@]. The authors of ] give a polynomial time
algorithm solving the MSS problem for the acyclic digraphs of bounded width. They observe
also that the jump number problem can be presented as an instance of MSS. On the other, the
MSS was shown to be NP-Complete for the class of two-dimensional orders IE].

If a topological ordering p of the vertices of a graph is also given as a part of the input, then we
are interested in constructing an upward topological book embedding such that the ordering
of the vertices along the spine is p. Such drawing is called a p-constrained upward topological
book embedding. Giordano, Liotta and Whitesides @] developed an algorithm that, given an
embedded planar st-digraph and a topological numbering p of its vertices, computes in O(n?)
time a p-constrained upward topological book embedding with at most 2n — 4 spine crossings
per edge. The number of spine crossings per edge is asymptotically worst case optimal.
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3.1.1 Our contribution: spine-crossing minimization

We study the problem of spine-crossing minimization in upward topological book embeddings.
To formalize our study we utilize the defined above problem of Acyclic Hamiltonian Path Com-
pletion with Crossing Minimization (Acyclic-HPCCM for short).

1. We first establish for the class of planar st-digraphs an equivalence (through a linear time
transformation) between the Acyclic-HPCCM problem and the problem of obtaining an
upward topological 2-page book embeddings with minimum number of spine crossings
(Section [3.3).

2. We develop a necessary and sufficient condition for a planar st-digraph to be hamiltonian

(Section [3.4).
3. We solve Acyclic-HPCCM for outerplanar st-digraphs. (Section [3.5).

4. We study the case of Acyclic-HPCCM problem when it has a solution with zero crossings,
i.e. when an embedded upward planar digraph has a 2-page upward book embedding. We
concentrate on embedded N-free digraphs and on bounded-width digraphs (Section [3.6).

5. Finally we study p-constrained upward topological book embeddings. We improve the
upper bound for the number of spine crossings per edge given in Ilﬁj and show that our
bound is worst-case optimal (Section [3.7).

The results 1 — 3 were published in [74], the result 4 in [72], while result 5 in [97].

3.2 Notation and Preliminary Results

Let G = (V,E) be an embedded planar graph, let E. be an HP-completion set of G and let I'(G")
of G = (V,E U E,) be a drawing with ¢ crossings that preserves G. The graph G. induced
from drawing ['(G”) by inserting a new vertex at each edge crossing and by splitting the edges
involved in the edge-crossing is referred to as the HP-extended graph of G with respect to I'(G")
(see Figure [3.4).

DS

@

Figure 3.4: (a) A planar embedded digraph G. (b) A drawing ['(G’) of an HP-
completed digraph G’ of G. The edges of the hamiltonian path of G’ appear bold,
with the edges of the HP-completion set shown dashed. (c) The HP-extended
digraph G” of G with respect to ['(G’). The newly inserted vertices appear as
squares.

Recall that an st-digraph is an acyclic digraph with exactly one source and exactly one sink. An
st-digraph which is planar and, in addition, embedded on the plane so that both of its source
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and sink appear on the boundary of its external face, is referred to as a planar st-digraph. In
a planar st-digraph G each face f is bounded by two directed paths which have two common
end-vertices. The common origin (resp., destination) of these paths is called the source (resp.,
sink) of f and is denoted by source(f) (resp., sink(f)). The leftmost (resp., rightmost) of these
two paths is called a left border (resp., right border) of face f. The bottom-left (rest., bottom-
right ) edge of a face f is the first edge on its left(resp., right) border. Similarly we define the
top-left and the top-right edge of a face border. The right(left) border of an st-digraph is the
rightmost(leftmost) path from its source s to its sink ¢t.

A new edge e that is inserted to a face f of a planar st-digraph G, with its origin and desti-
nation on the the left and right border of f, respectively, is called a left-to-right oriented edge.
Analogously, we define a right-to-left oriented edge.

It is well known @] that for every vertex v of a planar st-digraph, its incoming (outgoing)
incident edges appear consecutively around v. For any vertex v, we denote by left(v) (respectively
right(v)) the face to the left (respectively to the right) of the leftmost (respectively rightmost)
incoming and outgoing edges incident to v. For any edge e = (u,v), we denote by left(e)
(respectively right(e)) the face to the left (respectively to the right) of edge e as we move from u
to v. The external face of G is split into two faces, s* and t*. s* is the face to the left of the left
border of G while t* is the face to the right of the right border of G. The dual of an st-digraph
G, denoted by G*, is a digraph such that: (i) there is a vertex in G* for each face of G; (ii) for
every edge e # (s, t) of G, there is an edge e* = (f, g) in G*, where f = left(e) and g = right(e); (iii)
edge (s*,t") is in G*. If G* after this construction contains multiply edges, we substitute them
by single edges. It is a well known fact that the dual graph G* of any planar st-digraph G, is
also a planar st-digraph with source s* and sink t*.

The following lemma is a direct consequence of Lemma 7 of Tamassia and Preparata @].

Lemma 24. Let u and v be two vertices of a planar st-digraph such that there is no directed path
between them in either direction. Then, in the dual G* of G there is either a path _from right(u) to
left(v) or a path _from right(v) to left(u). |

The following lemma demonstrates a property of planar st-digraphs.

Lemma 25. Let G be a planar st-digraph that does not have a hamiltonian path. Then, there
exist two vertices in G that are not connected by a directed path in either direction.

Proof: Let P be a longest path from s to t and let a be a vertex that does not belong to P. Since
G does not have a hamiltonian path, such a vertex always exists. Let s’ be the last vertex in P
such that there exists a path Py..., from s’ to a with no vertices in P. Similarly, define t’ to be
the first vertex in P such that there exists a path P,.., from a to t’ with no vertices in P. Since
G is acyclic, s’ appears before t’ in P (see Figure [3.5). Note that s’ (respectively t’) might be
vertex s (respectively t). From the construction of s’ and t’ it follows that any vertex b, distinct
from s’ and t/, that is located on path P between vertices s’ and t/, is not connected to vertex a
in either direction. Thus, vertices a and b satisfy the property of the lemma.

Note that such a vertex b always exists. If this was not the case, then path P would contain
edge (s’, t’). Then, path P could be extended by replacing (s’, t') by path Py ..., followed by path
Py sq. This would lead to new path P’ from s to t that is longer than P, and this would be a
contradiction since P was assumed to be of maximum length. O

The following definitions were given in ] for maximal planar st-digraph. Here we extend them
for planar st-digraphs. Let G = (V, E) be a planar st-digraph and G* be the dual digraph of G.
Let v] = s*,v;,..., v, = t* be the set of vertices of G* where the indices are given according to
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Figure 3.5: The subgraph used in the proof of Lemma 8] Vertices a and b are
not connected by a path in either direction.

an st-numbering of G*. By the definition of the dual st-digraph, a vertex v; of G* (1 < i < m)
corresponds to a face of G. In the following we denote by v} both the vertex of the dual digraph
G" and its corresponding face in digraph G. Face vj_ is called the k-th face of G. Let V. be the
subset of the vertices of G that belong to faces v}, vj,...,v.. The subgraph of G induced by
vertices in V. is called the k-facial subgraph of G and is denoted by Gy.

The next lemma describes how, given an st-digraph G and an st-numbering of its dual, G can
be incrementally constructed from its faces. The proof is identical to the proof given in IIE] for
maximal planar st-digraphs.

Lemma 26. Assume a planar st-digraph G and let v} = s*, v, ..., vy, = t* an st-numbering of its

dual G*. Consider the k'-facial subgraph G and the k + 1-th face U, of G, (1 £ k<m) Let

Sk+1 be the source of vy, | . tiy1 be the sink of vy, |, Sk+1. ui, ué e ull tis1 be its left border,

r

and Siy1, Uy, U, ..., ujr, ticr1 be its right border. Then:
a. Gy is a planar st-digraph.

b. The vertices Sj.;1., ui, qu R ull ti+1 are vertices of the right border of Gy..
¢. Gy can be built from Gy by an addition of a single directed path Sic; 1, uj, u, . . ., ujr, tiy1. O

Every face of a planar st-digraph consists of two sides, each of them directed from its source
to its sink. When one side of the face is a single edge and the other side (the longest) contains
exactly one vertex, the face is referred to as a triangle (see Figure [3.6). In the case where the
longest edge contains more than one vertex, the face is referred to as a generalized triangle (see
Figure[3.7). We call both a triangle and a generalized triangle left-sided (respectively right-sided)
if its left (respectively right) side is its longest side, i.e., it contains at least one vertex.
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Figure 3.6: Left and right-sided

Figure 3.7: Left and right-sided
embedded triangles. eh

embedded generalized triangles.

The outerplanar st-digraph of Figure is called a strong rhombus. It consists of two general-
ized triangles (one left-sided and one right-sided) which have their (vs, v¢) edge in common. The
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edge (vs, vy) of a strong rhombus is referred to as its median and is drawn in the interior of its
drawing. The outerplanar st-digraph resulting by deleting the median of a strong rhombus is
referred to as a weak rhombus. Thus, a weak rhombus is an outerplanar st-digraph consisting
of a single face that has at least one vertex at each of its sides (see Figure[3.9). We use the term
rhombus to refer to either a strong or a weak rhombus.
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Figure 3.8: A strong rhombus. Figure 3.9: A weak rhombus.

Following the terminology of posets, the digraph Gy = (Vy, Ey), where Vy = {a, b,c, d} and
Ex = {(a, b), (c, b), (c, d)} is called an N-digraph. Then, any digraph that does not contain Gy as
a subgraph is called an N-free digraph. This definition can be extended to embedded planar
digraphs by insisting on a specific embedding. If we adopt the embedding of Figure [3.10a.
we refer to an embedded N-digraph while, if we adopt the embedding Figure B.10.b. we refer
to an embedded 1 digraph. An embedded planar digraph G is then called N-free (I-free) if it
does not contain any embedded N-digraph (I-digraph) as a subgraph. Figure [3.10lc shows an
embedded N-free digraph. However, when its embedding is ignored, the digraph is not N-free
since vertices a, b, ¢, d comprise a N-digraph.

Gl
b d a b b
a
d
a c C d c
(c) (d)

@ (b)

Figure 3.10: (a) Embedded N-digraph. (b) Embedded I-digraph. (c) Planar
digraph that is N-free if treated as an embedded planar digraph, but not N-free
as a planar digraph. (d) An embedded N-free planar st-digraph G;.

3.3 Equivalence of Acyclic-HPCCM and Upward Book Embedding

In this section, we establish for the class of planar st-digraphs an equivalence (through a
linear time transformation) between the acyclic-HPCCM problem and the problem of obtaining
an upward topological 2-page book embeddings with minimum number of spine crossings.
We exploit this equivalence later on to develop optimal (with respect to spine crossings) book
embeddings for various classes of digraphs. We note that this is an upward counterpart of the
result for undirected graphs, saying that every graph has a 2-page book embedding if and only
if it is subgraph of a planar hamiltonian graph [9].
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Figure 3.11: (a) A drawing of an HP-extended digraph for an st-digraph G. The
dotted segments correspond to the single edge (vs, v3) of the HP-completion set
for G. (b)An upward topological 2-page book embedding of G, with its vertices
placed on the spine in the order they appear on a hamiltonian path of G.. (c)An
upward topological 2-page book embedding of G.

Theorem 17. Let G = (V,E) be an n-vertex planar st-digraph. G has a crossing-optimal HP-
completion set E. with Hamiltonian path P = (s = vy, U, ..., U, = t) such that the corresponding
optimal drawing I'(G") of G’ = (V, EU E,.) has c crossings if and only if G has an optimal (with
respect to the number of spine crossings) upward topological 2-page book embedding with c spine
crossings where the vertices appear on the spine in the order Il = (s = vy, Ug, ..., 0, = t).

Proof: We show how to obtain from an HP-completion set with ¢ edge crossings an upward
topological 2-page book embedding with c spine crossings and vice versa. It then follows that
a crossing-optimal HP-completion set for G with ¢ edge crossings corresponds to an optimal
upward topological 2-page book embedding with the same number of spine crossings.

“=” We assume that we have an HP-completion set E. that satisfies the conditions stated in
the theorem. Let ['(G") of G' = (V,E U E,) be the corresponding drawing that has c crossings
and let G, = (VU V., E" U E)) be the acyclic HP-extended digraph of G with respect to I'(G"). V.
is the set of new vertices placed at each edge crossing. E’ and E. are the edge sets resulting
from E and E., respectively, after splitting their edges involved in crossings and maintaining
their orientation (see Figure [3.11[a)). Note that G, is also a planar st-digraph.

Observe that in ['(G’) we have no crossing involving two edges of G. If this was the case, then
I'(G’) would not preserve G. Similarly, in ['(G’) we have no crossing involving two edges of the
HP-completion set E.. If this was the case, then G. would contain a cycle.

The hamiltonian path P on G’ induces a hamiltonian path P, on the HP-extended digraph G..
This is due to the facts that: (i) all edges of E. are used in the hamiltonian path P and (ii) all
vertices of V. correspond to crossings involving edges of E.. We use the hamiltonian path P,
to construct an upward topological 2-page book embedding for graph G with exactly ¢ spine
crossings. We place the vertices of G, on the spine in the order of hamiltonian path P., with
vertex s = v; being the lowest. Since the HP-extended digraph G, is a planar st-digraph with
vertices s and t on the external face, each edge of G, appears either to the left or to the right
of the hamiltonian path P.. We place the edges of G, on the left (respectively right) page of the
book embedding if they appear to the left (respectively right) of path P.. The edges of P. are
drawn on the spine (see Figure [3.11Ib)). Later on they can be moved to any of the two book
pages.

Note that all edges of E. appear on the spine. Consider any vertex v, € V.. Since v, corresponds
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to a crossing between an edge of E and an edge of E., and the edges of E/ incident to it have
been drawn on the spine, the two remaining edges of E’ correspond to (better, they are parts of)
an edge e € E and drawn on different pages of the book. By removing vertex v, and merging its
two incident edges of E” we create a crossing of edge e with the spine. Thus, the constructed
book embedding has as many spine crossings as the number of edge crossings of HP-completed
graph G’ (see Figure B.11lc)).

It remains to show that the constructed book embedding is upward. It is sufficient to show that
the constructed book embedding of G. is upward. For the sake of contradiction, assume that
there exists a downward edge (u, w) € E.. By construction, the fact that w is drawn below u on
the spine implies that there is a path in G, from w to u. This path, together with edge (u, w)
forms a cycle in G, a clear contradiction since G, is acyclic.

“<”  Assume that we have an upward 2-page topological book embedding of st-digraph G with
¢ spine crossings where the vertices appear on the spine in the order Il = (s = vy, vg, ..., v, = ).
Then, we construct an HP-completion set E. for G that satisfies the condition of the theorem
as follows: E. = {(v;,vi+1) | 1 < i< nand (v, vi41) € E}, that is, E. contains an edge for each
consecutive pair of vertices of the spine that (the edge) was not present in G. By adding/drawing
these edges on the spine of the book embedding we get a drawing ['(G") of G’ = (V, EU E,) that
has c edge crossings. This is due to the fact that all spine crossing of the book embedding are
located, (i) at points of the spine above vertex s and below vertex t, and (ii) at points of the spine
between consecutive vertices that are not connected by an edge. By inserting at each crossing
of I'(G") a new vertex and by splitting the edges involved in the crossing while maintaining their
orientation, we get an HP-extended digraph G.. It remains to show that G. is acyclic. For the
sake of contradiction, assume that G. contains a cycle. Then, since graph G is acyclic, each
cycle of G, must contain a segment resulting from the splitting of an edge in E.. Given that in
['(G’) all vertices appear on the spine and all edges of E, are drawn upward, there must be a
segment of an edge of G that is downward in order to close the cycle. Since, by construction,
the book embedding of G is a sub-drawing of ['(G’), one of its edges (or just a segment of it)
is downward. This is a clear contradiction since we assume that the topological 2-page book
embedding of G is upward. O

3.4 Hamiltonian Planar st-Digraphs

In this section, we develop a necessary and sufficient condition for a planar st-digraph to be
hamiltonian. The provided characterization will be later on used in the development of crossing-
optimal HP-completion sets for outerplanar st-digraphs.

Theorem 18. Let G be a planar st-digraph. Then G has a hamiltonian path if and only if G does
not contain any rhombus (strong or weak) as a subgraph.

Proof: (=) We assume that G has a hamiltonian path and we show that it contains no
rhombus (strong or weak) as an embedded subgraph. For the sake of contradiction, assume
first that G contains a strong rhombus with vertices s’ (its source), t’ (its sink), a (on its left side)
and b (on its right side) (see Figure [3.12). Then, vertices a and b of the strong rhombus are not
connected by a directed path in either direction. To see this, assume without loss of generality
that there was a path connecting a to b. Then, this path has to lie outside the rhombus and
intersect either the path from t’ to t at a vertex u or the path from s to s’ at a vertex v. In either
case, there must exist a cycle in G, contradicting the fact that G is acyclic.
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Figure 3.12: The subgraph containing a rhombus which is used in the proof of
Theorem[I8 In the case of a weak rhombus, edge (s, t') is not present.

Assume now, for the sake of contradiction again, that G contains a weak rhombus characterized
by vertices s’, t’, a, and b. Then, by using the same argument as above, we conclude that
vertices a and b of the weak rhombus are not connected by a directed path that lies outside
the rhombus in either direction. Note also that vertices a and b cannot be connected by a path
that lies in the internal of the weak rhombus since the weak rhombus consists, by definition,
of a single face.

So, we have shown that vertices a and b of the rhombus (strong or weak) are not connected by
a directed path in either direction, and thus, there cannot exist any hamiltonian path in G, a
clear contradiction.

(<) We assume that G contains neither a strong nor a weak rhombus as an embedded subgraph
and we prove that G has a hamiltonian path. For the sake of contradiction, assume that G does
not have a hamiltonian path. Then, from Lemma it follows that there exist two vertices u
and v of G that are not connected by a directed path in either direction. From Lemma it
then follows that there exists in the dual G* of G a directed path from either right(u) to left(v),
or from right(v) to left(w). Without loss of generality, assume that the path in the dual G* is
from right(u) to left(v) (see Figure [3.13la) and let fy, fi, ..., fi be the faces the path passes
through, where f, = Right(u) and fi. = left(v). We denote the path from right(u) to left(v) by P, .
Note that each face of digraph G and therefore of path P, , is a generalized triangle, because we
supposed that G does not contain any weak rhombus.

Note that path P,, can exit face f; only through the solid edge (see Figure [3.13la). The path
then enters a new face and, in the rest of the proof, we construct the sequence of faces it goes
through.

The next face fi of the path, consists of the solid edge of face f; and some other edges. There
are two possible cases to consider for face fi.

Case 1: Face f is left-sided. Then, path P, , enters f; through one of the edges on its left side
(see Figures[3.13lb,[B.13lc and [3.13.d for possible configurations). Observe that, since fj is left-
sided, fi; has only one outgoing edge in G*. Thus, in all of these cases, the only edge through
which path P, , can leave f] is the single edge on the right side of the generalized triangle f;.

Case 2: The face f; is right-sided. Then the only edge through which the path P, , can enter f;
is the only edge of its left side (see Figure[3.13le). Note that in this case, f; and f; form a strong
rhombus. Thus, this case cannot occur, since we assumed that G has no strong rhombus as
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(d) () ®

Figure 3.13: The different cases occurring in the construction of path P,, as
described in the proof of Theorem [I8]

an embedded subgraph.

A characteristic property of the first case that allows to further continue the identification of
the faces path P,, goes through is that there is a single edge that exits face fi. Thus, we
can continue identifying the faces path P, , passes through, and build a unique sequence
Jo, fi. ..., fie1 in this way. Note that all of these faces are left-sided (otherwise, G contains a
strong rhombus).

At the end, path P, , has to leave the left-sided face fi._; and enter the right-sided face fi.. As the
only way to enter a right-sided face is to cross the single edge on its left side, we have that the
single edge on the right side of fi_; and the single edge on the left side of fi. coincide forming a
strong rhombus (see Figure [3.13/f). This is a clear contradiction since we assumed that G has
no strong rhombus as an embedded subgraph. |

3.5 Outerplanar st-digraphs
In this section we present an algorithm that computes a crossing-optimal acyclic HP-completion

set for an outerplanar st-digraph. Let G = (V! U V" U {s,t},E) be an outerplanar st-digraph,
where s is its source, t is its sink and the vertices in V; (respectively V;) are located on the

left (respectively right) side of the boundary of the external face. Let V! = {vll, ...,vi{} and
V' ={v], ..., }, where the subscripts indicate the order in which the vertices appear on the

left (right) side of the external boundary. By convention, the source and the sink are considered
to lie on both the left and the right sides of the external boundary. Observe that each face of G
is also an outerplanar st-digraph. We refer to an edge that has both of its end-vertices on the
same side of G as an one-sided edge. All remaining edges are referred to as two-sided edges.
The edges exiting the source and the edges entering the sink are treated as one-sided edges.
The following lemma presents an essential property of an acyclic HP-completion set of an out-
erplanar st-digraph G.
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Lemma 27. An acyclic HP-completion set of an outerplanar st-digraph G = (V!U V" U {s, t}, E)
induces a hamiltonian path that visits the vertices of V| (respectively V) in the order they appear
on the left side (respectively right side) of G.

Proof: Let E. be an acyclic HP-completion set for G and let G, be the induced HP-completed
acyclic digraph. Consider two vertices v, and vy that appear, in this order, on the same side (left
or right) of G. Then, in G there is a path P, ,, from v; to vy since each side of an outerplanar
st-digraph is a directed path from its source to its sink. For the sake of contradiction, assume
that vy appears before v; in the hamiltonian path induced by the acyclic HP-completion set of
G. Then, the hamiltonian path contains a sub-path P, ,, from vy to v;. Thus, paths P,, ,, and
P,, », form a cycle in G.. This is a contradiction, since G is acyclic. O

3.5.1 st-polygons

A strong st-Polygon is an outerplanar st-digraph that has at least one vertex at each side and
always contains edge (vs, v¢) connecting its source vs to its sink v; (see Figure[3.14). Edge (vs, vy)
is referred to as its median and it always lies in the interior of its drawing. As a consequence,
in a strong st-Polygon no edge connects a vertex on its left side to a vertex on its right side. The
outerplanar st-digraph that results from the deletion of the median of a strong st-Polygon is
referred to as a weak st-Polygon (see Figure [3.15). We use the term st-Polygon to refer to both
a strong and a weak st-Polygon. Observe that an st-Polygon has at least 4 vertices.

Figure 3.14: A strong st-Polygon. Figure 3.15: A weak st-Polygon.

Consider an outerplanar st-digraph G and one of its embedded subgraphs G, that is an st-
Polygon (strong or weak). G, is called a maximal st-Polygon if it cannot be extended (and still
remains an st-Polygon) by the addition of more vertices to its external boundary. In Figure[3.16]
the st-Polygon G,q4 with vertices a (source), b, c, d (sink), e, and f on its boundary is not
maximal since the subgraph G/, ; obtained by adding vertex y to it is still an st-Polygon. However,
the st-Polygon G, ; is maximal since the addition of either vertex x or z to it does not yield
another st-Polygon.

Observe that an st-Polygon that is a subgraph of an outerplanar st-digraph G fully occupies a
“strip” of it that is limited by two edges (one adjacent to its source and one to its sink), each
having its endpoints at different sides of G. We refer to these two edges as the limiting edges
of the st-Polygon. Note that the limiting edges of an st-Polygon that is an embedded subgraph
of an outerplanar graph are sufficient to define it. In Figure the maximal st-Polygon with
vertex a as its source and vertex d as its sink is limited by edges (a, y) and (c, d).

Lemma 28. An st-Polygon contains exactly one rhombus.
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Figure 3.16: The st-Polygon with vertices a (source), b, c, d (sink), e, f, and y
on its boundary is maximal.
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Figure 3.17: Two possible ways for the embedding of a second rhombus into
an st-Polygon. Both lead to a configuration that contradicts the definition of an
st-Polygon.

Proof: Let G, be a weak st-Polygon. By definition it contains a weak rhombus. Suppose that
this is not the only weak rhombus contained in G, and let R be a second one. As G, is an
outerplanar graph and does not contain edges connecting its two opposite sides, we have that
all the vertices of R must lie on the same side of G, say its left side. But then we have that the
sink of R is another sink in G,, or that the source of R is another source of G, (see Figure [3.17).
This contradicts the fact that G, is an st-Polygon. Suppose now that R is a strong rhombus.
This case also leads to a contradiction, as R can be converted to a weak rhombus by deleting
its median.

If G, is a strong st-Polygon, then by the same argument we show that G, cannot contain a
second rhombus (strong or weak). a

The following lemmata are concerned with a crossing-optimal acyclic HP-completion set for a
single st-Polygon. They state that there exists a crossing-optimal acyclic HP-completion set
containing at most two edges.

Lemma 29. Let R= (VIU V" U {s, t},E) be an st-Polygon. Let P be an acyclic HP-completion set
for R such that |P| = 2u + 1, u € N. Then, there exists another acyclic HP-completion set P’ for R
such that |[P’| = 1 and the edge in P’ creates at most as many crossings with the edges of R as
the edges in P do. In addition, the hamiltonian paths induced by P and P’ have in common their
first and last edges.

Proof: First observe that, as a consequence of Lemma [27] any acyclic HP-completion set for R
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Figure 3.18: An acyclic HP-completion set of odd size for an st-Polygon and an
equivalent acyclic HP-completion set of size 1.

does not contain any one-sided edge. Thus, all 2u + 1 edges of P are two-sided edges. Moreover,
since P contains an odd number of edges, both the first and the last edge of P have the same
directiorﬂ. Without loss of generality, let the lowermost edge of P be directed from left to right
(see Figure[3.18(a)). By Lemma [27] it follows that the destination of the lowermost edge of P is
the lowermost vertex on the right side of R (i.e., vertex v]) while the origin of the topmost edge
of P is the topmost vertex of the left side of R (i.e., vertex vi{).

Observe that P’ = {(vl , v{)} is an acyclic HP-completion set for R. The induced hamiltonian path

1
I

In order to complete the proof, we show that edge (v,l{, v7) does not cross more edges of R than the
edges in P do. To see that, observe that edge (v,lc, v]) crosses all edges in set {(s,v) : v € V" \ {v]}}
as well as all edges in set {(v,t) : v € V'\ {v]}}, provided they exist (see Figure [B.I8(b)).
However, the edges in these two sets are also crossed by the lowermost and the topmost edges
in P, respectively. Thus, edge (v,l{, v]) creates at most as many crossings with the edges of R
as the edges in P do. Observe also that the hamiltonian paths induced by P and P’ have in
common their first and last edges. |

is (s> v, —>v] - 1)

Lemma 30. Let R= (VU V" U {s, t},E) be an st-Polygon. Let P be an acyclic HP-completion set
for R such that |P| = 2u, u € N, u > 1. Then, there exists another acyclic HP-completion set P’ for
R such that |P’| = 2 and the edges in P’ create at most as many crossings with the edges of R as
the edges in P do. In addition, the hamiltonian paths induced by P and P’ have in common their
first and last edges.

Proof: As in the case of an HP-completion set of odd size (Lemma [29), the 2u edges in P are
two-sided edges. Moreover, since P contains an even number of edges, the first and the last
edge of P have opposite direction. Without loss of generality, let the lowermost edge in P be
directed from left to right (see Figure [3.19la). By Lemma it follows that the destination of
the lowermost edge in P is the lowermost vertex on the right side of R (i.e., vertex v}) while the
origin of the topmost edge in P is the topmost vertex of the right side of R (i.e., vertex v},). Let the

'Two two-sided edges of an st-Polygon are sail to have the same direction if their origins lie at the same side of
the st-Polygon. Otherwise, they are said to have opposite directions.

2A dashed-arrow "--»" indicates a path that is on the left or the right side of an st-Polygon (or outerplanar graph)
and might contain intermediate vertices.
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Figure 3.19: An acyclic HP-completion set of even size for an st-Polygon and
an equivalent acyclic HP-completion set of size 2.

lowermost edge in P be (vll,, v]). Then, again from Lemma [27] it follows that the HP-completion
set P also contains edge (v}, v;, .1) for some 1 < i< m. If i = m, then P contains exactly 2 edges
and lemma is trivially true. So, we consider the case where i < m.

Observe that, for the case where |P| > 3, the set of edges P’ = {(vll,, v, (U, v;, +1)} is an acyclic

HP-completion set for R (see Figure 3. 19.b). The induced hamiltonian path is (s - v}, — vy

P
r [
Um = Upyy *72 t).

In order to complete the proof, we show that edges (vll,, vy) and (vy,, vIlD +1) do not cross more

edges of R than the edges in P do. The edges of E that are crossed by the two edges in P’ can

be classified in the following disjoint groups:

a) Edges having their origin below edge (vIlD, v]) and their destination above edge (vy,,. v;, L) All
of these edges are crossed by both edges in P’. But, they are also crossed by at least edges
(v;,, v]) and (v}, v;l)+1) in P.

b) Edges having their origin below edge (vll,, v}) and their destination between edges (vll,, vy) and
(. v;, +1)- All of these edges are only crossed by edge (v;,, v]) in P’. But, (v;,, v}) also belongs
in P.

c) Edges having their origin between edges (vll,, v)) and (vy,, vl ) and their destination above

p+l
edge (V.. v; +1)- All of these edges are only crossed by edge (vy,. v; .;) in P’. But, they are

also crossed by at least the topmost edge (vy,,. vfz) in P.

Thus, the edges in P’ create at most as many crossings with the edges of R as the edges of P do.
Observe also that the hamiltonian paths induced by P and P’ have in common their first and
last edges. O

The following theorem follows directly from Lemma 29 and Lemma [30L

Theorem 19. Any st-Polygon has a crossing optimal acyclic HP-completion set of size at most
2. O

3.5.2 st-Polygon decomposition of an outerplanar st-digraph

Lemma 31. Let G = (V!U V" U {s, t}, E) be an outerplanar st-digraph and e = (s’,t') € E be an
arbitrary edge. Denote by V the vertex set of G. If O(V) time is available for the preprocessing of
G, we can decide in O(1) time whether e is a median edge of some strong st-Polygon. Moreover,
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the two vertices (in addition to s’ and t’) that define a maximal strong st-Polygon having edge e
as its median can also be computed in O(1) time.

Proof: We can preprocess graph G in linear time so that for each of its vertices we know the
first and last (in clock-wise order) in-coming and out-going edges. Observe that an one-sided

Figure 3.20: st-Polygons with one-sided and two-sided medians. The median
and the two edges that bound the st-Polygons are shown in bold.

\

edge (u, v) is a median of a strong st-Polygon if and only if the following hold (see Figure [3:20La):

a) u and v are not successive vertices of the side of G.
b) u has a two-sided outgoing edge.

¢) v has a two-sided incoming edge.

Similarly, observe that a two-sided edge (u, v) with u € VR (respectively u € V%) is a median of
a strong st-Polygon if and only if the following hold (see Figure [3.20lb):

a) u has a two-sided outgoing edge that is clock-wise before (respectively after)
(u, v).

b) v has a two-sided incoming edge that is clock-wise before (respectively after)
(u, v).

All of the above conditions can be trivially tested in O(1) time. Then, the two remaining vertices
that define the maximal strong st-Polygon having (u, v) as its median can be found in O(1) time
and, moreover, the strong st-Polygon can be reported in time proportional to its size. O

Lemma 32. Let G = (VLU V" U{s, t}, E) be an outerplanar st-digraph and f a_face with source u
and sink v. Denote by V the vertex set of G. If O(V) time is available for the preprocessing of G,
we can decide in O(1) time whether f is a weak rhombus. Moreover, the two vertices (in addition
to u and v) that define a maximal wealk st-Polygon that contains f can be also computed in O(1)
time.

Proof: By definition, a weak rhombus is a face that has at least one vertex on each of its sides.
Thus, we can test whether face f is a weak rhombus in O(1) time, if for each face the lists of
vertices on its left and right sides are available.

As it was noted in the previous proof, we can preprocess graph G in linear time so that for
each of its vertices we know its first and last (in clock-wise order) in-coming and out-going
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edges. Then, the two remaining vertices that define the maximal weak st-Polygon having f as a
subgraph can be found in O(1) time and it can be reported in time proportional to its size. For
example, in Figure [3.21] where vertices u and v are both on the right side, the limiting edges of
the maximal weak st-Polygon are the first outgoing edge from u and the last incoming edge to
v.

Figure 3.21: The weak rhombus with u and v as its source and sink, respec-
tively, and the maximal st-Polygon containing it.

O

Observe also that, as we extend a weak (strong) rhombus to finally obtain the maximal weak
(respectively, strong) st-Polygon that contains it, we include all edges that are outgoing from u
and incoming to v. During this procedure, all faces attached to the rhombus are generalized
triangles.

Lemma 33. The maximal st-Polygons contained in an outerplanar st-digraph G are mutually
area-disjoint.

Proof:

We first observe that a maximal st-Polygon cannot fully contain another one. If it does, then we
would have a maximal st-Polygon containing two rhombi, which is impossible due to Lemma [28].
For the sake of contradiction, assume that two st-Polygons P; and Py, have a partial overlap. We
denote by (si, ui, RTLE up, ..., uy ty) and (sg, vll, R v;c, v, ..., U, ) the vertices of P; and
P,, respectively. Throughout the proof we refer to Figure

Due to the assumed partial overlap of P; and P, an edge of one of them, say P;, must be
contained within the other (say P,). Below we show that none of the two possible upper limiting
edges (u!, t;) and (uf,. t1) of P; can be contained in Ps.

We have to consider three cases.

Case 1: One of the edges (ul. t;) and (u],. t1) of P; coincide with an internal edge of P, connecting
So with a vertex v% on its left side (the case where it is on its right side is symmetric). Edge
(ul, t;) cannot coincide with (s, vll), since then, edge (u,, t;) has to be inside P, and therefore
to connect the left side of P, with its right side. This is a contradiction since P, is an st-Polygon
and it cannot contain any such edge.

Now assume that edge (u,,. t;) of P; coincides with edge (s2, v%) of Py, Then, edge (sg, vll) is inside
P; and joins its right with its left side, which is again impossible since P; is an st-Polygon.

Case 2: One of edges ( u,l(, t;) and (u},,, t;) of P, coincides with an internal edge of P, connecting
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S1

Figure 3.22: Two st-Polygons from the proof of Lemma [33]

two vertices on its same side. Let it again be the left side and denote the edge by (v}, v}).
Assume first that (uy,,. t;) coincides with (vl@, v}). As graph P, is outerplanar, we have that all the
remaining vertices of P; have to be placed above vertex v} and below vertex le on the left side of
P,. Therefore P; is fully contained in P, which is impossible.

Assume now that (u}c, t1) coincides with edge (v%, v}). Then, edge (u;,,t;) of P; coincides with
edge (vf,, v}) of Py, i’ < i. This is impossible as it was covered in the above paragraph. Note also
that vz, cannot be sy since this configuration was shown to be impossible in Case 1.

Case 3: One of edges (u}c, t;) and (u,,. t;) of P; coincides with an internal edge of P, connecting
the vertex on its side (suppose again on its left side) with sink ty. Let this edge be denoted by
(v}, tz). Suppose first that (u,lc, t1) coincides with (v}, ty). If vertex u/, is on the right side of Py
then P; is not maximal as P; can be extended (and still remain an st-Polygon) by including in
it vertices le to v,lc. So, assume that u/, is on the left side of P,. Then, as covered in Case 2, P;
must be fully contained in P, which leads to a contradiction.

Assume now that edge (u,,, t;) coincides with edge (v}, t2). Due to the outer-planarity of Py, we
have again that all the vertices of P; have to be placed above vjl and below t; on the left side of
P,. So P; is again fully contained in P, leading again to a contradiction.

We have managed to show that none of edges (ul, t;) and (uj,. 11) is contained in P,. Therefore,
there can be no partial overlap between P; and Ps. |

Denote by R(G) the set of all maximal st-Polygons of an outerplanar st-digraph G. Observe
that not every vertex of G belongs to one of its maximal st-Polygons. We refer to the vertices
of G that are not part of any maximal st-Polygon as free vertices and we denote them by 7 (G).
Also observe that an ordering can be imposed on the maximal st-Polygons of an outerplanar
st-digraph G based on the ordering of the area disjoint strips occupied by each st-Polygon.
The vertices which do not belong to any st-Polygon are located in the area between the strips
occupied by consecutive st-Polygons.
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Lemma 34. Let R, and R, be two consecutive maximal st-Polygons of an outerplanar st-digraph
G which do not share an edge and let V; C ¥ (G) be the set of free vertices lying between R; and
Ry. Denote by (u, t;) and (ss, v) the upper limiting edge and the lower limiting edge of R; and Ry,
respectively. For the embedded subgraph Gy of G induced by the vertices of Vi U {u, ty, So, U} it
holds:

a) Gy is an outerplanar st-digraph having vertices u and v as its source and sink, respectively.
b) Gy is hamiltonian.

Proof: We first show that statement (a) is true, that is, Gy is an outerplanar st-digraph having
vertices u and v as its source and sink, respectively. Without loss of generality, assume that
the limiting edge (s, v) of the upper maximal st-Polygon Ry is directed towards the right side of
the outerplanar st-digraph G. We consider cases based on whether R; and Ry share a common
vertex.
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Figure 3.23: The configurations of two st-Polygons used in the proof of
Lemma [34]

Case 1: R; and R, share no common vertex. Based on the direction of the limiting edge (u, t;)
we can further distinguish the following two cases:

Case la: (u, t;) is directed towards the right side of G.
See Figure [3.23la.

Case 1b: (u, t;) is directed towards the left side of G.
See Figure [3.23lb.

In both of the above cases, we observe that Gy forms an st-Polygon (or, a rhombus) which
contradicts the fact that R; and R, are consecutive maximal st-Polygons. Thus, Case 1 cannot
occur.

Case 2: R; and Ry, share one common vertex. First observe that the limiting edge (u, t;) of
R, is directed towards the left side of G. To see that, assume for the sake of contradiction that
edge (u, t1) is directed towards the right side of G. If v coincides with t; (see Figure [3.23].c) then
the st-Polygon R; could be extended (and still remain an st-Polygon) by adding to it the area
between the two polygons R; and Ry, contradicting the fact that R; is maximal. If u coincides
with sy (see Figure [3.:23]d) then the st-Polygon Ry could be extended (and still remain an st-
Polygon) by adding to it the area between the two polygons R; and R, contradicting the fact
that R, is maximal. Thus, the limiting edge (u, t;) of R; is directed towards the left side of G
and s, coincides with t; (see Figure [3.23le). The rest of the proof is a special case of Case 1b
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(where no vertices of V; exist on the left side of G).

So Gy is an outerplanar st-digraph with the source u and the sink v. Note also that Gy does
not contain a rhombus. If it does, then it would be an st-Polygon, contradicting the fact that
R; and R, are consecutive maximal st-Polygons. Then, from Theorem [18] it follows that Gy is
hamiltonian. |

Lemma 35. Let R, and R, be two consecutive maximal st-Polygons of an outerplanar st-digraph
G that share a common edge. Let t; be the sink of Ry and s, be the source of Ry,. Then, edge
(s2, t1) is their common edge.

Proof: Let the upper limiting edge of R; be edge (u, t;) and the lower limiting edge of R, be edge
(s2.v). Since these are the only two edges that can coincide, we conclude that v coincides with
t; and u coincides with s;. Thus, edge (sg, t;) is the edge shared by R; and Rs. a

Lemma 36. Let G be an outerplanar st-digraph. Let R, and Ry be two G’s consecutive maximal
st-Polygons and let V; C ¥ (G) be the set of free vertices lying between R, and R,. Then, the
following statements hold:

a) For any pair of vertices u, v € Vy there is either a path from u to v or from v to u.

b) For any vertex v € Vy there are a path from the sink of R; to v and a path from v to the source
OfRz.

¢ If Vy = 0, then there is a path from source of R, to the source of Ry.

1 N Y N
@ Q@ O]
J
S
1 4 b=s
b
R1
& Sy S, N\ , c
(@ (b)

Figure 3.24: The configurations of adjacent st-Polygons of an outerplanar st-
digraph.

Proof:

a) From Lemma [34] we have that the subgraph Gy of G (as defined in the proof of Lemma [34) is
hamiltonian. Thus, all vertices in V; are connected by a directed path.

b) Follows directly from Lemma [34]

c) Note that there are 3 configuration in which no free vertex exists between two consecutive st-
Polygons (see Figures[3.24]la-c). Denote by s; and s, the sources of R; and Ry, respectively. If
s; and sy lie on the same side of G then the claim is obviously true since G is an outerplanar
st-digraph. If they belong to opposite sides of G, observe that the lower limiting edge (sy, ¢)
of R; leads to the side of G which contains sy. Since there is a path from c to s, it follows
that there is a path from s; to ss.
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O

We refer to the source vertex s; of each maximal st-Polygon R; € R(G), 1 < i < |R(G)| as the
representative of R; and we denote it by r(R;). We also define the representative of a free vertex
v € ¥(G) to be vitself, i.e. r(v) = v. For any two distinct elements x, y € R(G)UF (G), we define
the relation 7, as follows: x/,y if and only if there exists a path from r(x) to r(y).

Lemma 37. Let G be an n-vertex outerplanar st-digraph. Then, relation £, defines a total order
on the elements R(G) U ¥ (G). Moreover, this total order can be computed in O(n) time.

Proof: The fact that /, is a total order on R(G) U ¥ (G) follows from Lemma [36] The order of the
elements of R(G) U ¥ (G) can be easily derived by the numbers assigned to the representatives
of the elements (i.e., to vertices of G) by a topological sort of the vertices of G. To complete the
proof, recall that an n-vertex acyclic planar graph can be topologically sorted in O(n) time. O

Definition 6. Given an outerplanar st-digraph G, the st-Polygon decomposition D(G) of G is
defined to be the total order {0, ... .05} induced by relation £, on its maximal st-Polygons and
its free vertices, that is, 0;, 1 < i < A, is either a maximal st-Polygon or a free vertex of G and
0i/pOir1., 1 S 1< fl.

The following theorem follows directly from Lemma [31] Lemma [32] and Lemma [37]

Theorem 20. An st-Polygon decomposition of an n-vertex outerplanar st-digraph G can be com-
puted in O(n) time.

3.5.3 Properties of a crossing-optimal acyclic HP-completion set

In this section, we present three properties of crossing-optimal acyclic HP-completion sets for
an outerplanar st-digraph that will be taken into account by our algorithm. Let G = (VU V" U
{s, t}, E) be an outerplanar st-digraph and D(G) = {01, ..., 05} its st-Polygon decomposition. As
G; we denote the graph induced by the vertices of elements o;,...,0;, i < A.

Proposition 3. Let G = (VU V" U {s, t}, E) be an outerplanar st-digraph. Then, no edge of E is
crossed by more than 2 edges of a crossing-optimal acyclic HP-completion set for G.

(b)

Figure 3.25: The configurations of crossing edges used in the proof of Prop-
erty[3l
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Proof: For the sake of contradiction, assume that P, is a crossing-optimal acyclic HP-completion
set for G, the edges of which cross some edge e = (w;., wsy) of G three times. We will show that
we can obtain an acyclic HP-completion set for G that induces a smaller number of crossings
than Py, a clear contradiction. We assume that all edges of P participate in the hamiltonian
path of G; otherwise they can be discarded.

We distinguish two cases based on whether edge e is one-sided or two-sided.

Case 1: The edge e is one-sided. Suppose without loss of generality that e is on the right side.
We further distinguish two cases based on the orientation of the edge, say e;, which appears
first on the hamiltonian path of G (out of the 3 edges crossing edge e).

Case la: Edge e, is directed from right to left. Let e; be edge (v, uy) and let (ug, v3) and
(vs, us) be the other two edges on the hamiltonian path which cross e (see Figure [3.25]a). It is
clear that these three edges have alternating direction. Observe that the path P, ,, = (1 —
uy --> Uy — Uy --» U3 — Ug) is a sub-path of the hamiltonian path of G. Also, by Lemma 27]
vertex ug is immediately below vertex us on the left side of G and vertex vy is immediately above
vertex v; on the right side of G.

Now, we show that the substitution of path P,, ,, of the hamiltonian path of G by path P, , =
(v = vy > V3 = Uy > Uy — ug) results in a reduction of the total number of crossings by at
least 2. Thus, there exists an HP-completion set that crosses edge e only once and causes 2

crossings less with edges of G compared to Py, a clear contradiction.

Let us examine the edges of G that are crossed by the new edge (vs, u;). These edges can be
grouped as follows: (i) The one-sided edges on the right side of G that have their source below
v3 and their sink above vs. Note that these edges are also crossed by edge (vs, uz). In addition,
the edges that belong to this group and have their origin below w; and their sink above wy are
crossed by all three edges (v, u;), (ug, v2) and (vs, uz) in the original HP-completion set.  (ii)
The two-sided edges that have their source below w; on the right side of G and their sink above
v; on the left side of G. These edges are also crossed by at least edge (v;, u;) (and possibly by
one or both of edges (ug, 1) and (vs, ug)). (iii)The one-sided edges on the left side of G that have
their source below u; and their sink above u;. Note that these edges are also crossed by at least
edge (v;, u;) (and possibly by one or both of edges (ug, v2) and (vs, us)). (iv) The two sided edges
that have their source below u; on the left side of G and their sink above wy on the right side of
G. These edges are also crossed by all three edges (vy, u;) (ug, v12) and (vs, us). Thus, we have
shown that edge (vs, u;) crosses at most as many edges of G as the three edges (v;, uy), (ug, v9),
(vs, ug) taken together.

Case 1b: Edge e; is directed from left to right. Let e; be edge (u;, v;) and let (vg, us)
and (us, v3) be the next two edges on the hamiltonian path which cross e (see Figure [3.25b).
Observe that the path P, ,,, = (u; = v; --> V2 — Ug --» Uz — U3) is a sub-path of the hamiltonian
path of G. Also, by Lemma 27] vertex uy is immediately above vertex u; on the left side of G
and vertex vy is immediately below vertex vs on the right side of G. By arguing in a way similar
to that of Case la, we can show that the substitution of path P, ,, of the hamiltonian path of
G by path PLI,US =(u; — uy --> us — v --> vy — v3) results in a reduction of the total number
of crossings by at least 2.

Case 2: Edge e is two-sided. Assume without loss of generality that e is directed from right to
left. We again distinguish two cases based on the orientation of the edge, say e;, which appears
first on the hamiltonian path of G (out of the 3 edges crossing edge e).
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Figure 3.26: The configurations of crossing edges used in the proof of Prop-
erty [l

Case 2a: Edge e is directed from right to left. The proof is identical to that of Case 1a.

Case 2b: Edge e, is directed from left to right. The proof is identical to that of Case 1b.
O

Proposition 4. Let G = (V' U V" U {s,t},E) be an outerplanar st-digraph and let D(G) =
{o1, ...,0p} be its st-Polygon decomposition. Then, there exists a crossing-optimal acyclic HP-
completion set for G such that, for every maximal st-Polygon o; € D(G), i < A, the HP-completion
set does not contain any edge that crosses the upper limiting edge of o; and leaves G;.

Proof: Let e = (x, t;) be the upper limiting edge of 0; and assume without loss of generality that
it is directed from right to left. Also assume a crossing-optimal acyclic HP-completion set Py
that violates the stated property, that is, it contains an edge & = (u, v), u € G;, that crosses the
limiting edge e. Based on Lemma [27] we conclude that edge & is a two-sided edge, otherwise
the vertices of a single side appear out of order in the hamiltonian path induced by Pyy. We
distinguish two cases based on direction of the two-sided edge é.

Case 1: Edge ¢ = (u,v) is directed from right to left. See Figure [3.26la. By Lemma 27 in
the hamiltonian path induced by P, vertex x is visited after vertex u . So, in the resulting
HP-completed digraph, there must be a path from v to x which, together with (x, t;) and the
path (t; --> v) on the left side of G forms a cycle. This contradicts the fact that P, is an acyclic
HP-completion set.

Case 2: Edge ¢ = (u,v) is directed from left to right. See Figure [3.28b. Denote by v’ the
vertex positioned immediately below vertex v (note that v” may coincide with x) and by u’ the
vertex that is immediately above u (note that u’ may coincide with t;).

Consider the hamiltonian path induced by P,y. By Lemma [27]it follows that before crossing to
the right side of G using edge (u, v) it had visited all vertices on the right side which are placed
below v, and thus, there is an edge (', u”) € Pyp, where u” is some vertex below u on the left
side of G. Now note that, by Lemma [27] vertex u’ has to appear in the hamiltonian path after
vertex u, and thus, there exists an edge (v, u’) € Py, where v” is a vertex above v on the right
side of G.
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By arguing in a way similar to that of Property [Bl we can show that the substitution of path
Py =@ - u”’ -»u—v-> 0" - u) of the hamiltonian path of G by path P/, , = (V' --»> V" —
u”" --» u’) does not result in an increase of the number of edge crossings. More specifically, when
v’ does not coincide with x and/or u’ does not coincide with t;, the resulting new path causes at
least one less crossing, contradiction the optimality of P,. In the case where v’ coincides with x
and u’ coincides with t; and the two hamiltonian paths cause the same number of crossings, the
new HP-completion set has the desired property, that is, none of its edges crosses the limiting

edge (x, t;) and leaves G;. |

Proposition 5. Let G = (V' U V" U {s,t},E) be an outerplanar st-digraph and let D(G) =
{o1, ..., 05} beits st-Polygon decomposition. Then, in every crossing-optimal acyclic HP-completion
set for G and for every maximal st-Polygon o; € D(G), i < A, at most one edge crosses the upper
limiting edge of o;.

Proof: Let edge e = (x. t;) be the upper limiting edge of o;. Without loss of generality assume
that it is directed from the right to the left side of G, and let v be the vertex immediately above
x on the right side of G and u be the vertex immediately below t; on the left side of G. By
Property [3l we have that the edges of a crossing-optimal acyclic HP-completion set for G do not
cross e three or more times.

For the sake of contradiction assume that there is a crossing-optimal acyclic HP-completion set
Py for G that crosses edge e twice. Let ej, e; € Pype be the edges which cross e. Clearly, these
two edges cross e in the opposite direction and do not cross each other. Let e; be the edge that
crosses e and leaves G;. Observe that e; has opposite direction to that of e, otherwise a cycle
is created. Then, since e; does not cross ey, edge e; does not coincide with (u, v). However,
for the case where e; # (u, v), we established in the proof of Property [ (Case 2) that we are
always able to build an acyclic HP-completion set that induced less crossings than Py, a clear
contradiction O

The following theorem states that there always exists a crossing-optimal acyclic HP-completion
set for outerplanar st-digraphs that has certain properties. The algorithm which we present in
the next section, focuses only on an HP-completion set satisfying these properties.

Theorem 21. Let G = (VIUV"U{s, t}, E) be an outerplanar st-digraph and let D(G) = {o;. ....05)}
be its st-Polygon decomposition. Then, there exists a crossing-optimal acyclic HP-completion set
Pop for G such that it satisfies the following properties:

a) Each edge of E is crossed by at most two edges of Poy.

b) Each upper limiting edge e; of any maximal st-Polygon o;, i < i, is crossed by at most one
edge of Pop. Moreover, the edge crossing e;, if any, enters G;.

Proof: Follows directly from Properties 3, @ and B |

3.5.4 The algorithm

The algorithm for obtaining a crossing-optimal acyclic HP-completion set for an outerplanar
st-digraph G is a dynamic programming algorithm based on the st-Polygon decomposition
D(G) = {oy, ....,05})of G. The following lemmata allow us to compute a crossing-optimal acyclic

3The proof is identical and for this reason it is not repeated
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HP-completion set for an st-Polygon and to obtain a crossing-optimal acyclic HP-completion set
for Gi;+; by combining an optimal solution for G; with an optimal solution for 0.

Let G be an outerplanar st-digraph. We denote by S(G) the hamiltonian path on the HP-
extended digraph of G obtained when a crossing-optimal HP-completion set is added to G. Note
that if we are only given S(G) we can infer the size of the HP-completion set and the number of
edge crossings. Denote by c(G) the number of edge crossings caused by the HP-completion set
inferred by S(G). If we are restricted to Hamiltonian paths that enter the sink of G from a vertex
on the left (respectively right) side of G, then we denote the corresponding size of HP-completion
set by c(G, L) (respectively c¢(G, R)). Obviously, ¢(G) = min{c(G, L), c¢(G,R)}. Moreover, the
notation can be extended so that we denote by c(G, L) (c/(G, R)) the number of crossings for
HP-completion sets that contain exactly i edges, provided they exist. By Theorem [I9], we know
that the size of a crossing-optimal acyclic HP-completion set for an st-Polygon is at most 2. This
notation that restricts the size of the HP-completion set will be used only for st-Polygons and
thus, only the terms c!(G. L), c'(G.R), c*(G, L) and c¢*(G, R) will be utilized.

We use the operator @ to indicate the concatenation of two paths. By convention, the hamilto-
nian path of a single vertex is the vertex itself.

Lemma 38. Let o = (VIU V" U {s,t},E) be an n-vertex st-Polygon. A crossing-optimal acyclic
HP-completion set for o and the corresponding number of crossings can be computed in O(n) time.

Proof: From Lemma [29 and Lemma [30 it follows that it is sufficient to look through all HP-

Figure 3.27: The two single-edge HP-completion sets of an st-Polygon.

completion sets with one or two edges in order to find a crossing-optimal acyclic HP-completion
set. Let V! = {vll, ...,vllc} and V" = {v], ...,v},}, where the subscripts indicate the order in
which the vertices appear on the left (right) boundary of o. Suppose that I : VXV — {0, 1} is
an indicator function such that I(u, v) = 1 if and only if (u, v) € E.

The only two possible HP-completion sets consisting of exactly one edge are {(v,l{, vi)} and
(. v}

Edge (vf{, v}) crosses all edges connecting t with vertices in Vi \ {v,l{}, the median (provided it
exists), and all edges connecting s with vertices in V; \ {vf} (see Figure[3.27]a). It follows that:

k—1 m—1
c'(0,R) = I(s, t) + Z It + Z I(s. V).
i=2 i=2

Similarly, edge (vy,,. vll) crosses all edges connecting t with vertices in V;. \ {v},}, the median
(provided it exists), and all edges connecting s with vertices in V; \ {vll} (see Figure [3.27]b). It
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follows that:

m—1 k-1
clo.L) = I(s, )+ Y 1], )+ D I(s,v)).
i=2 i=2

Figure 3.28: The two-edge HP-completion sets of an st-Polygon.

Consider now an acyclic HP-completion set of size 2. Assume that the lowermost edge leaves
vertex vy on the right side of o (see Figure [3.28a). Then, it must enter vertex vl. Moreover, the
second edge of the acyclic HP-completion set must leave vertex v,l( and enter vertex vg +1- Thus,

the HP-completion set is {(vg, vll), (vi{, vg +1)} and, as we observe, it can be put into correspon-
dence with edge (v, v; +1) on the right side of o. In addition, we observe that the hamiltonian
path enters t from the right side. An analogous situation occurs when the lowermost edge
leaves the left side of o (see Figure [3.28b).

We denote by c?z(o, R) the number of crossings caused by the completion set associated with the
edge originating at the g™ lowermost vertex on the right side of 0. Similarly we define cg(o, L).
cg(o, R) can be computed as follows:

_ —1
2(0.R) = 2-I(s.t)+ N I t) + RIS, I(s, vf) + 2 B I(0], b+
2- Z?;q+2 I(s,v}) + I(vg, t) + I(s, v(rﬁl)

Then, the optimal solution where the hamiltonian path terminates on the right side of o can be
taken as the minimum over all ¢;(0,R), 1 <g<m- 1:

c®(0.R) = min {cX(o.R)}.
1<g<m-1
Similarly, cg(o, L) can be computed as follows:

2(o.L) = 2- I(i’ )+ XML )+ XM Is, v + 2 X5 I, b+
2 N peo 105, 0]) + I(V], ) + I(s, ugﬂ).
Then, the optimal solution where the hamiltonian path terminates on the left side of o can be
taken as the minimum over all ¢;(0,R), 1 <g<k—-1:

2 : 2
c“(o,L) = min {c;(o,L)}.
(o.L) ISqSk—l{ 2(0. L)}
So, now, the number of crossings that corresponds to the optimal solution can be computed as

follows:
c(0) = min{c'(o, L), c' (o0, R), ¢*(o, L), c¢*(0, R)}.

It is clear that c!(o,R) and c!(o, L) can be computed in time O(n). It is also easy to see that
any cg(o, R) can be computed from cgfl(o, R) in constant time, while c%(o, R) can be computed
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Algorithm 3: AcycrLic-HPC-CM(G)
input :An Outerplanar st-digraph G(VIU V" U {s, t},E).
output The minimum number of edge crossings ¢(G) resulting from the addition of a

crossing-optimal acyclic HP-completion set to G.

1. Compute the st-Polygon decomposition D(G) = {01, ..., 05} of G;;

2. For each element o; € 9(G), 1 <i < A, compute c!(o;, L), c(0;, R) and c*(o;, L), c*(0;, R):
if o; is a free vertex, then c'(0;, L) = c'(0;, R) = c*(0;, L) = c*(0;, R) = 0.
if o; is an st-Polygon, then c!(o;, L), c'(0;, R), c*(0;, L), (o, R) are
computed based on Lemma [38]

3. if o, is a free vertex, then c¢(Gy,L) = ¢(G1,R) = 0;
else c(Gy,L) = min{c'(o01, L), c*(0,. L)} and
c(G1, R) = min{c'(01, R), c*(01, R)};

4. Fori=1...A—-1, compute c(Gi;1, L) and ¢(Gi,1, R) as follows:
if 0;,1 is a free vertex, then
c(Giy1, L) = c(Gir1, R) = min{c(Gi, L), c(Gi, R)};

else-if 0;,; is an st-Polygon sharing at most one vertex with G;, then
&(Gis1. L) = min{c(Gy, L), ¢(Gi, R)} + min{c! (0141, L), ¢*(041. L)}
&(Gis1. B) = min{c(Gy, L), (G, R)} + min{c' (041, R), ¢*(011. R)};
else { 0;;; is an st-Polygon sharing exactly two vertices with Gj},
if t; € V!, then
(Gis1, L) = min{e(Gy, L) + ¢' (0141, L) + 1, ¢(Gi, R) + ¢ (0141, L),
c(Gi, L) + (0441, L), ¢(Gi, R) + ¢*(0141, L)}
c(Gi1. R) = min{c(Gy, L) + ¢'(041. R), «(Gi. R) + ¢ (041, R),
c(Gi, L) + *(021. R) + 1, (G, R) + ¢*(0i1. R)}
else{t; e V"}
(Giz1, L) = min{e(Gy, L) + ¢' (0141, L), o(Gi, R) + ¢! (041, L),
o(Gi, L) + (0121, L), (Gi. R) + c*(0441. L) + 1}
c(Gir1. R) = min{c(Gyi, L) + ¢'(0141. R), (G, R) + ¢'(0141. R) + 1,
c(Gi, L) + *(021. R). (G, R) + c*(01:1. R)}

5. return c(G) = min{c(Gp, L), c(Gp, R)}

in time O(n). Therefore, c%(o, R), as well as c%(o, L), can be computed in linear time. Thus, we
conclude that a crossing-optimal acyclic HP-completion set for any n-vertex st-Polygon o and
its corresponding number of crossings can be computed in O(n) time. O

Let D(G) = {o01,..., 05} be the st-Polygon decomposition of G, where element 0;, 1 < i < A, is
either an st-Polygon or a free vertex. Recall that, we denote by G;, 1 < i < A, the graph induced
by the vertices of elements oy,...,0;. Graph G; is also an outerplanar st-digraph. The same

holds for the subgraph of G that is induced by any number of consecutive elements of D(G).

Lemma 39. Let G be an outerplanar st-digraph and D(G) = {o;. ....o0p} be its st-Polygon
decomposition. Consider any two consecutive elements o; and o;+1 of D(G) that share at most
one vertex. Then, the following statements hold:

(@ S(Git+1) = S(Gy) ® S(0i41), and

(ii) c(Git1) = c(Gy) + c(0i41).
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Figure 3.29: The configurations used in the proof of Lemma [39]

Proof: We proceed to prove first statement (i). There are three cases to consider in which 2
consecutive elements of D(G) share at most 1 vertex.

Case 1. Element o0;;; = v is a free vertex (see Figure [3.291a). By Lemma [36] if ¢; is either a
free vertex or an st-Polygon, there is an edge connecting the sink of o; to v. Also observe that if
v was not the last vertex of S(G;+1) then the crossing-optimal HP-completion set had to include
an edge from v to some vertex of G;. This is impossible since it would create a cycle in the
HP-extended digraph of S(Gi41).

Case 2: Element o;;; is an st-Polygon that shares no common vertex with G; (see Fig-
ure[3.201b). Without loss of generality, assume that the sink of G; is located on its left side. We
first observe that edge (t;, si+1) exists in G. If s;;; is on the left side of G, we are done. Note that
there can be no other vertex between t; and s;,; in this case, because then o; and 0;;; would not
be consecutive. If s;;; is on the right side of G, realize that the area between two st-Polygons o;
and o] cannot be free of edges, as it is a weak st-Polygon. Note also that the edge (u, @) cannot
exist in G, since, if it existed, the area between the two polygons would be a strong st-Polygon
with (u, a) as its median. Thus, that area can only contain the edge (t;, s;+1). Thus, as indicated
in Figure [3.29b, each of the end-vertices of the lower limiting edge of 0;.; can be its source.
Since edge (t;, si+1) exists, the solution S(0;+;) can be concatenated to S(G;) and yield a valid
hamiltonian path for G;;;. Now notice that in S(G;,;) all vertices of G; have to be placed before
the vertices of 0;;;. If this was not the case, then the crossing-optimal HP-completion set had to
include an edge from a vertex v of 0;4; to some vertex u of G;. This is impossible since it would
create a cycle in the HP-extended digraph of S(Gi;1).

Case 3: Element o;.; is an st-Polygon that shares one common vertex with G; (see Fig-
ure [3:29¢c). Without loss of generality, assume that the sink t; of G; is located on its left side.
Firstly, notice that the vertex shared by G; and o0;;; has to be vertex t;. To see that, let a be
the upper vertex at the right side of G;. Then, edge (a, t;) exists since t; is the sink of G;. For
the sake of contradiction assume that a was the vertex shared between G; and o0;,;. If a was
also the source of 0;41 (see Figure[3.291d) then o;;; wouldn’t be maximal (edge (a, t;) should also
belong to 0;;1). If s;y; was on the left side (see Figure [3.29€), then a cycle would be formed
involving edges (t;). (t1,si+1) and (si1, a), which is impossible since G is acyclic. Thus, the
vertex shared by G; and o;;; has to be vertex t;. Secondly, observe that t; must coincide with
vertex s;;1 (see Figure [3.29.¢). If s;;; coincided with vertex b, then the st-Polygon o; wouldn’t
be maximal since edge (b, t;) should also belong to 0;. We conclude that t; coincides with s;;
and, thus, the solution S(o;;+1) can be concatenated to S(G;) and yield a valid hamiltonian path
for Gi;1. To complete the proof for this case, we can show by contradiction (on the acyclicity of
G; as in Case 2) that in S(G;41) all vertices of G; have to be placed before the vertices of 0.
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Now observe that statement (ii) is trivially true since, in all three cases, the hamiltonian paths
S(G;) and S(o;+1) were concatenated by using at most one additional edge of graph G. Since G
is planar, no new crossings are created. O

Lemma 40. Let G be an outerplanar st-digraph and D(G) = {oy, ..., 0p} be its st-Polygon decom-
position. Consider any two consecutive elements o; and o1 of D(G) that share an edge. Then,
the following statements hold:

1. t; € V! = ¢(Gisq, L) = min{  (Gi, L) + c' (0141, L) + 1, (Gi, R) + c* (0141, L),
c(Gi, L) + ¢*(041. L), c(Gi,R) + c*(0441. L)}

2. t; € V! = ¢(Gis1, R) = min{ c(Gi, L) + c' (0121, R), ¢(Gi,R) + c' (0141, R),
c(Gi, L) + c*(0i:1. R) + 1, ¢(Gi, R) + c*(0i11, R)}.

3.t € V' = (G, L) = min{ c(Gi, L) + c' (011, L), ¢(Gi, R) + c' (0441, L),
c(Gi, L) + c*(0i41. L), ¢(Gi, R) + c*(0i41,L) + 1}.

4.t € V' = (Giz1, R) =min{  ¢(Gi, L) + ¢'(0i41. R), ¢(Gi,R) + c' (041, R) + 1,
c(Gi, L) + ¢*(041, R), c(Gi, R) + c*(01:1, R)}.

Figure 3.31: The hamiltonian paths for statement (2) of Lemma [Z0]

Proof: We first show how to build hamiltonian paths that infer HP-completion sets of the spec-
ified size. For each of the statements, there are four cases to consider. The minimum number
of crossings, is then determined by taking the minimum over the four sub-cases.

(1) tr € V! = ¢(Giy1. L) =min  {c(Gi, L) + ¢ (0141, L) + 1, ¢(Gi, R) + c' (0441, L)
C(Gi! L) + CZ(Oi+1! L)v C(Giv R) + 02(0i+1 ’ L)}
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Case la. The hamiltonian path enters t; from a vertex on the left side of G; and the size of the
HP-completion of G4 is one. Figure [3.30la shows the hamiltonian paths for G; (lower dashed
path) and o;;; (upper dashed path) as well as the resulting hamiltonian path for G;;; (shown
in bold). From the figure, it follows that c(Gg;1.L) = c(G;, L) + c!(0i1, L) + 1. To see that, just
follow the edge (v},. u) that becomes part of the completion set of G;,;. Edge (v}, u) is involved
in as many edge crossings as edge (v},. t;) (the only edge in the HP-completion set of 0;,1), plus
as many edge crossings as edge (s;;+1, u) (an edge in the HP-completion set of G;), plus one (1)
edge crossing of the lower limiting edge of 0.

Case 1b. The hamiltonian path reaches t; from a vertex on the right side of G; and the size of
the HP-completion of Gy is one. Figures [3.30lb shows the resulting path. From the figure, it
follows that ¢(Gis1, L) = ¢(Gi, R) + c' (041, L), that is, the simple concatenation of two solutions.

Case 1lc. The hamiltonian path enters t; from a vertex on the left side of G; and the size of the
HP-completion of G4 is two. Figure[3.30lc shows the resulting path. From the figure, it follows
that c(Gi;1.L) = c(Gi. L) + ¢*(0i41. L), which is just concatenation of two solutions.

Case 1d. The hamiltonian path reaches t; from a vertex on the right side of G; and the size of
the HP-completion of Gy;1 is two. Figure [3.30.d shows the resulting pathes. From the figure,
it follows that ¢(Gi;+1,L) = ¢(Gi, R) + ¢*(0i+1, L), which is again a simple concatenation of two
solutions.

@) ti € V! = c(Gy1, R) = min {c(Gi, L) + ' (0111, R), c(Gyi, R) + c' (0411, R)

(G, L) + (041, R) + 1, &(Gi. R) + (0141, R)}

Case 2a. The hamiltonian path enters t; from a vertex on the left side of G; and the size of the
HP-completion of G;; is one. Figure[3.31la shows the resulting path. From the figure, it follows
that c(Gis1, R) = ¢(Gi, L) + ¢ (0141, R), that is, a simple concatenation of the two solutions.

Case 2b. The hamiltonian path reaches t; from a vertex on the right side of G; and the size of the
HP-completion of G;1 is one. Figure[3.31]lb shows the resulting path. From the figure, it follows
that ¢(Gis1.R) = ¢(Gi. R) + c'(0i41. R), that is, a simple concatenation of the two solutions.

Case 2c¢. The hamiltonian path enters t; from a vertex on the left side of G; and the size of HP-
completion set of Gy, is two. Figure[3.3Tlc shows the resulting path. From the figure, it follows
that ¢(Gis1, R) = ¢(Gi, L) + (0141, R) + 1.

Note that the added edge (v}, u) creates one more crossing than the number of crossings caused
by edges (v}, vll), (si+1. u) taken together. The additional crossing is due to the crossing of the
lower limiting edge of 0.

Case 2d. The hamiltonian path reaches t; from a vertex on the right side of G; and the size of
HP-completion set of G4 is two. Figure [3.31ld shows the resulting path. From the figure, it
follows that c(Gis1. R) = c(Gi, R)+c%(0i;1. R), that is, a simple concatenation of the two solutions.

The proofs for statements (3) and (4) are symmetric to those of statements (2) and (1), respec-
tively. Figures [3.32] and [3.33] show how to construct the corresponding hamiltonian paths in
each case.

In order to complete the proof, we need to also show that the constructed hamiltonian paths
which cause the stated number of crossings are optimal. The basic idea of the proof is the
following: we assume Pgli’il is a crossing-optimal solution for G;;; and, based on ngfl, we
identify two solutions Pg, and P,,,, for G; and 0,1, respectively, such that (i) they are crossing-
optimal and (ii) Pgli’il can be obtained from Pg, and P,,,, as one of the four cases in the statement

of the Lemma. We proceed by distinguishing cases based on the structure of Pgitl.
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Figure 3.33: The hamiltonian paths for statement (4) of Lemma [40]

We denote by & the common edge of G; and 0;;,. Note that é is the lower limiting edge of 011
(refered in the rest of the proof as, simply, limiting edge).

Without loss of generality, we assume that the limiting edge & is directed from the right to the
left side of the outerplanar graph. From Lemma it follows that & = (s;;1.t;). So, by our
assumption, s;;; is on the right side, while t; is on the left.

Case 1. Pg‘;l contains an edge e crossing the limiting edge &. By Property Bl there can be
only one such edge in PS}I:L’ denote it by e = (u, v). By Property 4] we can assume that e does
not leave G; and, thus, vertex u is above edge (s;;1, t;) while v is below it. In addition, u must be
on the right side while v is on the left. To see that, simply observe that if u was on the left side
and v was on the right or, if they were both on the same side, then a cycle would be created.
Next, we construct two solutions, Pg, and P, , for G; and o;1, respectively, from the given
optimal solution Pg:l and show that they are both also optimal.

Suppose, as showed in Figure [3.34la, that u = vfr and let x be the vertex positioned just below
vertex v. Since there can exist only one edge in Pglzl crossing the limiting edge & (by Property[d),
Pg:l approaches vertex u from the right side. Follow the hamiltonian path backwards from
u on the right side and let w be the last vertex we visit before we switch to the left side (see
Figure [3.34la). By Lemma the vertex on the left side has to be located just below v, that
is, it coincides with vertex x. Consider now the structure of ngil following edge e. It surely
continues on the left side and leaves the left side above t;, since e is the only edge connecting
G; and 0;1. In Figure [3:34]a the solution sztl is shown by a dashed bold line. Now, we can
set path Pg, and P,

Figure [3:34]b), then it switches to the right, as Pgitl does, to vertex w and it continues on the

i+ 1

as follows: Pg, is identical to Pgl?fl till vertex x on the left side of G; (see
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Figure 3.34: The configuration used in proving that the Hamiltonian paths
obtained as described in Lemma [4Q] are optimal.

right side till vertex s;;1, then it switches to the left to vertex v and continues on the left side till
vertex t;. P,,, starts on the right side at vertex s;;; and continues till vertex u, then it switches
to the left side to vertex t; and continues identical to Pgli)-tl. Note that if vertex u coincides with
the last vertex of the right side, then solution P, , terminates on the left side (see Figure[3.34]c).
Observe now that Pgr:l can be obtained from Pg, and P,,, by cases 1.a and 2.c of the Lemma
(Figures: [3.30la and [3:3Tlc).

Next we show that Pg, and P,,,, are the optimal solutions for G; and o041, respectively. Suppose
first that P,,, is not an optimal solution. Then, there is a solution P,  which has a smaller
number of crossings than P, . So, if we combine P,  with Pg, using one of the rules of the
Lemma we get a better solution than P ptl a contradiction. Similarly, suppose that Pg, is not an

optimal solution and let P’ which one with a smaller number of crossings. Then, by combining
P, with P,

o, WE get a better solution than PGM, a contradiction.

Case 2. POpt does not contain any edge crossing the limiting edge é. In this case, by
Lemma 271 P oPt ., visits first all the vertices of G; and then all the vertices of o;1. We will split

Pgil into two paths Pg, and P,,,, which are solutions for G; and o;, respectively.

Case 2a. The last vertex of Pg:l before t; is on the left side. Hence, the last visited vertex before
t; is the vertex placed just below the vertex t; on the left side. Set Pg, to be the subpath of
POpt terminating to vertex t; and P,,,, to consist of edge (s;+1. t;) followed by the subpath of POpt

startmg from vertex t;. Now, note that POp ' can be obtained from Pg, and P,,, by cases 1.0

and 2.a (see Figures: [3.30.c and [3.31]a). It is easy to see that Pg, and P, are optimal. If we
suppose that one of P’ or P’ , is better than Pg, or P, , . respectively, then, combining P, with
P, ,, or Pg, with P, | glves us a better solution, a clear contradiction.

Oj+1°

Case 2b. The last vertex of Pé‘:l before t; is on the right side. We distinguish two cases based
on the vertex before t;:

e The vertex before t; is s;+1. This case corresponds to cases 1.d and 2.b (see Figures:[3.30ld
and [3:311b). The figures describe how to construct optimal solutions for G; and 0;;1 from
ngl-):l' Proving that these solutions are optimal, proceeds in a way identical of that in
Case 2a.
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e The vertex before t; is a vertex v} on the right side which is above s;.. This case corresponds
to the cases 1.b and 2.d (see Figures: [3.30lb and [3:3Tld). The figures describe how to
construct optimal solutions for G; and o;;; from PPt

i+1

Note that, there is not necessarily a unique hamiltonian path that yields an optimal solution.
Since in our construction we apply a “minimum” operator, more than one of the involved
hamiltonian paths yield the same number of crossings, and thus, we might have more than one
different equivalent (with respect to edge crossings) hamiltonian paths. |

Algorithm Bl is a dynamic programming algorithm, based on Lemmata [39 and which com-
putes the minimum number of edge crossings c(G) resulting from the addition of a crossing-
optimal HP-completion set to an outerplanar st-digraph G. The algorithm can be easily extended
to also compute the corresponding hamiltonian path S(G).

Theorem 22. Given an n-vertex outerplanar st-digraph G, a crossing-optimal HP-completion set
Sor G and the corresponding number of edge-crossings can be computed in O(n) time.

Proof: Algorithm [3] computes the number of crossings in an acyclic HP-completion set. Note
that it can be easily extended so that it computes the actual hamiltonian path (and, as a
result, the acyclic HP-completion set). To achieve this, we only need to store in an auxiliary
array the term that resulted to the minimum values in Step 4 of the algorithm, together with
the endpoints of the edge that is added to the HP-completion set for each st-Polygon in the
st-Polygon decomposition D(G) = {o;, ..., 03} of G. The correctness of the algorithm follows
immediately from Lemmata [39] and

From Lemma [31]and Theorem 20} it follows that Step 1 of the algorithm needs O(n) time. The
same holds for Step 2 (due to Lemma[38). Step 3 is an initialization step that needs O(1) time.
Finally, Step 4 requires O(/1) time. In total, the running time of Algorithm [Blis O(n). Observe
that O(n) time is enough to also recover the acyclic HP-completion set. O

Theorem 23. Given an n-vertex outerplanar st-digraph G, an upward 2-page topological book
embedding for G with minimum number of spine crossings and the corresponding number of
spine-crossings can be computed in O(n) time.

Proof: By Theorem[I7]lwe know that by solving the acyclic-HPCCM problem on G, we can deduce
the wanted upward 2-page topological book embedding. By Theorem the acyclic-HPCCM
problem can be solved in O(n) time. |

3.6 2-Page Upward Book Embeddings

When dealing with the acyclic-HPCCM problem, it is natural to first examine whether there
exists an acyclic HP-completion set for a digraph G of zero crossings, i.e., a crossing-free acyclic
HP-completion set for G. In terms of an upward 2-page topological book embedding, this ques-
tion is formulated as follows: given an embedded upward planar digraph G, determine whether
there exists an upward 2-page book embedding of G without spine crossings preserving G’s
embedding.

In this section we focus on crossing-free hamiltonian path completion sets for embedded upward
planar digraphs. Our results include:

1. Given an embedded st-digraph G which has a crossing-free HP-completion set, we show
that there always exists a crossing-free HP-completion set with at most two edges per face

of G (Theorem[24).
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This result finds application to upward 2-page book embeddings. The problem of spine
crossing minimization in an upward topological book embedding is defined with a scope
to improve the visibility of such drawings. For the class of upward planar digraphs that
always admit an upward 2-page book embedding (i.e. a topological book embedding
without spine crossings) it make sense to define an additional criterion of visibility. When
a graph is embedded in a book, its faces are split by the spine into several adjacent parts.
It is clear that the visibility of a drawing improves if each face is split into as few parts as
possible. This result implies that the upward planar digraphs which admit an upward
2-page book embedding also admit one such embedding where each face is divided to at
most 3 parts by the spine.

2. Given an embedded N-free upward planar digraph G, we show how to construct a crossing-
free HP-completion set for G (Theorem[28). The class of embedded N-free upward planar
digraphs is the class of embedded upward planar digraphs that does not contain as a
subgraph the embedded N-graph of Figure [3.10la. N-free upward planar digraphs have
been studied in the context of partially ordered sets (posets) and lattices. The class of
N-free upward planar digraphs contains the class of series-parallel digraphs which has
been thorough studied in the context of book embeddings.

3. Given a width-k embedded planar st-digraph G, we show how to determine whether G
admits a crossing-free HP-completion set (Theorem [28). It follows that for fixed-width
embedded planar st-digraphs, it can be tested in polynomial time whether there exists a
crossing-free HP-completion set (and thus, a 2-page upward book embedding). The result
is based on a reduction to the minimum setup scheduling problem.

3.6.1 Properties of crossing-free acyclic hp-completion sets

Let G = (V,E) be an embedded planar st-digraph which has an acyclic crossing-free HP-
completion set S. By Gs = (V,E[JS) we denote the HP-completed acyclic digraph and by
Pg, the resulting hamiltonian path. Note that, as S creates zero crossings with G, each edge of
S is drawn within a face of G and, therefore, Gs is a planar st-digraph.

In the rest of thi subsection, we state some properties of crossing-free acyclic HP-completion
sets that are useful in proving the main results of the this section.

Proposition 6. Assume an embedded planar st-digraph G which has an acyclic crossing-free
HP-completion set S. Let f be a face of G and u, v be two vertices of f that reside on f’s opposite
borders. Then, any directed path from u to v contains at least one edge of Pg, that is drawn
inside f and is directed _from the border u resides on towards the opposite border (i.e., the border
v resides on).

Sketch of proof. If we assume, for the sake of contradiction, that there is a path from u to v that
does not pass through face f, then, we conclude that there is a cycle in the acyclic HP-completed
graph Gs (see Figure [3.35la). The edge which is drawn inside f belongs in the HP-completion
set S and, thus, in the resulting hamiltonian path Pg,. |

Proposition 7. Assume an embedded planar st-digraph G which has an acyclic crossing-free
HP-completion set S. Let u and v be two vertices of G which are connected by a directed path
Sfromu to v. Then, the resulting hamiltonian path Pg, visits u before v.

Proof. 1f we assume that Pg, visits vertex v before vertex u then, we conclude that Gs contains
a cycle, a clear contradiction. |
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Figure 3.35: (a) Construction for the proof of Property[@ (b)-(d) Construction
for the proof of Property[8]

Proposition 8. Assume an embedded planar st-digraph G which has an acyclic crossing-free
HP-completion set S. Then, the edges of S can all be drawn so that they do not cross each other.

Sketch of proof. Suppose that there is an acyclic crossing-free HP-completion set S which
contains two edges (u, v) and (1, V') that cannot be drawn without crossing each other. Since S
is a crossing-free acyclic HP-completion set, then edges (u, v) and (u’, V') are both drawn within
the same face (see Figures [3.35/b-d). For the case shown in Figure [3.35 b, if we assume that
(u, v) is traversed before (u’, V"), we infer that v is traversed before u’, a contradiction due to
Property [7l. The remaining cases are treated similarly. |

Lemma 41. Assume an embedded planar st-digraph G which has an acyclic crossing-free HP-
completion set S. Let f be a face of G and let e}, e, . .., e, be the edges of S which are drawn
inside f, in the order they are traversed by the resulting hamiltonian path Pg,. Then, it holds that:

a. Edges e; and ey (1 £ i< k — 1) have opposite orientations.

b. The destination of the e; is the lowermost vertex (other than f’s source) of either the left or
the right border of f, while the origin of edge ey is the topmost vertex (other than f’s sink) of
either the left or the right border of f.

c. The origin of e; and the destination of e;+1 (1 < i < k — 1) are joined by a single edge of G.
Sketch of proof.

(a) Note that this statement is meaningful only when k > 1, i.e., there exist at least two edges
of S that are drawn within f. Consider two consecutive edges, e; and e;; in f which
are traversed in this order by the hamiltonian path Pg, and, for the sake of contradiction,
assume that e; = (y;, v;) and e;4; = (W1, Vi+1) are both directed from the left to the right
border of f (see Figure[3.36la). The hamiltonian path Pg, contains a directed path from v; to
u;+1. These vertices are placed in the opposite sides of f. So, by Property[@l the path from v;
to u;;; contains at least one edge connecting the right border of f with its left border. This
edge can not be below e; or above e;;; as this leads to a contradiction due to Property [7]
Thus, we have that there exists an edge in S which is drawn within f, above e; and below
ei+1- This is a contradiction, since we assumed that e; and e;;; are consecutive edges of S
in face f.

(b) Without lost of generality, let e; = (u;, v1) be left-to-right oriented (see Figure [3.36.b). For
the sake of contradiction, we assume that the destination of the e; is not the lowermost
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Figure 3.36: (a)-(c) Constructions for the proof of Lemma [1]

vertex of the right border of f. Thus, there exists at least one vertex v, on the right side,
which is placed below vertex v;. By Property [7], vertex v is visited before vertex v; and thus,
v is visited before u;. So, the hamiltonian path Pg, contains a directed path from v to u;.
Vertex u; is on the left side and thus, by Property[6l any path from v to u; contains an edge
in f which is right-to-left oriented. Due to Property [7, this edge can not be above e; and
thus, it must be below it. This is a clear contradiction, as we assumed e; to be the bottom
edge of the HP-completion set drawn in f. The proof for e is similar.

—

(c) Note that this statement is meaningful only when k > 1, i.e., there exist at least two edges of
S that are drawn within f. Let ¢; = (w;, v;) and e;41 = (W1, Ui+1) be two consecutive edges of
S which are drawn in f. Without lost of generality, we suppose that e; is left-to-right oriented
(see Figure [3:36].c). Then, by statement (a) of this Lemma, we have that e;;; is right-to-left
oriented. Assume, for the sake of contradiction, that u; and v;,;, which are both on the left
border of f, are not connected by an edge. Then, there exist a vertex v on the left border of
S which is above uy; and below v;;;. Vertex v has to be visited by Pg, after u; and before v;y;
and, thus, after v; and before ;1. By Properties[6land [7l we conclude that e; and e;;; are
not consecutive edges of S in f, a clear contradiction. |

3.6.2 Two edges per face are enough

In this Section, we prove that an embedded planar st-digraph G which has a crossing-free
acyclic HP-completion set, always admits a crossing-free HP-completion set with at most two
edges per face of G. This result implies that the upward planar st-digraphs which admit an
upward 2-page book embedding also admit one such embedding where each face is divided to
at most 3 parts by the spine. This improves the quality of the book embedding drawing.

Theorem 24. Assume an embedded planar st-digraph G which has an acyclic crossing-free HP-
completion set S. Then, there exists another acyclic crossing-free HP-completion set S’ for G which
contains at most two edges per face of G.

Proof: Let Gs be the acyclic HP-completed digraph and Pg, be the resulting hamiltonian path
of Gs. We will show how to obtain from S an acyclic zero-crossing HP-completion set S” which
has at most two edges per face of G.

Let f = (¢, vll, ey v;,, U.....Up. t") be an arbitrary face of G in which the acyclic HP-completion
set S places at least three edges. By Lemma [4]] we infer that the first three edges of S in
f. in the order they are traversed by Pg,, can be denoted by Sy = {(v}, v)). (1], vl ). (vl ol D),
where, without lost of generality, we assumed that the first edge is left-to-right oriented. In
Figure [3.37la these three edges are denoted by dashed lines. Consider, for example, vertices
vy and v in Figure[3.37la. The hamiltonian path Pgg can travel from v to vj by either moving
entirely on the right border of f, or, by visiting vertices at other faces of G. This second path

that visits other faces besides face f is drawn as a dashed curve from v] to vjr.
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Figure 3.37: (a) A crossing-free acyclic HP-completion set S which places at
least three edges to a face of an st-digraph. (b) An equivalent crossing-free
acyclic HP-completion set S” where the three edges (v, ). (U], vl ). (vh. vl,,)
were substituted by a single edge (vL. ).

The three edges of Sy split the hamiltonian path Pgg into 4 sub—pathﬂ, denoted by P;, Py, Ps
and Py, where P; = Pg[s... vg], Py = Pgg[v] ... vjr], Ps; = PGS[U%Jrl .. vi{], and P, = PGS[U;_H ...t
and s and t are the source and the sink of G, respectively (see Figure [3.37]a).

Weset S’ = S\ SfU{(v,l(, v))} (see Figure[3.37]b) and we will show that S’ is also an acyclic crossing-
free HP-completion set for G, i.e., Gs' is hamiltonian and acyclic, where Gg is a resulting graph
when HP-completion set S’ is embedded in G.

By Lemma ETlc) we know that the edges (v}, U% +1) and (vjr, vjrﬂ) are present in G. Define path

Pg,, to be formed by the concatenation of paths Py, P3, P, and Py, that is, Pg,, = Pg4l[s. .. v%] -

PGs[vl@ R vllc] — Pgg[v] ... vjr] — PGs[Uer ... t]. It is clear that path Pg,, is a hamiltonian path
for Gy .

The only difference between Pg,, and Pgg, is that in Pg,, the vertices of the sub-path P3 are visited
before the vertices of the path P,. So a cycle could be created if there were two vertices u and
v, such that u € Py, v € P3 and there was a directed path from u to v in Gsr. However, if there
is a directed path from u to v then there is a directed path from v} to v,l( (see Figure[3:37lb). By
Property [6l we have that the path from v} to v,lc contains a right-to-left oriented edge €’ = (u’, V')
in f. The edge (v,l(, v]) which we included to S’ is left-to-right oriented, and thus, €’ must be
present in S as well. By Property [8 e’ does not cross any edge of Sy. Also the edges of Sy are
the three lowest edges of S in f, and thus, € is above (vi{, vjrﬂ) (see Figure [3.37la). Now, it is
easy to see that any path from v} to v,l( that passes through e’ creates a cycle in Gs. This is a

clear contradiction as S was supposed to be an acyclic HP-completion set.

So, we have substituted the three bottom edges of S in f by a single edge. By repeating this
process, we can transform any odd number of edges to a single edge and any even number of
edges to a pair of edges. O

“The notation P[u...v] indicates the subpath of P starting at node u and terminating at node v, or equivalently,
the sequence of vertices in this subpath. We assume that the subpath is well defined, that is, u appears before v in
P.
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3.6.3 Embedded N-free upward planar digraphs

In this Section, we study embedded N-free upward planar digraphs. We establish that any
embedded N-free upward planar digraph G has a crossing-free acyclic HP-completion set with
at most one edge per face of G. Recall that the class of embedded N-free upward planar
digraphs is the class of embedded upward planar digraphs that does not contain as a subgraph
the embedded N-graph of Figure [B.10a. For the class of N-free upward planar embedded
digraphs, which is substantially larger than the class of N-free upward planar digraphs, we
show that there is always a crossing-free acyclic HP-completion set that can be computed in
linear time, thus improving the results given in , ]

Theorem 25. Any embedded N-free planar st-digraph G = (V, E) has an acyclic crossing-free
HP-completion set S which contains exactly one edge per face of G. Moreover, S can be computed
in O(V) time.

Proof: Let G* be the dual graph of G and let s* = v],..., v, = t* be the vertices of G* ordered
according to an st-numbering of G*. Let Gj_; be the (i — 1)-facial subgraph of G. By Lemmal[26]
Gy can be constructed from Gy_; by adding to the right border of Gi_; the directed path forming
the right border of vj.

We prove the following stronger statement than the one in the theorem:

Statement 14. For any Gi (1 < k < m) there exists an acyclic crossing-free HP-completion set
Sjc such that the following holds: Let Py be the resulting hamiltonian paht and let e be an edge of
the right border of Gy that is also the bottom-left edge of a face f € {v;, ,....v,,}. Then, edge e is
traversed by Pj.

Proof of Statement[14. 1If k = 1, G; consist of a single path, that is the left border of G
(Figure[3.38la). We let S; = {0} and set P; to G;. As all the edges of G; are traversed by P; it is
clear that, any edge e on the right border of G; that is also a bottom-left edge of any other face
t is traversed by P;.

t

Figure 3.38: (a) G; = P, and a face f. The bottom left edge of f is traversed by
Py. (b) Gi_, and vy. P,_; is denoted by solid line. (c) A graph G; for the case that
the right border of v;, contains at least one vertex. The newly constructed Py is
denoted by solid line. (d) A graph G; for the case that the right border of v}, is a
transitive edge.

Assume now that the statement is true for any Gy_;, k < m. We will show that it is true for
Gi.. Denote by Sy_; a crossing-free acyclic HP-completion set of Gi_; and by Py_; the produced



122 Upward Topological Book Embeddings of Digraphs

hamiltonian path. Let e be an edge on the right border of Gi_; that is also the bottom-left edge
of vj. By the induction hypothesis, P, passes through e = (s, v) (see Figure [3.38.b). Denote
by si and t the source and the sink of v;. respectively, and by v}, ..., v, the vertices of the
right border of v’fc. By Lemma [26] s, and t; are vertices of the right border of G,—; and G can
be built from Gy by adding the path sy, v}, ..., vy, , t to it.

Suppose first that my. # O (i.e., the right border of v;. contains at least one vertex). Set Sy =
Si—1 U{(v),,- )} and P = Piegls...sil V], ..., v, Peo1lv. . . t] (see Figure B.38.c). It is clear
that Py is a hamiltonian path of Gy. This is because P,_; is hamiltonian path of Gy_; and Py
traverses all newly added vertices. It is also easy to see that Sy is acyclic: the edge (v, . v)
which was added to Si_; creates a single directed path: from vertex si to the vertex v, which

were already connected by the directed edge (si, v) in Gj_;.

We now show that the bottom-left edge e of any f € {v;,, ... v;,}, where e is also on the right
border of Gy, is traversed by Pj,. The only edge that was added to Gy_; to create Gy and is not
traversed by Py, is € = (uvp, . ti), that is, €’ is the last edge of the right border of vy. If € is
also the left bottom edge of a f then the graph has an embedded N-digraph as a subgraph (see
the subgraph induced by the vertices u, ti, v, , w in Figure[3.38.c), a contradiction. Otherwise,
if the bottom-left edge of f coincides with any other edge of the right border of v}, then the
statement holds. If f has its bottom-left edge on the right border of Gi_; then, by the induction,
a bottom left edge of f is traversed by Pi_; and, thus, by Py.

Consider now the case where my. = O, that is, the right border of vy, is a single, transitive edge
(see Figure[3.38.d). In this case, no new vertex is added to Gy, so we set Siy1 = Sk and Py = Py.
Consider now a face f € {v;,, ... v}, }. If the bottom-left edge e of f is on the right border of
Gi and coincides with the transitive edge (sy, ti), then u, ti, si, w form an embedded N-digraph
(see Figure [3:38.d), a contradiction. So e is not (s, ti) and, hence, it is an edge of the right
border of Gy_;. So, by the induction hypothesis, e is traversed by P,_; and hence by Pj. This
completes the proof of the statement.

Having proved Statement [I4] the theorem follows from the observation that G,, = G. The
bound on the time needed to compute the crossing-free HP-completion set easily follows from
the incremental nature of the described constructive proof. Figure demonstrates the
application of he algorithm implied by the constructive proof for the embedded N-free upward
planar digraph of Figure 3.10.d.

@ (b) (© @ ©

Figure 3.39: (a)-(e) Construction of an acyclic zero-crossing HP-completion set
and the corresponding hamiltonian path for the N-free planar st-digraph G, of
Figure[3.10ld. The faces are numbered by an st-numbering of dual. Solid edges
are the edges of hamiltonian path.

Corollary 2. Any I-free embedded planar st-digraph G = (V, E) has an acyclic crossing-free HP-
completion set S which contains exactly one edge per face of G. Moreover, S can be computed in
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O(V) time.
Proof: Just reverse the edges of G* and repeat the construction in the proof of Theorem 25 O
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Figure 3.40: (a)-(b) The construction for the proof of Theorem [26]

Theorem 26. Any embedded N-free upward planar digraph G = (V, E) has an acyclic crossing-
free HP-completion set S. Moreover, S can be computed in O(V) time.

Proof: We just prove that, any embedded N-free upward planar digraph G can be transformed
to an embedded N-free upward planar st-digraph G’ by the addition of few edges. Then, the
result follows from Theorem 25|

Consider an upward planar embedding I' of G = (V, E) that is N-free. If the outer face of G
contains more than one sink (source), then we add a new super-sink (super-source) vertex. Let
t1,..., ti be the sinks of G in the outer face. By adding a new vertex t and by joining each ¢t; to
t by an edge, the embedding I' of G is preserved and remains N-free, because each t; 1 < i< k
has out-degree zero (see Figure [3.40.a).

Let now some sink ¢; be placed in a inner face of G. Let t, be the sink of that face. We add edge
(t1,t2). The addition of the edge (t;, ty) creates an embedded N-digraph only if there are edges
(v, t2) and (v, w) in G with (v, w) is the edge following (v, t;) (in counter clockwise order), out of
v. But then, there is already an embedded N-digraph in G (the digraph induced by the vertices
u, t, v, w in Figure[340lb). A clear contradiction, so (t, t;) can be added to G without creating
any embedded N-digraph as a subgraph. The sources are treated similarly. The transformation
of G into an st-digraph can be easily completed in linear time. O

3.6.4 Fixed-width si-digraphs

In this section we establish that for any embedded planar st-digraph G of bounded width, there
is a polynomial time algorithm determining whether there exists a crossing-free HP-completion
set for G. In the case that such an HP-completion set exists, we can easily construct it.

A set Q of vertices of G is called independent if the graph incident to @ has no edges. Following
the terminology of partially ordered sets, we call width of G, and denote it by width(G), the
maximum integer r such that G has an independent set of cardinality r.

In Minimum Setup Scheduling (MSS) we are given a number of jobs that are to be executed
in sequence by a single processor. There are constrains which require that certain jobs be
completed before another may start; these constrains are given in the form of precedence dag.
In addition, for each pair i, j of jobs there is a setup cost representing the cost of performing job
Jj immediately after job i, denoted by cost(i, j). The objective is to find a one-processor schedule
for all jobs which satisfies all the precedence constrains and minimizes the total setup cost
incurred.
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The main idea of the result presented in this section is a simple application of an algorithm
solving the minimum setup scheduling problem . Given a precedence dag D and a matrix C of
costs, s(D, C) denotes the total setup cost of a minimum cost schedule satisfying the constrains
given by D. The next theorem follows from the complexity analysis given in @].

Theorem 27 []). Given an n-vertex precedence dag D of width k and a matrix C of setup costs,
we can compute in O(n*k?) time a setup cost s(P, C) of minimum cost schedule, satisfying the
constrains given by P.

In the rest of this section, we show that given a planar st-digraph G the problem of determining
whether there is a crossing-free acyclic HP-completion set for G can be presented as an instance
of MSS.

Let G = (V,E) is an embedded planar st-digraph. We define the setup cost matrix as follows.
Set Cgli.j] = 0 if (v, 1) € E or v; and v; belong to the opposite borders of the same face of G,
otherwise set Cg[i,j] = 1.

Lemma 42. Let G = (V, E) be an embedded planar st-digraph. Let also s(G, Cg) be a setup cost
of minimum cost schedule satisfying the constraints given by G and setup costs given by Cs. G
has an acyclic crossing-free HP-completion set iff s(G, Cg) = O.

Proof: (=) Assume that G has a crossing-free acyclic HP-completion set S and the vertices
in the sequence vy, 19, ..., v, are enumerated as they appear in the hamiltonian path which
is created when S is embedded on G. Then, the sequence vy, g, ..., v, presents a schedule
satisfying constraints given by G, otherwise an embedding of S in G would create a cycle. The
setup cost for this schedule is Z?;ll Cgli, i+ 1]. We know that S does not create any crossing
with G. Therefore, any two successive vertices v; and v;4+; of the resulting hamiltonian path are
either connected by an edge of the graph or belong to the opposite borders of the same face,
and thus, Cg[i,i + 1] = 0. So, we have shown that there is a schedule of setup cost zero and,
thus, s(G, Cg) = 0.

(<) Assume now that s(G,Cg) = O, i.e., there exists a one-processor schedule for the jobs
represented by the vertices of G which has total setup cost zero and satisfies the precedence
constrains given by G. Let vy, v9,..., v, be the jobs as they appear in this schedule. We
construct the set of edges S as follows: Consider any two successive jobs v; and v;+;. If they
are not connected by an edge (v;, vi4+1) of G, then we add this edge to S. All the edges added to
S correspond to two jobs with setup cost zero, and hence represent edges which connect two
vertices of the opposite borders of the same face. So we have that S creates in G a hamiltonian
path which does not cross any edge of G.

We will show now that the addition of S to G, does not create any cycles. Call G’ the graph
resulting when the edges of S are embedded on G. For the sake of contradiction, assume G’
contains a cycle. Then, there are two vertices v; and v; that are connected in G’ by two non-
intersecting directed paths, from v; to v; and, from v; to v;. Then the job corresponding to the
vertex v; is executed by the schedule before the job corresponding to v; and vice versa. This is
a contradiction. So G’ is acyclic.

We complete the proof with the observation that there can be no crossing among the edges of
S and, hence, the total number of crossing created by S is zero. This fact follows directly from
Property [8. o

Theorem 28. Let G be a planar st-digraph of width k € N. Then, in O(k*n’) time we can decide
whether G has an crossing-free HP-completion set. In the event that such a set exists, it can be
easily computed in the same time bounds.
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Note that for the class of outerplanar st-digraphs the above Theorem implies time complexity
O(n?). But exploring specific properties of outerplanar st-digraphs, in Section we solved
the problem for this class of graphs in linear time.

3.7 p-Constrained Upward Topological Book Embedding

In this section we study a variation of upward topological book embeddings, where a topological
ordering p of G’s vertices is given as a part of the input and we are interested in constructing
an upward topological book embedding such that the ordering of the vertices along the spine is
p. Recall that such drawing is called a p-constrained upward topological book embedding.

Giordano, Liotta and Whitesides I@] developed an algorithm that, given an embedded planar
st-digraph and a topological numbering p of its vertices, computes in O(n?) time a p-constrained
upward topological book embedding with at most 2n — 4 spine crossings per edge. The number
of spine crossings per edge is asymptotically worst case optimal.

The problem of p-constrained upward topological book embedding can be applied to solve the
problem of upward point-set embeddability with mapping. Recall that, in this problem, the
input is an upward planar digraph G with n vertices, a set S of n distinct points in the plane,
and a mapping @ from the vertices of G to the points of S. The desired output is an upward
planar drawing of G with the vertices located at the points of S assigned by the mapping ®. As
it was shown in @], not all instances of the problem admit a solution. In @], the authors
describe a O(n®) algorithm that tests wether such embedding exists. They also prove that if it
exists then it can be computed in O(n?) time and has at most 2n — 3 bends per edge.

In this section, based on the acycliccHPCCM problem and its equivalence with the problem of
computing an upward topological book embedding with minimum number of spine crossings
(see Section [3.3), we first prove that for any embedded planar st-digraph G and any topological
numbering p of its vertices there exists a p-constrained upward topological book embedding
with at most n — 3 spine crossings per edge and, moreover, n — 3 spine crossing per edge are
required for some graphs. In this result, we allow edge (s, t) to be internal in the embedding
of the graph. If edge (s, t) is always on the external face, the corresponding number of spine
crossings reduces to at most n — 4 and is worst case optimal. Second, we provide an output
sensitive algorithm that computes in O(a + n) time a p-contrained upward topological book
embedding with minimum number of spine crossings and at most n — 3 spine crossings per
edge, where a is the total number of spine crossings. We apply these result to the problem
of upward point-set embedding with a given mapping and obtain an algorithm that solves an
upward point-set embeddability problem with mapping with at most n — 3 bends per edge.

For an easier description we need to refine the definition of dual graph as following. The left-to-
right dual (right-to-left dual) of an st-digraph G, denoted by G}i [G;), is a digraph such that: (i)
The external face is split into two faces, s* and t*, so that, s* is the face to the left(right) of the
left(right) border of G while t* is the face to the right(left) of the right(left) border of G. (ii) there
is a vertex in G}i [G;) for each internal face of G; (ii) for every edge e # (s, t) of G, there is an
edge e* = (f, g) in G*, where f = left(e) (f = right(e)) and g = right(e) (g = left(e)).

3.7.1 Main result

Let G = (V, E) be an embedded upward planar digraph, E. be an acyclic HP-completion set of G
and I['(G") be a drawing of G’ = (V, E U E,) that preserves G. Recall that the graph G, induced
from drawing ['(G”) by inserting a new vertex at each edge crossing and by splitting the edges
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involved in the edge-crossing, maintaining the direction of the edges, is called the HP-extended
digraph of G w.r.t. I'(G"). The edges resulting from the splitting of the original edges of graph G
or of the HP-completion set E. are referred to as segments of these split edges.

Let G be an embedded upward planar digraph and e be an edge which does not belong in G.
The drawing of edge e on the embedded digraph G, denoted by I'(e), is defined by the sequence
of the edges of G crossed by e, as e is traversed in the forward direction. Consider a drawing
of edge e on the embedded digraph G. Let G, be the digraph obtained when we substitute the
crossings of G with e by dummy vertices and we split the edges involved in the crossings, while
maintaining their directions. We call G, the digraph induced by a drawing of e on G.

t=vg t=vg t=vg

5=V s=v; s=vy

@ (b) (©

t=vg t=vg t=vg

(d) (e ®

Figure 3.41: (a) A planar embedded st-digraph G. (b) A drawing I'1(G’) of an
HP-completed digraph G’ of G. The edges of the hamiltonian path of G’ appear
bold, with the edges of the the HP-completion set shown dashed. (c¢) The HP-
extended digraph G} of G w.r.t. I';(G’). The newly inserted vertex appears as
square. (d) A drawing [';(G") of an HP-completed digraph G’ that represents
also an HP-extended digraph G} of G w.r.t. I';(G’) as there is no edge crossing.
(e) A drawing I'3(G’) of an HP-completed digraph G’ of G. (f) The HP-extended
digraph Gf of G w.r.t. I'3(G’).

Note that given an upward planar digraph G and an acyclic HP-completion set E., there are
many different ways to draw the edges of the HP-completion set. Figure [341la shows a
planar st-digraph, while Figures 3.41][b,d,e] show three out of all possible drawings of the
HP-completion edge (vg, v3). The corresponding induced HP-extended digraphs are given at
Figures 3 41]l[c,d,fl. Note that only one of these HP-extended digraphs is an upward planar
digraph (see Figure 3411f). In Lemma we will show that, for any st-digraph G and an
acyclic HP-completion E. of G, there is a unique upward planar HP-extended digraph of G over
all possible drawings of the edges of the HP-completion set.
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The following two lemmata will be used in proving that an acyclic HP-completion set for G
results to a unique upward planar HP-extended digraph of G.

Lemma 43. Let G be an embedded planar st-digraph, T'(G) be an upward planar drawing of
Gandp = (s = v1,...,0, = t) a topological numbering of G. Assume that G contains path
(v1, Ug, ..., ;) but it does not contain edge e; = (v;, Vi+1). If edge e; is drawn in the internal of T'(G)
so that:

(i) For each edge (u, u’) of graph G that is crossed by edge e; = (v;, Vj41) U € {U1, Vg, ..., Ui—1}
and u’ € V\{v1, g, ..., Viz1}.

(it) e; = (v, vi4+1) does not cross any edge of G exiting from v; or entering v+
(iii) e; = (v, vi+1) does not cross any edge of G more than once

then, the digraph G, that is induced by this drawing of e; is a planar st-digraph and contains
path (v, Ug, ..., Ui, Vig1).

Proof:

We will show that if the drawing of (v;, v;4+1) meets the conditions of the lemma then the resulting
G, is acyclic. For the sake of contradiction, let G, contain a cycle S. Let (uy, uj). (ug, u),

s (We, u,’c) be the edges of G crossed be e; and let hy, hg, ..., h be the dummy vertices that
are placed at the crossings created by e; and these edges (see Figure [3.42]a).

By condition (ii), neither v; nor vy is in {w, ..., ux, uj. ..., u;}. By condition (iii), edge e; does
not cross any edge of G twice and, thus, any two of the dummy vertices lie on distinct edges
of G. Also observe that the whole edge e; (i.e., all of its segments) can not participate in the
cycle; otherwise p is not a topological numbering, a clear contradiction. So, we assume that
only some of the segments of e; (and definitely not all of them) are participating in the cycle.

We consider two cases:

Case 1 Cycle S contains either the first or the last segment of ;. We examine only the case where
the cycle contains the first segment of e;. The case where it contains the last segment of
e; is treated similarly.

Assume that the path v; v h; consisting of segments of e; is part of the cycle S. Moreover,
assume that it is maximal, i.e., h;;; does not participate in S. Then, since (h, uJ’ ) is
the only outgoing edge of h; that can be a part of S, we infer that G contains a path
uj’ ~» 1; (see Figure [3.42]a). Then, since rho is a topological numbering of G, uJ’ must be
in {v;....., 01}, contradicting condition (i) since (v;, vi41) is crossed by edge (v, uj’ ) and
uj’ ¢ V\{v.v2,.... 01}

Case 2 Cycle S contains neither the first nor the last segment of e;.

Assume that path h; v h;, consisting entirely of segments of ¢;, is part of cycle S. More-
over, assume that it is maximal, i.e., neither h;_;, nor hj;; participate in S. Since (h;, uJ’ )
is the only edge existing h; and (u;., hy) is the only edge entering h; that can be parts of
cycle S, we infer that G contains a path uJ’ ~» u; (see Figure [3.42]lb). Then, since rho is a
topological numbering of G, uj’ must be in {v;,..., v}, contradicting condition (i) since
(vi. vi41) is crossed by edge (u;, uj’) and uJ’ ¢ V\{v1.02,...,Vis1}.

So, the drawing of edge e; in the internal of ['(G) that meets the conditions of the lemma,
preserves the drawing of G and leaves G, acyclic. Thus, G, is a planar st-digraph. O
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Figure 3.42: Edge crossing patterns used in the proof of Lemma [£3}

Note that the requirements of the Lemma [£3] that edge e; has to be drawn in the internal of the
drawing of G is essential in the proof. It is easy to see that if e; is drawn in the outer face then
the resulting graph G, is not upward planar (see Figure 3.411d).

Lemma 44. Let G be an embedded planar st-digraphand p = (s = vy, ..., v, = t) be a topological
numbering of G. Assume that G contains path (vy, v, . . ., ;) but it does not contain edge (v;, Ui+1)-
Then, there is a unique drawing of edge e; = (v;, vi+1), ['(e;), that meets conditions (i)-(iii) of
Lemmal43l

Proof: Let G be an embedded planar st-digraph and I'(G) an upward planar drawing of G.
Assume that G contains the path (v, vg, ..., v;) but it does not contain the edge (v;, vi+1). We
show that there is a drawing of edge (v;, v;+1) that meets the conditions of Lemma (43 The
uniqueness of the drawing will follow from the construction.

Since edge (v;, v;+1) does not exist in G, vertices v;, vy are not connected by a directed path;
otherwise p is not be a topological numbering.

Since vertices v; and v;y; are not connected by a directed path in G, they are connected
by a directed path in the “left-to- rlght” dual graph G; of G (see Lemma 7 by Tamassia and
Preparata @] see also Lemma [24). Assume, without lost of generality, that this path is from
right(v;) to the left(viy1). We can draw the edge e; following this path. If the path is from
right(viy1) to left(v;) then, there is also a path from left(v;) to right(vi+1) in “right-to-left” dual
graph Gy of G. In this case the proof is identical using Gy instead of G .

Note that G; may contain more than one path from right(v;) to the left(viy1), each of them
corresponding to a different drawing of e;. We will next show that there is a unique path from
right(v;) to left(vi1) in G; that satisfies the conditions of Lemmal43] and hence induces a planar
st-digraph Ge,.

We will identify a path right(v;) = fi,f2.....fmm = left(vir1) in G, where f; denotes a face of G
with source s; and sink t;, such that, vertices s;,..., s, are all in {v;, ..., v;_;}, while vertices
t1,...,.tpare allin V \ {vy, 02, ..., vi+1}. During this procedure, we will also identify the edges
of G that have to be crossed by this path so that the conditions of the Lemma [43] are satisfied.
The first face of the path, right(v;) = fi, satisfies this condition, that is, since v; is on the left
border of f, there are paths s; v v; and v; v t; in G, we have that s; € {v;,...,0.1} and
t; € V\{v1, v9,...,01}. Let us concentrate now on the right border of face f;. Since the right
border of fi is a path of G and p is a topological numbering of G, there is exactly one edge
e; = (u;, wy) on it with the property that u; € {vy,...,vi-1} and w; € V\ {v1, 09, ..., v;+1}. Note
that u; can coincide with s;, while w; can coincide with t;. Now, observe that there is a unique
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face f, such that the edge (u;, w;) belongs to its left border. Since G contains a paths from the
source of f to u; and from w; to the sink of f, face f satisfies the desired property. Thus, the
source of f is in {vy,...,v;_1}, while the sink of f in V' \ {v, va, ..., vi+1}. We identify f, with f
and continue this process until we meet the face left(v;+;). We will next show that this process
always terminates at face left(vi1).

For the sake of contradiction, assume it does not. This implies that left(v;;;) does not have any
edge (u, w) on its left border such that u € {v;,...,v1}and we V \ {v;,...,vi1}. This means
that either the sink of left(v;,1) is in {vy, ..., v;_1} or the source of left(vi;1) isin V \{vy....,vi1}.
A clear contradiction, since G contains the paths from v;;; to the sink of left(v;+1) and from the
source of left(vi;1) to vjy1.

During the identification of faces we have identified the edges (v, w;), i = 1,..., m crossed by
e. As they satisfy all the conditions of the Lemma [43] we infer that the resulting G,, is a planar
st-digraph. Moreover, each edge that is crossed by e; is uniquely identified. |

Lemma 45. Let G = (V, E) be a planar st-digraph and E. be an acyclic HP-completion set of G.
Consider all possible HP-extended digraphs that correspond to drawings of G’ = (V, EUE,). Then,
there exists a unique HP-extended digraph G., such that the drawing of each HP-completion edge
e € E. meets conditions (i) — (iii) of Lemmal43. Moreover G. is a planar st-digraph and the number
of dummy vertices in G, is minimum.

Proof: Let P be the hamiltonian path created by the HP-completion set E. and let p = {s =
U1,...,Up = t} be the topological numbering of the vertices of G that is induced by P. Let
E. = {e].é€,..... e} be the sequence of edges of E. in the order they appear in P. We will show
how to construct the acyclic HP-extended digraph so that it is a planar st-digraph.

Let e] = (v;, vi41) be the first edge of E. that is traversed by P. Thus, G contains path (v1, ..., v).
By Lemma [44] there is a unique drawing of €| that meets the conditions of Lemma and
hence induces a planar st-digraph G¢;. We apply this procedure inductively, drawing each time
an edge of E, in the order they appear in the hamiltonian path P. Since at each step we have a
planar st-digraph, the final graph will be also a planar st-digraph.

To complete the proof, we show that if the edge ’ is drawn as it is required in Lemma [£3] then
e do not cross any ej, 1 < j. Call Gj_1 the dlgraph before drawing the edge ej and suppose that

= (vg. Ug+1)- The digraph G ,contains path (v1. ..., Ug+1) and all the HP-completion edges
that were added to G in order to construct G have as destinations vertices with the indices
smaller or equal to g + 1. So, if we draw the edge e as required by Lemma [43] the edges that
are crossed by eJ have their sources greater or equal to g+ 1. So we have that eJ do not cross
any previous HP-completion edge. So we infer that the total number of dummy vertices in G, is
minimum.

O

Let G be an embedded planar st-digraph and E. be an acyclic HP-completion set of G. The
drawing I'(G’) of G’ = (V, E U E,) that respects the drawing of G and induces the HP-extended
digraph that is a planar st-digraph with minimum number of dummy vertices will be referred
to as the unique acyclic drawing of G’.

Theorem 29. Let G be an embedded planar st-digraph, E. be an acyclic HP-completion set of
G and I'(G’) the unique acyclic drawing of G’ = (V,E U E,). If edge (s, t) is not on the external
face of G, T'(G’) has at most n — 3 crossings per edge, otherwise it has at most n — 4 crossings
per edge. Moreover, there exist embedded graphs and acyclic HP-completions sets that require
so many edge crossings.
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Proof: Let P = (s = v, U9, ...,Uy = t) be the implied by E. Hamiltonian path on G. Observe
that since G is an st-digraph, edges (s, v3) and (v,-1, t) belong in G and, thus, they are not part
of the HP-completion set E.. So, E. consists of at most n — 3 edges. Then, even if an edge of G
is crossed by all edges of E,, that edge has at most n — 3 crossings. Figures[3.43la and [B.43lb
show graphs and topological orderings that cause so many crossings on edge (s, t) for the case
where (s, t) is not on the external face.

Let assume now that edge (s, t) is on the external face. Then, it is not crossed by any edge of
the HP-completion set. We next consider an arbitrary edge of the graph that is different from
(s, t) and prove that it can be crossed by at most n — 4 edges of the HP-completion set.

If edges (s, v9) and (v,-1, t) are not the only edges of the graph G that participate in the hamil-
tonian path, then the HP-completion set E. contains at most n — 4 edges and the result follows
trivially.

Suppose now that (s, v2) and (v,-1,t) are the only edges of the graph that participate in the
hamiltonian path P. This implies that, for any i = 2...n -2, (v;, v;+1) is an edge of the HP-
completion set E.

Let us consider an edge (v;, v;) of G such that (v;, v)) # (s.t). We consider three case based
on whether (v;, v;) coincides with (s, v2) or (vn—1.t) or non of them. Before we proceed, note
that since ['(G’) is the unique acyclic drawing of G’, that is, a drawing that induces the unique
acyclic HP-extended digraph of G, , it is true that the drawing of each HP-completion edge meets
the conditions of Lemma [43]

Case 1 (v, V) = (S, 12).
Consider an HP-completion edge (v, vi+1), 2 < 1 £ n— 2. Since the drawing of (v;, Ui+1)
meets condition (i) of Lemma [43] we have that (v;, v;;1) does not cross (s, v9). Thus, (s, v2)
is not crossed by any HP-completion edge.

Case 2 (v;, V) = (Unp—1. D).
Consider an HP-completion edge (v, vi+1), 2 < 1 £ n— 2. Since the drawing of (v;, vi+1)
meets condition (i) of Lemma [43] we have that (v;, viy;) does not cross (v,_1.t). Thus,
(vn-1, t) is also not crossed by any HP-completion edge.

Case 3 (v;, vj) does not coincide with either (s, v2) or (v,-1.t). Since each (v;, vi1) is an HP-
completion edge we infer that j > i + 1. Thus, (vj-1,v)), (v;. v41) are both edges of the
HP-completion set. Since (v;, v;) # (s, t) we have that either v; # s or v; # t.

Case 3.a v; # s. Then, the HP-completion edge (v;, vi+1) does not cross (v;, vj)
due to condition (ii) of the Lemma [43].

Case 3.b v; # t. Then, the HP-completion edge (vj_;.v;) does not cross (v;, vj)
due to condition (ii) of the Lemma [43].

In both subcases, we identified one edge of the HP-completion set which does not cross
edge (v;. vj). Thus, at most n — 4 edges of the HP-completion set cross (v, vj).

O

Note that for the embedded graph and the topological ordering in Fig[3.43lb, moving edge (s, t)
on the external face of graph Gy (or, simply, deleting it), leaves edge (v;, vs) with 2 (i.e., 6-4)
crossings in the upward drawing of the HP-completed graph.
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Theorem 30. Let G be an embedded planar st-digraph, E. be an acyclic HP-completion set of G
and P be the implied Hamiltonian path. Then, the unique acyclic drawing of G’ = (V,E U E.) can
be computed in O(n + a) time, where a is the total number of edge crossings.

Proof: We first describe how to represent the solution. For each edge of E. we maintain a list of
the edges of the original graph in the order they are crossed by it. In addition, we also maintain
for each edge of the original graph, a list of edges of E. which cross it, in the order they cross it
when we traverse the edge in the forward direction. Note that the total number of items in the
lists is proportional to the number of crossings.

Let G; be the dual of G where all of its edges cross edges of the original graph from “left-to-right”.
Similarly, define the "right-to-left" dual Gy. Let the external fase of G be represented by two
vertices on the dual, that is, s* and t*. s* is positioned to the left( right) of G in G; (resp., Gy)
while t* is positioned to the right(left) of G in G; (resp., Gg). Each vertex of G corresponds to a
face of each dual and by construction s (t) corresponds to the “lower half” (resp., “upper half”)
of the external face of G; and Gy, . Thus, vertex s is below the bottom-most path of both duals
(when G and each dual are drawn simultaneously).

During the execution of the algorithm which computes the crossings, the “interesting” part of
the two duals (called active dual) will shrink (by deleting edges). Below, we describe how the
active dual is defined during the course of the algorithm and we state its properties which our
embedding algorithm is based on.

Let P= (s = v, Ug,..., vy = t) be the Hamiltonian path induced by E.. Assume that we have
computed all crossings involving all edges of P up to vertex v;. The active duals G; and Gy, at
the end of step i of the algorithm consist of the faces (and the vertices/edges defining them) of
the dual which correspond to vertices vy 1, ..., 0, =t of G. The following properties hold:

1. Vertices s = vy, ..., v; are all below the bottom-most path of the active duals. Moreover,
the faces of the duals that correspond to vertex v; share edges with the bottom-most path
of their corresponding active duals.

2. Vertices vi;1, ..., U, = t are all above the bottom-most path of the active duals. Moreover,
the faces of the duals that correspond to vertex vy share edges with the the bottom-most
path of their corresponding active duals.

3. If edge (v;, vi41) € E then, since E. is an acyclic HP completion set, there either exists a
path from right(v;) to left(viy1) in G or exists a path from left(v;y1) to right(v;) in G;. This
path can be found on the bottom-most path of one of the two active duals.

The path from either right(v;) to left(vi1) or from left(vi+1) to right(v;) on the bottom-most path
of one of the active duals defines (in order) the edges of G crossed by edge (v;, vi+1). Each
crossing can be added in the corresponding linked lists of each crossed edge of G in constant
time and thus, the crossings caused by edge (v;, vi+1) can be computed in time proportional
to their number. An important technical detail in order to achieve time proportional to the
number of edge crossings is the following: we do not know whether there exists a path from
right(v;) to left(vi;1) or from left(vi41) to right(v;), so we do not know in which dual to search (its
bottom-most path). So, we traverse the bottom-most paths of the two duals in parallel (i.e., one
step at each active dual) starting from right(v;) on the active G; trying to find left(v;;1), and from
left(vi41) on the active Gy trying to find right(v;). This guarantees that the successful search
terminates after a number of steps that is proportional to the size of the wanted path.

After we have identified the path in the bottom-most path of one of the two duals, then both
active duals shrink for the next iteration by removing the dual edges that correspond to the
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incoming edges of vi+1. This can be done in time proportional to the number of these edges, by
appropriately linking together the data structures representing the edges of the two duals and
the edges of G.

From the above description, we infer an iterative algorithm that generates the crossings caused
by the edges of the HP-completion set E. in the order the edges of E. appear on the Hamiltonian
path P. Creating the two duals and maintaining the active duals during the course of the algo-
rithm takes O(n) time, while reporting the crossings (i.e., inserting them in the corresponding
ordered linked lists of the edges they belong) takes O(a) time, where a is the total number of
edge crossings, resulting to an optimal output sensitive algorithm of O(n + a) time complexity.

The paths from rigth(v;) to left(vi+1), that are computed by the algorithm, meet the conditions
of Lemma [£3] and hence by Lemma [44] and Lemma we have that the drawing of E. that is
computed by the algorithm corresponds to the unique acyclic drawing of G’. So the correctness
follows. O

3.7.2 In terms of book embedding

In Section [3.3] the equivalence between the Acyclic-HPCCM problem and the problem of deter-
mining an upward topological book embedding with minimum number of spine crossings was
established. More formally, it was shown that, if G = (V, E) is an embedded upward planar di-
graph and I'(G) its upward planar drawing, G has an upward 2-page topological book embedding
that respect the given embedding of G and has at most k-spine crossings per edge and c total
crossings, such that the vertices appear on the spine in the order Il = (v, vg, ..., v,) if and only
if G has an acyclic HP-completion set E. with the inferred hamiltonian path P = (v1, Ua, ..., Up)
and a drawing I['(G’) of G’ = (V,E U E’) respecting ['(G) such that each initial edge of G is
crossed by at most k HP-completion edges, the total number of crossings is c and the induced
HP-extended digraph G, is an upward planar st-digraph.

Let p = (s = v1,09,...,0, = t) be a topological ordering of the vertices of G. Then, observe
that the edge set EX = {(v;, vi41) | (v, vir1) € E, 1 < i < n} is an acyclic HP-completion set for G.
Based on this fact, Theorems and and the equivalence between the Acyclic-HPCCM and
the book embedding problems established in Section [3.3] we can state the following theorems
(see Figures [3.43lb and [3.43lc for a relevant example):

Theorem 31. Let G be an embedded planar st-digraph and p be a topological numbering of G.
Then, G admits a unique p-constrained upward topological book embedding with at most n — 3
spine crossings per edge for the case where edge (s, t) is not on the external face, otherwise it
admits a embedding with at most n—4 spine crossings per edge. Moreover, there exist embedded
graphs and topological orderings that require so many spine crossings.

Theorem 32. Let G be an embedded planar st-digraph and p be a topological numbering of
G. Then, the unique p-constrained upward topological book embedding of G (with a minimum
number of spine crossings) can be computed in O(n + a) time, where a is the total number of spine
crossings.

The improved results on p-constrained upward topological book embeddings presented in this
section, can be also used to improve the results presented in I@] regarding upward point set
embeddability with a given mapping. The improvement mostly concerns the required number
of bends per edge which is reduced to at most n — 3 bends per edge. The time complexity of the
point set embedding algorithm in @] is not improved by our algorithm since the step of finding
the direction of the upwardness dominates in the overall algorithm with complexity O(n®).
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(c)

Figure 3.43: (a)A digraph G, and a topological numbering p such that in the
p-constrained upward topological book embedding of G, edge (s, t) crosses the
spine n — 3 times. (b) A digraph G, an HP-completion set (dashed light edges),
and the unique embedding of the HP-completed graph that respects the original
drawing of G,. (c) The p-constrained book embedding for graph G,.

Finally, we point out that the p-constrained book embedding produced by the algorithm in @]
can be easily converted to the embedding produced by our algorithm if the redundant crossings
with the spine are eliminated. Our approach, using the Acyclic-HPCCM problem, is just another
point of view that allows a better analysis concerning the number of spine crossings.

3.8 Conclusion and Open Problems

In this chapter we defined and studied the acyclic-HPCCM problem. We first showed that
this problem is equivalent to the problem of spine crossing minimization in upward topological
book embeddings. Exploring this equivalence and the results we acquired for the acyclic-
HPCCM problem we got several results for the spine crossing minimization problem in upward
topological book embeddings. The most important among them are:

1. For the class of outerplanar st-digraphs the minimization problem can be solved in linear
time.

2. For the class of embedded N-free upward planar digraphs there always exists a zero-
crossing upward topological book embedding.

3. For the class of bounded-width st-digraphs, the minimization problem can be solved in
polynomial time.

4. When the order of the vertices along the spine p is given we proved that there exists a
p-constrained upward topological book embedding with at most n — 3 spine crossings per
edge and, moreover, n — 3 spine crossing per edge are required for some graphs.

Concluding this chapter we note that, for the general problem no polynomial time algorithm is
still known.
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Chapter 4

Unilateral Orientation of Mixed Graphs

In this chapter we present a graph-theoretical result, concerning orientations of mixed graphs.
We studied this problem because it promised to represent a tool for the solution of general
problem of spine-crossing minimization in upward topological book embeddings. Taken inde-
pendent, it represents an interesting result for algorithmic graph theory, partially resolving a
reported open graph theory problem ].

A large body of literature has been devoted to the study of mixed graphs (see ] and the
references therein). A mixed graph is strongly orientable when its undirected edges can be
oriented in such a way that the resulting directed graph is strongly connected, while, it is
unilaterally orientable when its undirected edges can be oriented in such a way that for every
pair of vertices x, y there exists a path from x to y, or from y to x, or both.

Several problems related to the strong orientation of mixed graphs have been studied. Among
them are the problems of “recognition of strongly orientable mixed graphs” ] and “determining
whether a mixed graph admits a unique strong orientation” @ ].

In this chapter we answer the corresponding questions for unilateral orientations of mixed
graphs, that is, firstly we develop a linear-time algorithm for recognizing whether a mixed graph
is unilaterally orientable and, secondly, we provide a polynomial algorithm for testing whether
a mixed graph accepts a unique unilateral orientation.

4.0.1 Basic Definitions

We say that in (di)graph G vertex y is reachable from vertex x if there is a (directed) path from
vertex x to vertex y.

A mixed graph M = (V, A, E) contains both arcs (ordered pairs of vertices in A) and edges
(unordered pairs of vertices in E). A path in a mixed graph is a sequence of edges and arcs in
which consecutive elements (i.e., edges or arcs) are incident on the same vertex and all arcs are
traversed in their forward direction. Note that, since a graph (digraph) is a mixed graph having
only edges (resp. only arcs), any definition or property concerning mixed graphs also applies to
graphs (resp. digraphs).

A Dbiorientation of a mixed graph M = (V, A, E) is obtained from M by replacing every edge
(x,y) € E by either arc (x, y), or arc (y, x), or the pair of arcs (x,y) and (y, x). If every edge
is replaced by a single arc, we speak of an orientation of a mixed graph M. The complete
biorientation of a mixed graph M = (V, A, E), denoted by (I\_/I> is a biorientation of M such that
every edge (x, y) € E is replaced in IT/I) by the pair of arcs (x, y) and (y, x).
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An underlying graph UG(M) of a mixed graph M = (V, A, E) is the unique undirected graph G
resulting by “removing” the direction from each arc of M, i.e., by turning each arc of A into an
edge. A mixed graph M is connected if UG(M) is connected.

A digraph D is strongly connected (or, just strong) if, for every pair x, y of distinct vertices in
D, x and y are mutually reachable from each other. A strong component of a digraph D is a
maximal subdigraph of D which is strong. The strong component digraph SC(D) of D is obtained
by contracting strong components of D and by identifying any parallel arcs obtained during this
process into a single arc. The digraph SC(D) for any digraph D is acyclic as any cycle is fully
contained within a single strongly connected component. A digraph D is unilateral if, for every
pair x, y of vertices of D, either x is reachable from y or y is reachable from x (or both).

The definitions for the connectivity-related terms can be extended for the case of mixed graphs.
A mixed graph M is strongly connected (or strong) if its complete biorientation i is strongly
connected. A mixed graph M is unilaterally connected (or unilateral) if its complete biorientation
W is unilateral.

A mixed graph M is strongly (unilaterally) orientable (or, equivalently, M admits a strong (unilat-
eral) orientation) if there is an orientation of M which is strongly (resp. unilaterally) connected.
A mixed graph M admits a hamiltonian orientation, if there is an orientation M of M which is
hamiltoni. Note that a graph that admits a hamiltonian orientation also admits a unilateral
orientation.

4.0.2 Problem Definition and Related Work

Given a mixed graph M, it is natural to examine whether M is strongly or unilaterally orientable.
The mixed graph M; of Figure £ 1k, is strongly orientable as it is demonstarted by digraph
D, (Fig. &1b). The directed graphs D, and D3 (Fig. £k and Fig. £ 1) show two unilateral
orientations of M, non of which is strong. Robbins @] proved that an undirected graph is
strongly orientable if and only if it is connected and has no bridgeﬁ. Boesch and Tindel ]
generalized Robbins’ result, showing that a mixed multigraph is strongly orientable if and only if
it is strongly connected and has no bridges. Given that a digraph with n vertices and m arcs can
be tested for strong connectivity and for being bridgeless in O(m + n) time, the characterization
given by Boesch and Tindel immediately leads to a polynomial time recognition algorithm of
strongly orientable mixed graphs. Chung et al ] presented an algorithm that computes
a strong orientation of a mixed multigraph in linear time. Chartrand et al] provided a
characterization of unilaterally orientable graphs by showing that:

Theorem 33 (Chartrand et al., I@]). A connected graph G has a unilateral orientation if and
only if all of the bridges of G lie on a comumon path.

As the unilateral orientation presents a different notion of connectivity, it is natural to ask
wether a mixed graph admits a unilateral orientation. Even though unilateral orientation is a
weaker notion of connectivity, not all mixed graphs admit a unilateral orientation. For example,
the mixed graph Ms in Fig.[£.Zh does not admit a unilateral orientation since there is no directed
path between vertices vy and vg in either direction. In this chapter, we present a characterization

In the literature, a hamiltonian graph is traditionally referred to as a graph contaning a hamiltonian cycle. In
this chapter, we refer to a hamiltonian graph as a graph contaning a hamiltonian path.

2An edge e of a connected mixed graph M is a bridge if M \ {e} is not connected. A mixed graph containing no
bridge is called bridgeless.
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@) (b) (© (d)

Figure 4.1: (a) A mixed graph M;. (b) A strong orientation of M;. (c¢) & (d)
Unilateral orientations of M; that are not strong, as there is no path from v; to
Ur.

of unilaterally orientable mixed graphs that leads to a linear-time recognition algorithm. Our
characterization can be considered to be a generalization of Theorem [33] for mixed graphs.

@ (b) (© (d)

Figure 4.2: (a) A mixed graph M, which does not admit any unilateral orienta-
tion. (b) A mixed graph Ms which has a forced unilateral orientation. (c) The
unique unilateral orientation of Ms. (d) A bridgeless unilateral mixed graph that
does not admit a unilateral orientation.

Observe that not all mixed graphs admit more than one distinct orientation (strong or unilateral).
For example, the mixed graph Ms of Fig. admits a unique unilateral orientation (given
in Fig. £2k). Consider a mixed graph M = (V, A, E) which has a unique strong (unilateral)
orientation D. Then, we say that D is a forced strong (resp. unilateral) orientation for M.

Let G = (V,E; U E,) be a graph, let A be an arc-set obtained from an orientation of the edges
in E;, and let M = (V, A, Es) be the resulting mixed graph. If M has a forced strong (unilateral)
orientation then we say that A is a forcing set for a strong (resp. unilateral) orientation of G, or
simply a strong (resp. unilateral) forcing set.

The concept of forced strong (unilateral) orientation of graphs was first introduced by Chartrand
et al IIE] who defined the forcing strong (resp. unilateral) orientation number of an undirected
graph G to be the cardinality of the minimal forcing set for a strong (resp.unilateral) orientation
of G. Forced strong orientations of graphs were later studied by Farzad et et al @]. Forced
unilateral orientations were studied by Pascovici ]. In her work, she mentions that finding
an efficient algorithm for calculating the forcing unilateral orientation number of a graph is an
open question which, to the best of our knowledge, has not been answered yet. In this chapter,
we partially resolve this question. Given a mixed graph M = (V, A, E), we provide an algorithm
which tests in polynomial time whether A is a forcing set for a unilateral orientation of M (i.e.,
it tests whether M has a unique unilateral orientation).

The remaining of this chapter is organized as follows:

o In Section £ 1] we develop a linear-time algorithm for recognizing whether a mixed graph
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accepts a unilateral orientation and, in the case it does, we produce such an orientation.

o In Section[4.2] we give a lemma which implies a polynomial algorithm for testing whether
a mixed graph accepts a unique unilateral orientation. We conclude in Section [£.3] with
open problems.

The results presented in this chapter are published in ].

4.1 Recognition of Unilaterally Orientable Mixed Graphs

4.1.1 Preliminaries

The following theorem, due to Boesch and Tindell, gives necessary and sufficient conditions for
a mixed graph to have a strongly connected orientation.

Theorem 34 (Boesch and Tindell ]). A mixed multigraph M admits a strong orientation if and
only if M is strong and the underlying multigraph of M is bridgeless.

Note that, a corresponding theorem for unilaterally orientable graphs (i.e., "a mixed multigraph
M has a unilateral orientation if and only if M is unilateral and the underlying multigraph of M is
bridgeless”) does not hold. This is demonstrated by the mixed graph M, in Fig. which is
unilateral and bridgeless, but, it does not have a unilateral orientation. To see that, observe that
if edge (vs, vg) is oriented towards vg, then vertices v, and vg are not connected by a directed
path in either direction, while, if edge (vs, vg) is directed towards vs then vertices vy and vg are
not connected by a directed path in either direction.

Lemma 46 (I@], pp. 66). Digraph D is unilateral if and only if D has a spanning directed walkﬁ.

Lemma 47 (I@]). A tree T admits a unilateral orientation if and only if T is a path.

A vertex of a directed graph having in-degree (out-degree) equal to zero is referred to as a source
(resp. sink). An st-digraph is a directed acyclic digraph having a single source (denoted by s)
and a single sink (denoted by ¢).

Lemma 48 (]). Let D be an st—digrapr that does not have a hamiltonian path. Then, there
exist two vertices in D that are not connected by a directed path in either direction.

4.1.2 A characterization

Consider a mixed graph M = (V, A, E) and let V' C V. The mixed subgraph of M induced by V’,
denoted by M(V”), is defined as M(V’) = (V’, A", E’) where, A’ = {(u,v) | (u,v) € Aand u, v € V'}
and E' = {(u,v) | (w,v) € Eand u, ve V'}.

Let M be a mixed graph, let D; = (V;, E;), 1 < i < k, be the strong components of the complete
biorientation M of M. The strong components M;, 1 < i < k, of mixed graph M are defined as:
M; = M(V;), 1 <i<k, that is, M; is the mixed subgraph of M induced by V;. Note that each M;
is strong since, by definition, D; is its complete biorientation.

3A spanning directed walk of a digraph is a directed path that visits all the vertices of the digraph, some possibly
more than once.

4In ] the lemma was proven for planar st-digraphs. The identical proof holds for all st-digraphs.
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Figure 4.3: (a) A mixed graph M. M,, M, and M; are the three strong compo-
nents of M. Dashed edges connect M; with M;, i,j € {1,2,3}, i #j. The bold
edges are the bridges of each M;. (b) The strong component digraph SC(M) of
M. (c) The bridgeless-component mixed graph BC(M) of M. (d) The simplified
bridgeless-component mixed graph for mixed graph M, where the vertices a;, b;
denote the endpoints of a bridge path B(M;).

The strong component digraph of a mixed graph M, denoted by SC(M), is obtained by contracting
each strong component of M into a single vertex and by identifying all parallel arcs that are
created during this process into a single arc. Fig.[£.3h shows a mixed graph having three strong
components and Fig. shows its corresponding strong component digraph. Note that the
strong component digraph of any mixed graph is acyclic.

The next lemma gives the first necessary condition for a mixed graph M to have a unilateral
orientation.

Lemma 49. Ifa mixed graph M admits a unilateral orientation then its strong component digraph
SC(M) has a hamiltonian path.

Proof: For the sake of contradiction, assume that SC(M) has no hamiltonian path. Since SC(M)
is an acyclic digraph, it has at least one source and at least one sink. If there are two or more
sources (sinks) then it is clear that any two of the sources (sinks) are not connected by a directed
path in either direction. If there is exactly one source and exactly one sink in SC(M) then SC(M)
is an st-digraph and, by Lemma 48] there are two vertices of SC(M) that are not connected by
a directed path in either direction. So, in either case, we can identify two vertices of SC(M), call
them m; and my, that are not connected by a directed path in either direction.

By the definition of the strong component digraph SC(M), m; and m; correspond to contracted
strong components of M. Let these strong components be M; and M;, respectively. Since my
and my are not connected by a directed path in either direction, then for each vertex u of M;

and for each vertex v of M; there is no directed path in the complete biorientation digraph (1\_/[)
connecting u with v. Therefore, there is no path in the mixed graph M connecting u and v
in either direction, and thus, there can be no orientation of M that creates a directed path
connecting u with v in either direction. This is a clear contradiction of the assumption that M
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Figure 4.4: (a) A strong mixed graph M. (b) The bridge graph B(M) of M.

admits a unilateral orientation. a

Let M = (V, A, E) be a strong mixed graph and B C E be the bridges of M. Note that B may be
empty. Then, all components of graph M \ B are strong and bridgeless.

The bridge graph of a strong mixed graph M, denoted by B(M), is obtained by contracting in M
the vertices of each strong component of M \ B. Note that a bridge graph of any strong mixed
graph is a tree. Fig. [Z.4] shows a strong mixed graph and its bridge graph.

The following lemma gives the second necessary condition for the mixed graph to have a unilat-
eral orientations.

Lemma 50. If a mixed graph M admits a unilateral orientation then the bridge graph of each of
its strong components is a path.

Proof: Consider a unilateral orientation D of M. By Lemma D has a spanning walk. This
spanning walk of D induces an orientation of the bridges of M and, thus, an orientation of B(M)
which is unilateral. Recall that B(M) is a tree. Then, by Lemma @7 we conclude that the bridge
graph B(M) of M is a path. O

Let M = (V, A, E) be a mixed graph and let M;, 1 < i < k, be its strong components. Moreover,
let B; be the bridges of M;, 1 < i<k, and let B = U::j’f B;. Then, the set of strong components
of the mixed graph M \ B is the union of the strong components of each M; \ B;, 1 < i < k.
The bridgeless-component mixed graph of a mixed graph M, denoted by BC(M), is obtained by
contracting in M the vertices of each strong component of M \ B into a single vertex and by
identifying any parallel arcs created during this process into a single arc. Fig. 3 shows the
bridgeless-component mixed graph for the mixed graph of Fig.[4.3h. Note that the edge set of the
bridgeless-component mixed graph BC(M) is exactly set B. Moreover, BC(M) can be considered
to consist of a set of (undirected) trees (the bridge graph B(M;) of each strong component M; of
M) connected by arcs which do not create any cycle. Also observe that the strong component
digraph SC(M) of M can be obtained from BC(M) by contracting all bridgeless components of M;
into a single vertex and by identifying all parallel arcs created by this process into a single arc.

Observation 2. Let M be a mixed graph. Then any orientation of BC(M) is acyclic.

Proof: It follows from the facts that (i) the strong component digraph SC(M) is acyclic and
(i) the bridge graph B(M’) of any strong component M’ of M is a tree. ]

The following theorem provides a characterization of unilaterally orientable mixed graphs.
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Theorem 35. A mixed graph M admits a unilateral orientation if and only if the bridgeless-
component mixed graph BC(M) admits a hamiltonian orientation.

Proof: (=) We assume that a mixed graph M admits a unilateral orientation and we show that
BC(M) admits a hamiltonian orientation. Consider a unilateral orientation of M. By Lemma [46]
the unilateral orientation of M has a spanning walk. That spanning walk induces a spanning
walk on BC(M). Since any orientation of BC(M) is acyclic (Observation[2) the induced spanning
walk on BC(M) is a hamiltonian path. Thus, BC(M) admits a hamiltonian orientation.

(&) We assume now that BC(M) admits a hamiltonian orientation and we show that M admits
a unilateral orientation. Recall that the vertices of BC(M) correspond to the bridgeless strong
components of M. By Theorem [34] it follows that each of these components admits a strong
orientation. This strong orientation implies a spanning walk between any pair of vertices of the
strong bridgeless component. The hamiltonian orientation of BC(M) implies an orientation of
the bridges of the strong components of M. The strong orientation of the strong and bridgeless
components of M together with the orientation of the bridges of the strong components of M,
result to orientation D of M.

The hamiltonian orientation of BC(M) implies a hamiltonian path and, in turn, an ordering
of the strong bridgeless components of M. Based on this ordering, we can easily construct a
spanning walk on orientation D. Thus, based on Lemma 6] D is a unilateral orientation. We
conclude that M admits a unilateral orientation. O

4.1.3 The algorithm

Based on the the characterization of Section[4.1.2] Algorithm 1 decides whether a mixed graph
that is given to its input is unilaterally orientable. In the first step of Algorithm 1, we construct
the strong connected digraph SC(M) of M. In order to do so, we have to compute the strongly
connected components of the complete biorientation ™ of M. This can be easily accomplished
in O(V+A+E) time. In the second step of Algorithm 1, we test whether SC(M) has a hamiltonian
path. Note that since SC(M) is an acyclic digraph, it has a hamiltonian path if and only if it has
a unique topological ordering. This can be easily tested in linear time to the size of SC(M). In the
third step of Algorithm 1, we construct the bridge graph BM(M;) for each strong component M; of
M. Identifying all bridges can be trivially done by testing whether the removal of each individual
edge disconnects the component. By using a depth-first-search based method, the identification
of all bridges and the construction of all bridge graphs can be completed in O(V + A + E) time.
Testing whether each bridge graph is a path is trivial and can be completed in linear time to the
size of the bridge graph.

By utilizing the already constructed bridge graphs of step 3 of the algorithm, we can construct
the bridgeless-component mixed graph BC(M) of M in time proportional to its size. Now, it
remains to test whether BC(M) is hamiltonian. Note that, since we have reached the fourth
step of Algorithm 1, it holds that our graph satisfies two properties. Firstly, all of its bridge
graphs are paths (thus, we refer to them as bridge paths) and, secondly, its strong component
digraph SC(M) is hamiltonian. We will exploit these properties in order to decide whether BC(M)
is hamiltonian in linear time.

Let M;, 1 < i £ k, be the strong components of M and assume without loss of generality
that they appear on the hamiltonian path of SC(M) in this order. Firstly observe that in a
hamiltonian path of BC(M), if one exists, all vertices of the bridge path B(M;) are visited before
the vertices of the bridge path B(M;), for all i < j. Since the graph SC(M) is acyclic, if we leave
component M; before visiting all of its vertices there is no way to return to it and, thus, no
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hamiltonian path exists. Also observe that, in a hamiltonian path of BC(M) each bridge path
is traversed from one of its endpoint to the other and, thus, there are two possible orientation
of the bridge path. As a consequence, the hamiltonian path of BC(M), if any, only uses arcs
which leave from the endpoints of a bridge path B(M;) and enter the endpoints of a bridge path
B(M;), i < j. In addition, these arcs connect consecutive bridge paths. Thus, when testing
whether the bridgeless-component mixed graph BC(M) has a hamiltonian path, we can use a
simplified leveled mixed graph, denoted by s-BC(M), resulting by eliminating all vertices which
are not endpoints of a bridge graph and all arcs that enter or leave them, as well as all arcs
connecting vertices on non consecutive bridge pahts. Thus, each level of the graph is either an
edge or a single vertex, and the levels which correspond to the strong components of M appear
in the order of their corresponding strong component. Fig. shows the simplified bridgeless-
component mixed graph for mixed graph M, where the vertices a;, b; denote the endpoints of a
bridge path B(M;).
We can decide whether the s-BC(M) has a hamiltonian path by using a simple dynamic pro-
gramming algorithm. Let p{ be a boolean variable which takes the value true if and only if there
is a hamiltonian path that traverses all vertices of the first i levels of s-BC(M) and terminates
at vertex a;, 1 < i < k. Similarly we define pP. It is easy to see that the following recursive
relations hold:
p% = p? = true

pi=(p*, =true A Iai_1.by) €A’) V (p? | =true A A(bi;.b) € A)

pP = (pf’_1 =true A d(b,.a)€A) vV (p, =true A A(a; . a) € A)

(for 1 <i< k)

Based on the above equations, we can decide whether there is a hamiltonian path in s-BC(M)
(and, as a consequence in BC(M)) in O(k) time.

Observation 3. The bridgeless-component mixed graph BC(M) of a mixed graph M has exactly
one hamiltonian path if and only if p{* ® pﬁ’ = true, 1 < i < k, where k is the number of strong
components of M.

We also note that, in the case where a unilateral orientation exists, we can compute one in linear
time. This can be achieved by orienting the bridges of BC(M) according to the hamiltonian path
of BC(M) and by using a strong orientation for each bridgeless strong component of the bridge
graphs.

From the above description, we can state the following theorem:

Theorem 36. Given a mixed graph M = (V, A, E) , we can decide whether M admits a unilateral
orientation in O(V + A + E) time. Moreover, if M is unilaterally orientable, a unilateral orientation
can be computed in O(V + A + E) time.

We also note that we can prove an additional characterization for unilaterally orientable mixed
graphs that can be considered to be a counterpart of Theorem [33] given by Chartrand et al ].
The proof of the following theorem is based on the properties of the strong component digraph
SC(M), and the bridgeless-component mixed graph BC(M) for a mixed graph M.

Theorem 37. A mixed graph admits a unilateral orientation if and only if all the bridges of its
strong components lie on a common path.
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Algorithm 4: UNILATERAL-ORIENTATION(M)
input :A Mixed graph M = (V, A, E).
output “YES” if M has a unilateral orientation, “NO” otherwise.

1. Construct the strong connected digraph SC(M) of M.
{Denote the strong components of SC(M) by My, ..., M.}

2. if SC(M) has no hamiltonian path then return(“NO”)
else

3. For each strong component M; of M, 1 < i<k,
Construct the bridge graph B(M;);
if By, is not a simple path then return(“NO”);
{ All bridge graphs By, are paths. }

4. Construct the bridgeless-component mixed graph BC(M) of M
5. if BC(M) has no hamiltonian path then return(“NO”);

6. return(“YES”);

4.2 Recognition of Unilateral Forcing Sets

Let M = (V, E, A) be a mixed graph. In this section we present a simple lemma stating whether
M has a forced unilateral orientation or, equivalently, whether A is a unilateral forcing set for
M. Based on this lemma and Algorithm (], we infer a polynomial algorithm for testing whether
A is a unilateral forcing set for M or, equivalently, G has a unique unilateral orientation.
Forced unilateral orientations were studied by Pascovici in Iiglh, where she gave a general lower
bound for the forcing unilateral orientation number and showed that the forcing unilateral
orientation number of a graph G having edge connectivity 1 is equal to m — n + 2, where m and
n are the numbers of edges and vertices of G, respectively.

Lemma 51. A mixed graph M = (V, A, E) admits a unique unilateral orientation if and only if
for each edge e = (u,v) € E either (V,AU {(u,v)},E \ {(u,v)}) or (V,AU {(v, w)},E \ {(u, v)}) has a
unilateral orientation, but not both.

Proof: (=) Let M admit a unique unilateral orientation and assume, for the sake of contra-
diction, that both (V,A U {(u, v)},E \ {(1,v)}) and (V,A U {(v. w)}, E \ {(u, v)}) have a unilateral
orientation. Then these unilateral orientations differ in at least one edge and hence are dis-
tinct. A clear contradiction. Otherwise, if we assume that neither (V, AU {(u, v)}, E \ {(u, v)}) nor
(V,AU {(v,w)}, E\ {(u,v)}) has a unilateral orientation, then we have a contradiction again, as
M was supposed to have at least one unilateral orientation.

(<) Assume now that for each edge e = (u,v) € E either (V,AU {(uw,v)},E \ {(1,v)}) or (V,AU
{(v, W)}, E \ {(1, v)}) has a unilateral orientation, but not both of them. It is clear that M has at
least one unilateral orientation. Assume, for the sake of contradiction, that M has more than
one unilateral orientations. Consider any two arbitrary unilateral orientations of M. As these
orientations are distinct they differ in at least one edge, say ¢’ = (u/,v") € E. So we conclude
that both (V,AU {(1/.V)},E\ {€’}) and (V. AU {1V, u")}, E\ {€’}) have a unilateral orientation, a
clear contradiction. |
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Theorem 38. Given a mixed graph M = (V, A, E), we can decide whether A is a unilateral forcing
set for M in O(E(V + A + E)) time.

Proof: Follows directly from Theorem [36 and Lemma [51]. o

4.3 Conclusion and Open Problems

For a mixed graph M = (V, A, E), we presented a linear-time algorithm that recognizes whether
M is unilaterally orientable, and in the case where it is, we also presented a characterization
leading to a polynomial algorithm for determining whether A is a unilateral forcing set for M.
Future research includes the study of the number of unilateral orientations of a mixed graph,
as well as the complexity of the problem of finding a unilateral forcing set of minimum size.
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IlepiAnypn

Avo mpoBArpata g Arneikoviong Fpapnpdtev amoteAouv 10 aviikeipevo autrg g SiatpBng.
Z10 mpeto mpoBAnpa, mou ovopaletar Avepyouevn Eugutevon oe Zuvodo Enuciov, 10 dedopévo
ypaonpa {nteitatl va epputeutel pe avepxopevo Kat ertirnedo 1poro oe éva dedopévo ouvolo onpei-
®v tou eruredou. X1o Heutepo, TIou ovopdletal Avepyouevn Eugutevuon oe Bi6Aio, o otoxog eivat
va {@ypadiocoupe 10 ypdopnpa €101 ®OoTe 01 KOPUPEG TOU va eival tonobetnpéveg os pia pooava-
toAopévn eubeia Kal o1 akpég TOU va avarapiotavidal aro Povotova auU§oUoeg KAPITUAEG OtV
kateubuvor ng eubeiag avtng. Ta npoBAnpata avtd Ppiokouv epappoyeg otnv draxeipton Epywv,
kataokevn Swaypappdiev PERT kat oxediaopo tov kukAopatev VLSI. ErumAéov, epappoloviat yua
TNV AIEIKOVIOT NG LEPAPXIKS HOPNG TV KATEUOUVOPEVEY YPadPUAT®VY, OIoU {NTouvidal KATolo
TEPLOPIONOL OV TOTTODETN 0T T®V KOPUP®V.

10 Kegpadaro[fI]] Sivoupe pia ovviopurn eioayoyr oto medio g Aneikoviong Fpapnpdteov kat
napouotddoupe ta mpoBAnpaAta mou PeAEToUvVIaAl Og auty v diatpibr).

210 Kepadawo[B]] pedetdpe ig avepxOpeveg epputeliostg 0 0UVOAa onpeiov. ApXIKd, OUyKev-
TPOVOPAOoTe 0 KateubBuvopeva dévipa Kal KUPTd ouvoda onpeiov. Amodeikvuoupe 0Tl UrapXouv
HEPIKEG O1KOYEVELEG OEVIPOV TIOU eival avepxopeva katl ermineda eppuieloljieg oe O1olodrote
KUpto ouvodo onpeiov. Evaldaxktuikd, deixvoupe Ott urndpyxet pia owkoyévela 8Evipwv rou dev
erubexetal kapia avepxopevn erinedn eadpuUTEUOT O €va KUPTO OUVOAO onpeiov. Xtn ouvéxeld,
arode1kvUoUPE OTL PITopel va arnopavOel oe TIOAUGVUIKO Xpovo av éva KateubBuvopevo HEvrpo eivat
avepxopeva kat erireda epputevolpo os éva Hedopévo Kuptd ouvolo onpeiwv. To arotédeopa autod
ETEKTEIVETAl OV KAAOT] TeV edreninedonv kateubuvopevav ypadpnpatev. Andadr, tapouoialoupe
£vav IoAUVUPIKO alyopiOpo, rou §edopévou evog Kateubuvopevou e§mermtinedou ypapnpatog Kat
€VOG KUPTOU OUVOAOU Onpeimv anodacidel av uttdpyetl pia avepxopeva erinedn epdpuUteuot) 10U OTo
ouvolo onpeiov. Enedn kabe ypadpnpa 1mou ermdéxetat pia ermnedn epputeuon oe Eva KUptd ouvo-
Ao onpeiov arotedel éva egwerntinedo ypapnua, 1o tedeutaio anotéAeopa OAOKANPQOVEL TV PeAétn
TOU ITPOBANIATOG YA Ta KUPTA OUVOAd onpeiov. Xtr ouvéxela, pedetdpe yevikd ouvola onpet-
@V Kdl IPOCAVATOAIOPEVA POVOTIATIA. ATOSEKVUOUE 0Tl KAOE TPOCaVATOAIOPEVO POVOTTATL PE N
KOPUPEG EMMBEXETAL P1A AVEPXOHEVT eITinedn epguteuon os KOs ouvodo O(n?) onueiov. TéAog,
ATIOGEIKVUOUE OTL TO VEVIKO TIPOBANPa anddaong yla T0 av €va avepyopeva erminedo ypdonpa
erubéxetal pa avepyxopeva erinedn ep@uteuon) os £va ouvolo onpeiav eivat NP-mrpeg.

To KegpaAato Bllcivat apiepopévo otnv pedétn tov eupuietoswv oe BiGAio. o ouykerpipéva,
pedetdpe 1o mPoBANPA NG EAAX10TOMOINONG TOV TOPAV TOV AKP®V HE TV pdxn tou BiBAiou. Ta
va armAoIotjooupe TV Pedétr), eloayoupe 1o IpoBAnpa tng AKUukAkng [TAnpoong katd XaptAtov
pe EAayiotonoinon tov Topov (yia ouviopia Acyclic-HPCCM). IMpota anodeikvuoupe Vv 100-
duvapia tou PoBANPATOG TG EAAXIOTOTION 0N TOV TOPMOV TOV AKH®V HE TNV pdxn tou BiBAiou, kat
tou npoBArpatog Acyclic-HPCCM. Ztn cuvéyeia ermAvoupe 1o rpoBAnpa Acyclic-HPCCM yua v
KAdGoT TV edwertinedov st-ypagpnudtov. Qg eldikr) nepintwor, pedetape av 1o rpoéBAnpa Acyclic-
HPCCM propei va Aubei xopig topég. Arodeikvuoupe 0Tt auto propet va yivet yia ta N-eAeuBepa
Kateubuvopeva ypaprpata Kat va arnopavOel oe TOAU®VUPIKO XPOVO Yla avepXOpeva erineda ypa-
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Pripata nePloplopEvou mAdtoug. TEAog, pedetdpe TG P-TIEPIOPIOPEVEG AVEPXOEVES EPPUTEVOELS
oe BBAio, dndadr) g epPutevioelg OTIOU 1] OPA HE TNV OToia 01 KOPpUPEG eppavidoviat ot paxn
Tou B1BAiou Hivovial wg PEPOG g €10660u. Ta armotedéopata mou rmapouotdfoupe BeATwvouy ta
opta nou 60Onkav otnv [50].

Z1o KepdAaro @] tapouociadoupe £va ypapobempnTiko arotéAeopa rou apopd T0Ug LOVOOUVEK-
TIKOUG TPOoavaToAICUOUS TOV UEIKTOV yoagnudtov. Aivoupe Tov Ipeto adyopibpo anddaong, rou
6edopévou evog PEIKTOU ypadrpatog, ATOKPIVETAL av aUTO €XEl €vaVv HPOVOOUVEKTIKO TTPO0AVa-
TOAOPO. X1 OUVEXeld, eIeKieivoupe v 10éa pag rapouvotadoviag évav alyoplOpo mou eAéyyet
av 0 UMAPXO0V PIOVOOUVEKTIKOG TIPO0AVATOAIOPNOG ival povadikog, Hivoviag Pepikr) andvinorn otnv
£PWINON rou tébnke amnod v Pascovici ].



Euxaploticg

[Mpwta arnd 6Aa 9a nbsla va euyxaplotom Tov emBAErnovia g 619akTopikng pou diatpiBng,
KaBnynt Aviovio ZupBaovr, yia v emotnpoviky kafodrynon 1ou, yia v yveor) Kat Tov evOou-
OlaoPo yla TV €PEUVA TIOU POU PETES®MOE KAl yla TV OUVEXT] UT0oTHpi§r] Tou Katd v Siapkrela
EKTTIOVNONG NG dlatpBng auvtrg.

®a 1nbela va euyxaploton ta peAn ou Topéa Mabnpatikev tng XxoAng Epappoopévev Ma-
Inpatkov kat Puokev Ermotnpov rmou pou €dnoav tnv Suvatdtnia va KAve EPEuva OTov TOPEd.

Euxapote ta péAn tng tpipedoug pou erurporyg: tov Kabnyntr Ztdbn Zdaxo xkat tov Ka-
9nynt Michael Kaufmann. Euyxapiote tov Z1d0n Zaxo yua v €10ayyr Hou otnv de@pntiKy)
mAnpo@opikr). Ot evdiagpépouoeg Siadédelg tou otoug AdyopiBpoug, TToAurdokdtnta Kat Yrodo-
YOO TA PE €Kavav va drmopaoiom va KAVE £peuva otnyv Yempntiki MANPopopiky. Euxapiot®
tov Michael Kaufmann yia to evbiagpépov tou ot0 gpeuvnuikd pou rnedio, yla tov evBouoiaopod
Kl TV yVOOon Iou polpdotnke padi pou Kat yia to Snpioupyko reptBadlov epyaciag rmou pou
POoEPePe Katd v Sidpkrela tng rapapovig pou oto Touprvyev.

Exeppdde tv suyveopoouvn pou otov E16iko Aoyaptaopd Kovbudieov Epeuvag tou EOvikou
MetooBiou IToAutexveiou kat oto Epeuvnukd Ipoypappa HpdaxkAewtog I yia tnv xpnpatodotnon
autrg g £peuvag.

®a 1feda va euxaploto® T0Ug ouvadéAdoug Kat @idoug pou, tov Mixddn Mméko, kat v
®doUAn Apyupiou, yia v urootrpigr) Toug, XPrioteg oudntr)oeig Kal ®paia aoteia rou aviadddlape
Katd Vv d1dpkela g nmoAvmpng kabnpepivng pag epyaoiag. Etpat moAv suyvopev os 6Aoug toug
EPEUVITIKOUG 1OoU oUvadEAPOUG Yia TNV YVOOoT] ITIOU polpdotnkay padi pou.

Emiong 9a 110sAa va euxaplotriom v O1KOYEVELd 110U KAl TOUG @iAoug pou. Xwpig v ouvexr)
OoUVaIoONPATIKY] KAl OIKOVOUIKY] UTTOOTrP1§r] TOUG 1] £peuva KAl 1] ouyypapn autng g diatpibrg
Sa ftav aduvarn.

Télog, euxapiotm 6Aoug Toug Kadnynteg pou oto EOviko MetooBeio IToAuteyveio kat oto Kpatiko
[Mavermotpo g TipAidag rmou pou petedwoav TG yvooelg Kat 1o 1mabog toug yia ta padnpatika
Kat Toug aAyopibpoug.
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Kepaiaw 1

Ewaynyr)

1.1 To £peUVNTIKO NEHIO TG AMELROVIONG YPAPNHATOV

H «Antewdvion Fpadpnpatew eivat éva evepyo epeuvnTiko redio rnouv avarruyOnke katd diaprela
TOV 8U0 tedeutainv deKaeTiV, ATOTEAEl Pl UIOMEPIOXN] TNG £ITOTNHNG T®V UIOAOYOT®V, KAt
daveiletal texvikeg ano v Oewpia Mpapnpdiov kat v Yrniodoyouky Feopetpia.

‘Eva ypagpnpa anotedel pua agpnpnpévn padnpatikin dopr mou poviedomnotel éva ouvolo av-
TKEIPEVOV KAl TG oxéoelg petadu avtewv. Ta aviukeipeva ovopdlovial KOpu@eg Kal Ol OXEOELG
petady avtov axueg. 'Otav {nypadiloupe éva ypdonpa ouvrfwg avarapiotoupe TG KOPUPES ©G
onpeia tou ermEédou Katl 1§ aKpég O KAPIMUAEG 11 eubuypappa TPpata Itou ouvieouv Tig KO-
pugpeg. Matl opwg évag pn padnpatkog va et va {oypadiost Eva ypapnpa; H anavinon sivat
0Tl P anewkévion ypadnpatog Propet va oupbdel onpaviukd otnv Katavonon ing doung tov
OX£0E®V PETASY TV AVIIKEIPEVOV KA1 VA ATIOKAAUWEL TTIOAAEG 1810TNTEG TOU ypadratog.

H epeuvnuikn neployn g aneikoviong ypadpnpdiev avidet ta ipoBAnpata pe ta oroia aoyoAei-
Tal anod (Kat IpoodEPEL TIg UMNPEeoieg NG 0g) éva Peydlo aplOpo epappoopévev meplox®v. Ev-
delkukA avadépovial ot reploxeg: bioinformatics, network security and management, supply
chain management, software engineering, risk analysis, data mining, database design, busi-
ness process modeling, electrical diagrams, telecommunications, social networks, criminology,
web visualization, knowledge representation, VLSI circuit design.

Ag boooupe €vav 1o TUTIIKO OPlOPO Yia TO Tt eivatl anetkovion) evog ypapnpatog. Qg ansuovion
evog ypoagnuatog G = (V, E), ortou V eivat 1o oUvoro tov KOopBav kat E €ival 1o 0UVoAo Tov aKPGV,
opidetat pia anewodvion (mapping) 1ov KOpB®V Kal IOV aKP®OV ToU ypadnpatog otov diodidotato
1] p1od1dotato X®OpPo O1ou o1 KOpBol avanapiotavidl ®§ onpeia 1 YEOUEPKA oxrpata (ouvhwng
napaAAndoypappa Kat KUKAOL 010 81061a0tato Xopo kat riapadinlemnineda 1] opaipsg oto 1p1o-
61dotato X®po) Katl 01 aKPEG MG ATTIAEG KAPTTUAEG O1 OTIOIEG EVAOVOUV TOUG IMPOOKEIPIEVOUG OE AUTEG
KopBoug.

'Exovtag anogaoiostl va xpnoiponoirjooupe v Aneikovion Fpapnudiov og epyaleio yua v
ArokAAuyrn mAnpogopiedv, 0d8nyoupacte dpeoa OTny £p®INOT : Told £ival ta KPlirjpla mou SeXmpi-
Jouv pa ‘wadr)’ anewkovion aro pa ‘kaxkr’. Kat n andvinon eivat 6w ta kpurpla auvtd sgaptoviat
and v epappoyn arnod IV oIoia pag MPOoEKUYE 10 ypadnpd. APEO®G EMOMEVI] £PWINOT [TOU
Onpioupyeitat eivat, av o aplOpog avtev eV Kptpiev eival t0oo peydlog 6oo kat 1o rAnbog
v epappoyov. H Seukn andvinon os avt) v gpwinon Sa orjpawve évav tepdotio apibpd amo
Kplpla Kat dpa alyopiOpoug anetkoviong, évav yia kabe epappoyr). Eutuxog ta npaypata dev
etvat €étot! Yapyxel évag OXeTKA PIKPOG aplOpog BAoIKmV EVVOIRV KAl KPITNPI®V TTOU £lval apKETOG
yla va KaAuyet éva eupu @dopa epappoyav. 'a tov oromnod autd opiotnkav [28] o1 oupbaoeig aner-
roviong (drawing conventions), ot atodntikeg (aesthetics) kat o mepioplopoi arnetoviong (drawing
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constraints).

ZupBdoeig anewkodviong ( drawing conventions) mepiypddouv T0Ug KAvOveg TOU TIPETIEL va
IKAVOTIOlEl P1a ATEIKOVIOT QOOTE va givatl anodekt), yua rapadetypa: ‘o1 akpEG TPETEL VA ATIEIKO-
vidoviat og eubuypappa 1 MOAUY®VIKA THNpaAta’, ‘01 Kateubuvoelg TV BEA®V ITOU TUXOV UIAPXO0UV
OTIS OKHEG MPETEL va el VOUV TIPOG Pla OPLOPEVH KATeUOUVOor’, ‘01 OUVIETAYHEVES TOV KOPUP®V
pénet va eivat arépaiot apidpot’, ‘o1 akpég mpénet va tépvovial urno opbr) yeovia’ kat dAda. Ot
aodnukég (aesthetics) sivat ta kpurpa mou Sédouvpe va BEATIOTONIOW|OOUPE O P1d ATIEIKOVION,
erte1dn ouvnOwg avapépoviatl ot ‘avayveolpotnta’ plag aneikoviong, yla napadetypa: ‘o ouvo-
AMKOG apOpog OV KAPMOV OTg AKPEG , ‘aplOpog TV TOPoV PETtasy Tov akpov’, ‘cpBabov piag
anekoviong ' kat dAAa. Tédog, ol eplopiopot anekoviong (drawing constraints) epgavidoviatl og
KOVOVEG TIOU {nTouvial va epappootoUv 08 OUYKEKPIPEVA TR AT TOU YPAPPAToG.

‘Etot 6Aa ta npoBAnpata tng Aneikoviong papnpdtov avanapiotaviat ®g oUvoAo amnd ouy-
KEKPIPEVEG OUPBAOELS ATIEIKOVIONG, A00NTIKEG KAl TIEPIOPIOPOUG ATElKOvViong. Mwa amnod ug peya-
AUtepeg MPOKANOEIG OTNV XP1)o1 tng Anelikoviong [padpnpdiev os mpaypatikeg epappoyeg eivat o
peydalog apibpog 1ov oupBioe®y, AloHNTIKOV KAl TIEPIOPIOH®V ITOU TIPETIEL VA EPAPHPOOTOUV QOTE Va
poviedorno|oouv enakpBmg to mpoBAnpa, pe anotéAeopa va MPOKUITIOUV UITOAOY10TIKA SUOKOoAa
(computationally hard) Sempntikda npoBAnpata.

KAeivovtag v evotnta, avapepoupe OTL EKTEVHS KAl MANPNG KAAUWN TOU AVIIKEIPEVOU IOV
anelkovioemv ypapnpdiov napouotdletat ota BBAia ‘Graph Drawing: Algorithms for the Visu-
alization of Graphs’ @], ‘Drawing Graphs: Methods and Models’ I@], ‘Graph Drawing and
Applications for Software and Knowledge Engineers’ ] , ‘Graph Drawing Software’ I, xat
NV erOTNPOVIKY dnpooicuon «Algorithms for “Graph Drawing: an Annotated Bibliography’ IE].

1.2 KatsuOuvopeva ArRurAika Cpagrpata
Kat ot Aneikovioelg Toug

Zinv Awaxeipnon ‘Epyev (project management) xkat PER’IEl daypappata, éva armo ta Kpunpa
Hag ‘KaAng ’ anekoviong eivat 1o mooo §erkabapa epdavidetatl n Epapyiky 8opr ou ypadprpatog
TOU TIAPOUO1Adel T0 OUYKeEKPIPEVO £pyo, BAére Ewova [[LIl TTo ouykekpipéva, otn diaxeipnon
Epywv, éva €pyo propel va poviedoronBel wg €§r)g: 01 epyaocieg 1 ta Prjpata rmou IMpErnet va
vlomnonOouv avarnapiotavial pe kOpPBoug, evw, av n gpyaocia B mpémnel va ektedeotel petd v
epyaoia A, undpyetl pa kateubuvopevn akpn anod tov Kopbo A otov kopBo B. 'Eva t€1o10 poviédo
Yivetal eUKoAa avuANIio Ao 10V AvOP®IIO, EAV 01 AKHEG ATIEIKOVIOTOUV ®¢g BEAN TOU deixvouv OAa
mpog pia erdeypévn kateubuvor). inv Ewova [Tl n katevbuvor autr) eivat mpog ta kate. ‘Eva
AaAAo Kp1rp1o IOV BeATI®OVEL ONPAVIIKA TNV AVAYVEOOOTNTA P1ag AIelkoviong eivat 1) arnouoia tov
TOPOV Petady twv akpov. O ouvduaopdg tng oupBaong yua tny Opotd Kateubuvor) Tov aKP®OV Kat
g anaitnong anouciag Topng Hetady oV aKPeV Iapdyetl ta oxedloypdppata nmou ovopddoviat
eninedeg avepyoueves ancuovioele (upward planar drawings). H Aé€n ‘avepxopevr)’ mpogpxetat
and v ouvnOn ermAoyr) g Kowvg Kateubuvong 1oV akKpGVv.

ITio TuTuka, pa avepyopuevn aneucovion (upward drawing) I' evog ypagpnpatog G eivat pa éva
TIPOG £va OUVAPTI O] ATlO TO GUVOAO T®V KOPUP®V T0U G 010 GUVOAO ONHEI®V TOU EMITESOU KAl TOV
akp®v tou G, 0t ardég, avoiXtég PovoTova augouoeg, OtV KATAKOPUPT KATteUOuUVOoTr], KAPITUAEG,
TIOU EVOVOUV TIG AVIIOTOIXEG KOPUPEG.

Mia anekovion evog ypagpnpatog ovopadetal emimedn (planar) av ot akpég g dev tépvoviat

'Program (or Project) Evaluation and Review Technique, ouvtopa PERT, eivat éva povtédo yia tmv Siaxeipnon épywv
oxeSlaopévo yla v Iapouciacn) Kat v avaduor oV Brjpat®v ToU arattouvidl yla v 0AOKANp®ON £vog Epyou.
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Admission for PhD

Selection of topic

Passing prereqisite classes

Study of existing bibliography

Passing qualifying exam

Working on selected problems

Obtaining results

Publishing

PhD Defense

Ewkéva 1.1: ‘Eva napdderypa PERT Siaypdppatog.

€KTOG Ao ta onpeia Mou anotedouv 11§ KOveg toug Kopudés. ‘Eva ypapnpa G ovopddetat avepxop-
eva eninedo (upward planar) av ermdexetatl pa arelkOvIion MOV eival TauTdXpova avePXOPEVH Kat
ertinedn. Etvat mpogpavég 61l 1 akuRAMKOTNTA] Kal eruedotnTa anotedouv avaykaieg ouvOrkeg
wote éva ypaenpa va eivat avepyxopeva erninedo. 'Opwg autég ot ouvorkeg dev elvatl Kat 1KAVEG,
onwg BAéroupe otnv Ewova 12

Ewkéva 1.2: Eva akuxrAiko kat eminedo ypapnpa rnou Sev arotedet éva
avepxopevo eminedo ypapnua.

2Eva ypagnpa ovopdietal akukAko (acyclic) av 8ev Tiepiéxel KateOuvopevoug KUKAOUS.
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Ot pedétn 1oV avepXOPeveV eTUNES®V ypadpnpAtev OUvOEETal Otevd pe v dempia ypapnpdiov
Kkat mv Yewpia Satademv (order theory) kat tg 16161Teg TOV YPAPNPATGOV, OMKOG 1] OUVEEOIPOTTA
(connectivity) kat ot Siaotaoeig (dimensions) 1.

'Eote pa eninedn anewwovion ' tou ypagrpatog G. H éwn tou I' amoteAeitatl anod 1o ouvodo
TOV ONPEI®V TOU EMUTESOU TIOU PITOPOUV va evaBoUv Je Pla KAPImUAn X®PI§ va TEPVOUV Pld KT
1] va Iepvouv arnod pila Kopuer) 1ou ypapnpatog. Mia oyn propet va meptypadel anod tg akpég
TIOU AIOTeEAOUV 10 oUVopPo tng. H eugutevon evédg eninedou ypaprnpatog (embedding of a planar
graph) G eivai n1 kAdon ooduvapiag tev eninedov anekovioewv tou G rou opidet 1o 1610 ouvoAo
TOV OPemV 1], 1008UvVapd, IOV oUVOPeV TV oYwenv. 'Eva eninedo ypadpnpa rov divetar padi pe pia
€PQUTEVOT) TOU ovopadetal eugutevpsvo erinedo ypoagnua (embedded planar graph ).

‘Otav padi pe éva eninedo akUKAKO ypadpnpa diveratl kat pia emninedn epgputeuor) tou, ot Berto-
lazzi et al. ] £6egav 6T propoUpe va eAéySoUPE O TTOAUGVURIKO XPOvo av 1o Sedopévo ypadpnpa
arnotelet éva eminedo avepxopevo ypapnpa. Ia éva akukAKo eminedo ypapnpa mou £Xet povo pia
)y Kat pia kataBobpadl], priopoupe emiong va eAéySOUpE Og TIOAUMVUHIKO XPOVO av 10 ypapnpa
arotelet eminedo avepyopevo ypdonpa , ]. Evwo propoupe va edéygoupe xwpiotd av 1o eva
ypaonpa sivat erminedo 1 av eivatr avepXOPeEVO O MOAUGVUHRIKO XPOVO, TO va eAéyEoupe av eivat
avepxopeva eriredo eival vrodoyoukda Suokodo (NP-hard ) ]. KAtvovtag autn v evotnta,
apatnPoOUpE OTL Ol AVEPYXOPEVA EITINMESEG ATIEIKOVIOEIS €lval €éva onpavilko €ibog arneikovioemv
TIOU PEAETATAl Y1d TTAVR attd §Eka Xpdvia Pe armotéAeopa 1 AloTa P Ti§ aviiotoleg dnpooteuoelg
va eivatl apretd ektevng. [a neplocotepeg MANPopopieg Mapanérovpe tov avayvootn oty [8].

1.3 Zoypa¢ilovrag I'papnpata pe Iepropiopd otnv TomoBOitnon
v Kopugpov

Zinv npdadn, propel va oupBei OTL 01 KOPUPEG TOU ypAPIATOG TPETEL VA AVTIOTOLX100Uv
0€ KATOd Onpeia tou erurédou mou €xouv H00el oav eioodog tou mpoBAnpatog. Ta mapddet-
YHa, ota rmiaiola 1oV oXedlaop®v 1oV oUCTNPATOV PBAcenv 8edopEvav, NEPIKEG OUYKEKPIIEVESG
OVIOTNTEG TOU OxeolaKoU daypappatog (entity-relationship (ER) diagram) anateviat va aneiko-
vidovtat Kovtd oto KEVIPO, 1] aviifeta, KOVIA Otd MEPIYPAPHATA TOU Slaypappatog. Lty avAaiuon
KOW®VIOAOY1K®V d1kTUnV (social network analysis), pia ouvnOiopévn texXviky) yla aneikovion Kat
mAonynon peyddov SiKtUev sivat n opadorow|on tov KOPBwv ot ouprdéypata (clusters) kat
ATEIKOVIOT] TRV KOPB®V V0§ CUPMALYHPATOG KOVIA TO €va Oto dAdo, eve toug KopBoug drapope-
TIKOV OUPIMAEYPATOV, OXETIKA PAKPA TO €va amod 1o aAdo (BAéne yua mapaderypa D). Twa va
povtedorownBei autn 1 18€a opiotnke 10 akO6AoUBo TIPOBANHa.

Mua eminedn evdvypauun eu@uteuon evog ypaprpatog G oe oUvoAo onpeiov S elval pia éva
P0G €va KAl €L OUVAPTNOT) Ao T0 GUVOAO TV KOPUP®V T0U G 0T0 0UVOAO TRV ONPEi®V ToU S, €101
WOTE, av Ol aKPEG {wypadlotovv og eubuypappa TUHPaAtd, 1 MPOKUMToOUod Arelkovion va eivat
ertinedn. To mpoBAnpa eugutevouotntag evog erinedou ypadprnpatog G oe éva oUvolo onpeiov
S eivat 10 ipdBAnpa anodpaong av 1o dedopévo ypapnpa G erudExetal pua erminedn eubuypappn
gupuUteUOon 010 o0UvoAo onpeiav S. To mpoBAnpa autd peletdratl ano 1o tedog tou 1991 ([52]) oug
epyaoieg (, , , Iﬁ, , , , ]). [Mep1006TEPEG AETTIOPEPELES V1A TA ATIOTEAEOPATA TTIOU
IaPOUCIA0TNKAV OTlg epyaocieg autég divoviat oto Kepadato[Z]

Miua Sadopetiky) oUpBaot amneikoviong, ToU ermiong neplopidel g YEoelg 1wV Kopupwv oe de-
Odopéveg meploxég eivat n ovopaldpevn eu@uteuon ypagruarog oe Bi6iio. Awaobnuka pia ep-

3IMnyn (source) etvat pia KOPUPK] TOU Ypadrpatog Xepis e10epXdpeveg akpég, aviiotolxa katabodpa (sink) sivat pia
KOPUPT| TOU ypAPI|IATOG XWPIG eEEPXONEVES AKPIES
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@utevorn ot BBAio sivatl pa anewkdvion ToU ypadpnpatog orou 6dot ot kopbot {nypadidoviatl wg
ouveuBelakd onpeia. ITo turka, €va k-oé/i6o BBAio eival pia doprn mou arnoteleitatl ano pa
eubela mou avagépetal wg paxn ou LibAiov kal anod k nuienineda, avapepopeva og oeAideg ToU
BBAiou, mou £xouv TV paxn g Koo toug ouvopo. Mia suguteuon oto BiEAI0 evog ypadpnpatog
G eival pua anewkovion ou G T€101a ©ote 01 KOPUPEG Tou G va aretkovi{oviatl mave oty paxn
ToU B1BAiou, eve KGO arpr MAPOUCIAETAl WG KAPITUAT TIOU aVvhKel OAOKATNP®G o pia ogAida tou
BBAiou, katl o1 akpég rmou avrrouv ot pia ogdiba Sev tépvovial petagu toug. To mayog 1) oet
b6oapduog evog ypadpnpatog G opiletal og eAaxiotog aképalog k £€tot wote 1o G va ermdexetat pa
gpuputevon oe k-oéAbo BiBAio.

H epguteuon oe BBAi0 Bpiokel OKIAEG EPAPPOYEG OTIOG : AVEKTIKOG O OPpAaApata oxXediaopog
VLSI (fault-tolerant computing VLSI design) (Ilﬁ @i}, UTTOAOY10TIKY] ITOAUTIAOKOTNTA (computa-
tional complexity) kai graph separators (, ]), HETPIKEG TTOAUTTAOKOTITAG AOY101KOU (software
complexity metrics), oxediaon kivnong oxnpatev (vehicle traffic engineering) Iié], Kat tagvounon
petabéoenv (sorting permutations) (157, @J @]).

Ze autr) v epyaoia evdlapepopaote povo yla tig erirnedeg dopég, dpa OUYKEVIPOVOLAOTE O
2-0¢Mda BBAila. Emedn undpyouv emineda ypagpnpata mou dev erudeéxovial epduteuon oe 2-
o0€A16o BiBAio @], avayra{opaote va emMIpEPoupe OTlg AKHPEG va TEPVOUV TNV paxn tou BiBAiov.
Ziv BBAoypadia pua epputevon oe PBA0 OTTOU Ol AKPEG EMMITPEIIOVIAL VA TEPVOUV TNV PAXT)
avapépetal g ornoAoyikn euguteuon oe Li6io [39].

1.4 Ta Epesuvnuika Ofpata Avtyg tig AwatpiBrig rat ot Epappoyeg
ToUg

Avutr) 1 61atpiBr] eMKEVIPOVETAL OTNV HEAETN 1OV OUPBACERV AMEIKOVIONG, ON®S EUPUTEUON
oe Bi6Aio kat oe ovvoflo onueiov ya katevdvvousva ypagnuata. Emneidr) ol anewkovioslg mou
elval eupéwg arnodekiég yla ta ermineda katevubBuvopeva ypaprpata sivatr avepxopeva ertirnedeg
ATIEIKOVIOELG, €lval (PUOIKO va ATAIN0El KAVEIG WOTe 1] TEAIKN] EPPUTEUOT] EVOG KATEUOUVOPEVOU
ypapnpatog oe BBAio 11 oe ouvolo onpeiwv, va eival ektog amnod erminedn kat avepxopevn. 'Etot
yevvnOnkav ta nmpoBANpata avepyousung eUPUIEUonS o PI6AI0 KAl avEOYOUEVNG EUGUTEUONG OF
ovvoflo onueiov. Kat ota duo npoBAnpata pag divetatl éva avepyxopeva eminedo ypaenpa G kat
pag {nreitatl va KataoKEUAOOUHE P1a avePYXOHEV] EMITEDT aTelkOvion Tou G OToU 01 KOPUQPEG TOU
nieplopidoviat eite va Ppiokoviatl oe pia €ubeia, eite va elval tornobetnpéveg oe Hedopéva onpeia.
Zinv Ewova BAéroupe pia avepyopevn ep@uteuor o 2-0£A180 BiBAio. Eve otnv Ewova [IL4]
apatnPovpe éva oUVOAO ONPEIDV KAl Pla avepXOopevn erinedn ep@uUIeEUon ToU ypadnpuatog ng
Ewovag[I.3la os auto.

To mpdBAnpa ng avepXopevng epduteuong o PBAI0 1oV KATEUBUVOHEVOVY YPAPNPIATOV KAl
pepkav dataiemv (posets) avidel Kivhpa and 1o mpoBAnpa tou oxediaopou mapdAAndev ep-
yaowov (parallel process-scheduling problem), kat €xet pakpd 1otopia rou apyxilet Atyo rpwv anod
10 1990 l. H rmo apeon epappoyn g avepxopevng epputeuong o PiBAio eival n Kataokeun
1EPAPXIKAOV Sop®v, O01ou aratteitat va AdBoupe urown Ox1 POVO TV avepXOUEVH Kateubuvorn tov
aKp®V, aAAd Kat 1ov MEPOPIoPo TV KOPUP®V 1] TOU UMTOOUVOAOU Toug, va Ppiokovial os pia
eubeia. H anaitnon autr ouvavtiétal oty oxediaon tov PERT daypappatev (BAéne yia napd-
detypa I@]). H tomoloyikr) epguteuon kateubuvopevov ypadpnpatev oe BiBAio, dndadn dtav ot
AKPEG ETTTPETIOVIAL VA TEPVOUV TV paxn tou BiBAiou, rapouotdlel evdiadepov yla oxediaopo tov
(VLSI) KUKAGUAT®V 0g TIOAAATIAEG OTPRDOEIG.

To mpoBAnpa Kataokeung avepXOHUEevNG ePPUTIEUOTS O OUVOAO ONHEI®V £XEL OPIOTEL OYXETIKA
npoopata I@, ] K1 Tapouotddetl Eva evdlapEpov ouvilaotiko mPoBAnpa g EMEKTAOT TOU KAAd
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Ewéva 1.3: (a) 'Eva pepog tou ypapnuatog thg Ewovag [Tl (B) Mia ave-
pxouevn eppuTeucn ot 2-0éA1do B1BAio Tou ypagprpatog thg Ewovag[3la.

Study of exisfind bibliography|

Selectign i topic

Passing prefga)isite classes

Ewkdva 1.4: 'Eva cUvodo onpelov Katl pia avepXOpevn epdpuUIEUOT) 08 AUTO
T0U Ypapnuatog tng Ewovag L3l

peAetnpévou PoBANPATOS EPPUTEUOTPOTITAG O OUVOAO Onpeinv yla pn kateubuvopeva ypagprpia-
ta. Emiong, mapouoiadet éva epyaleio yla ortikornoinon nminpodopiag cuvbuadoviag trv oupBaon)
AVEPXOUEVROV AKP®V, TNV emreddtnta Kat tnv Suvatotnia MPoermAoyng E0emV yia 11§ KOPUPEG TOU
YPAP1PATOG 1] €VOG UTTOCUVOAOU TOUG.

EK10g amno tn guoikn T0Ug 0X£0T], Ta IIPOBANATA TG AVEPXOHEVNS TOTTOAOYIKNG EPPUTEUOTG O
BBAio, kal tng avepXOPEVNS EPPUTEUONS OE OUVOAO ONPEi®V, £X0UV Kal pia SOPIKT) OXEoT, emeldr)
10 IPOBAN A epputevong o B1BAl0 TapouotddeTal G EPYAAEIO Yia TNV KATAOKEUT] TV EPPUTEVOERDV
oe ouvola onpeiov [32, ,é].

[TeproodTepeg AETIOPEPELES YA TIG OXETIKEG OHNIOOIEVOELS Y1a TG AVEPYXOPEVES EPPUTIEVOELS OF
B1BAio kal ouvoda onpueiwv divovial otnv apxn TV aviiotolX®wv Kepadaimv.
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1.5 H Aopn autig tng Awatpibnig

H 8watpBr) autr) aroteAeitat amnd tpla Baockd pépn.

o Xto mpwto pépog, (Kepaldaio [2) pedetape 10 pdBAnpa spgputeuong avepXOpeveyv ermnedmv
ypadnudtewv os ouvodo onueiov. v Evornra 2.31] xat oty Evotnta HeAeTdpE e1-
O1kég Ratnyopieg kateubuvopévey HEvipmv, orwg caterpillar kat switch-tree. Anodsikvioupe
OTL AUTEG 01 KATNYOPieg SEVIPRV ETIIBEXOVIAL MTAVIOTE Pla AVEPXOUEVT ETUIEDT EPPUTEVOT) O
KaBe KUPTO ouvolo onpeiwv. Yotepa, otnv Evotnta N owoyévela TV switch-trees
YEVIKEUETAL OTNV OIKOYEVELWD TV k-Stwitch trees, kal armodeikvyeTal 0Tl UTIAPXOUV TIOAAd k-
stwitch trees 1a ormoia dev emdéxovial avepxopevr erminedn epeUIEVOn O KATOlA KUPTA
ouvoda onueiwv. Térog, omv Evomra .34 mapouocidetal aAyopi®pog moAum@vupikig
TOAUTTAOKOTNTAG XpOvou, Tou Hedopévou evog rateuBuvopevou 6évipou T rat evog Kup-
TOU oUVOAoU onpeiav S, eAéyxet av 1o T erudexetal pia avepyOpevn) rinedn epduIeuo?) oto
S. Zinv Evomrta [2.4] 10 anotédeopa autd snekteivetatl oty KAAoT v e§osrmnedov Kateu-
duvopevev ypapnpatev (outerplanar directed graphs), 6nAadr) napouvoiadetal aiyopiOpog
MOAUGVUNIKIG TIOAUTTIAOKOTNTAG XPOvou, 1tou Hedopévou evog kateubuvopevou ewertinedou
ypagpnpatog G, KRat evog KUPTOU oUVOAoU onpeiov S, eAéyxet av 1o G ermbéyetal pia ave-
pxopevn erinedn epputevon oto S. H Evouta elvat € 0AokAnpou adPiepopévn oe pia
TOAU €181K1], alAd, onwg arnodeixOnke, apretd SUOKOAN MEPIMI®OT TOU TIPOBANPATOG, OTAV
10 debopévo ypapnpa sivat éva mpooavarofiopévo povoratt (oriented path). Amodsikvu-
oupe 611 KABe TIPOCAVATOAIOPEVO POVOTTATL ETIOEXETAL Pla AvePXOHEVD erirnedrn eppuUIEUoD
ot éva yevkd ouvodlo n2K72 onpeiwv, 6mou k eivat 0 oUVOAIKGG apPlOPOg TRV MOV KAt
KataBoBpmv. Yotepa, 10 amotédeopa Peduoveral oe O(n?) onueia. Tédog, otnv Evétn-
1a 2.6l odorAnpmvoupe 10 RePAadaio pe tnv anodeidn Ot 10 yeviko pdBAnpa tng avepXOpev-
NG ertinedng epPpUTEVONS YPAPNHPATOV O YEVIKO OUVOAO Onpei®v eivatl UTTOAOY10TIKA HUOKOAO

(NP-hard).

o To deutepo pépog (KepdAaio B) eivat apiepopévo oty pedétn tov avepXOPEVEV TOTIOAOYIKGOV
epuUIEloeV ypadnpatev oe BiBAio. ITo ouykerpipéva, pedetdpe 1o podBAnpa eAaxioto-
oinong TV TOP®V HPETaiy TOV aKPOV TOU ypagrpatog Kat tng paxng twou PiBAiou. Ta
va EMTUXOUPE Hid TT0 TUTUKY] Ttapouoiaor opidoupe 1o mipdBAnpa tng AkuxkAikng ITAnpe-
ong kata Xdpdtov pe EAdayiotornoion tewv Topwv (Acyclic Hamiltonian Path Completion
with Crossing Minimization) (Acyclic-HPCCM yia ouvtopia). Ztnv Evotnua [3.3] anodswvy-
oupe o6t 10 PdBAnpa Acyclic-HPCCM eivat 1006Uvapo pe 10 ipdBAnpa ing eUpeonsg v
avepXOHPEVROV TOTTOAOYIK®V EPPUIEUCERDV ypadpnpatev o BBAio pe edaxioto apOpo topeov
TRV AKP@V Pe tnv paxn. Yotepa, oty Evéounta ermAvoupe 1o npoBAnpa Acyclic-HPCCM
yua e§wertineda ypagrpata pe povadikr) rinyn Kat katabobpa. H Evounta etvat agiep-
@OPEVN OtV PEALTN g TMepim®ong ornou 1o npoBAnpa Acyclic-HPCCM prmopetl va AuBet
X®pig Topég, 1 woduvapa, 1o Iote Eva avepXopevo ertinedo ypadpnpa ermdexetat eppuIeuon
oe 2-0¢A160 PBAio (oxt tormodoyikr), 6nAadr) Gev erurpémnovial ot topég pe v paxn). To
npoBAnpa ermAvetat yia N-free ypagpnpata kat ypadnpata pe meploplopévo niatog. Télog,
omv Evounra B.7] peAetdpe 10 poBAnpa tng £Aax10tonoinong twv TOpQV Je tnv pdxn otnv
avepyXOpevr TOTOAOYKY) eppuTeuoT) oe B1BAl0, Otav 1 oelpd TOV KOPUPHOV HE TNV OTIoia auTég
epgavidovial mave otnv paxn eivat dedopévn wg €100dog Tou TpoBAnpatog. To amotédeopd
pag eivat n BeAtioon ToU MPONYOUHEVOU YVMOOTOU ATOTEAEONATOG, TIOU £XEl TIAPOUCIAOTEL
otnv [50] kat n anddegn o6t n dedopévn Avon eival n Bedtiotn duvartr).

o To tedeutaio pépog, Kepalao M sivat apiepopévo otnv pedétn 1ou ypapobeopntikou mpod-
ANPATOG TOU UOVOOUVEKTIKOU THo00Avatoflopoy UEIKTOV ypagnuatev (unilateral orientation
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of mixed graphs). H peAétn autou tou npoBAnpatog npoékuye otnyv dadikaoia ng emtAuong
evog arod ta mpoBArjpata avepxopevng epguteuong o BBAio, addd, oupdeva pe v umnap-
xouoa BiBAoypadia, arotedet éva eviiadpepov kat autdvopo poBAnpa ng Oewpiag I'pagpn-
pdraov. To Kevipiko arotédeopa Tou Kedpalaiou eivat o mpotog alyopidpog andgpaong, mou
6edopévou evog PeKToU ypadriatog, arnopaoilel av auto £XEl £vav POVOOUVEKTIKO TIPO0aVa-
TOAOPO. Zin ouvéyela, enekteivoupe v 18€a pag, rapouotddoviag alyopiOpo rmou eAéyyxet
av 0 UTIdpX0V POVOOUVEKTIKOG ITPO0AVATOAGHOG gival povadikog, divoviag PePIKY| Amavinon
otV £pWINOT mou €hnke amno v Pascovici [81].

O1 1ep10006TEPOL OP1oPoi divovial otnv apxn tou Kabe kedpaldaiou. Linv endpevn evotnta opi-
Joupe pOVo Tig ArAOUOTATEG KAl TI§ KOWEG yia OAn v diatpiBbr) £vvoleg.

1.6 Baowkoi Opilopoi

Ot pourtoBeoeig yla v Katavonon g UAng tng dtatpiBrg eivat ta BiBAia g Oewpiag 'papn-
patev Ilé, @]. 'Eoww G = (V,E) éva ypadpnpa, orou pe V kat E oupBoAidetal 1o oUvoAo tev
KOpPUP®V, KAl T0 OUVOAO T®V aKp®v Tou G, aviiototyda. Xe 6Ao 10 XE1pOypado, XP1O1HOII0I0UHE TOV
0pO YPA@og 1) TOV 0p0 yod@nua Otav avadepoPaote eite 0 KAteubuvopeva 1 pur Kateubuvopeva
ypapnpata. Ia v avagopd oe rateubuvopeva ypaprpata i0ayoupe TOV 0pO Kateypapog 1
rateypagnua. Me (1, v) oupBoAidoupe pla akprn KAteubuvopevou ypaprpatog mou Kateubuvetat
and Vv U oty v KAl emiong avagépstal og Bédog. Ma akpn pe drpa Otig KOPUPEG U Kat U
ovopddetal mPOoTinIovoa oTig UL KAl D KAl 01 KOPUPEG UL KAt v ovopadoviat yeitovikeg. Emiong, Aépe
ot 11 kateubuvopevn akpr (U, v) etvat efepxopevn Ao IV U KAl £l0epxOuevn otnyv v. Eniong n u
ovopdadetat mnyn ng (W, v), KAl n v kara6odpa ng (U, v). To MANOOGg TOV AKPGOV ITOU TIPOCTUITIOUV
og pa Kopugr ovopddetat Baduog tng kopupng. To ypaenua G = (V’, E’) ovopddetat uroypdon-
patwou G =(V,E), av V' C V rat E' C E. Av 10 G’ miepiéxet 0Aeg 11 akpég tou G, Tou ouvéeouv
TG Kopugeg tou V7, tote Aépe ot G’ eival unoypagpnua tou G mou mapayetar and to V', 'Eva ur-
oypdonpa tou G rou anotelet HEVIPO 01 KOPUPEG TOU OTtoiou rnapdyouv 1o G, ovopadetal yevvnuko
6evtpo tou G.

'Eotw éva rateypdgpnpa G, pia xopur) tou G 1mou £Xel Povo eGepXOpeveg (avi. £10epXOHPEVEQ)
axrpég ovopddetat mnyn (avt. katab6odpa). 'Evag kUklog ToU ypaprpatog 1 Kateypaprpatog eivat
Pla aroAouBia and arpég Kat KOPUPEG v, €1, Vs, . . ., Uk, € €101 OOTE 1] AK€, 1 < i< k-1, va
elvatl POOTIITIOUsd 0TI KOPUPES U; KAL Ui+ KAl I AKUT] € va €ival TTPOOTIIIouod 0Tl KOPUPES
U Kat v1. 'Evag katevduvousvog kUuklog 10U Rateypadrpatog etvat piia akoAoubia ano akpég Kat
KOPUQEG U1, €1, Vg, . . ., Uk, €k, £I01 QOTE 1] AKUN €; va eivat e§epxOpevn arod v v; Kat e10epXOHEVT)
omv vip1, 1 < i < k— 1, Kat ] akpr e, va givatl e§epXOPEVH] ATO TV U KAl EI0EPYXOHEVI] OV
v1. 'Eva rateypaenpa G ovopaleta akurkiuo av dev nepiéxel Kavéva kateubuvopevo kukdo. ‘Eva
st-rateypadpnpa eivat éva akUukAKO ypdpnpa pe povadikn mnyr Kat povadikn kataBobpa rou
oupBodidovtat pe s kat t, avtiotorxa. ‘Eva povoman oe pn-rateubuvopevo ypagpnpa eivat pua
aroAouBia and KopuPEg KAl AKPEG Uy, €1, Ug, . . ., Uk, €101 QOTE €;, 1 < i < k — 1, mpoortirntetl oug
U; Kat vip1. 'Eva katevduvousvo povoratt oe kateypadpnpa eivatl pia akoAoubia and KopupEg Kat
AKUEG U1, €1, U, .. ., Uk, €101 OOTE AKUL] €; €ival e§epXOPevT] arod v KOPuPr] U; KAl E10ePXOHEVT)
otV RKopudn vy, 1 < i < k—1. Avo povornatia ovopddoviat aveaptnia av dev £€X0UV KOvr| aKkpr).
Miua axkpn kateypadpnpatog (u, v) ovopadetar uetabartkn (transitive) av to ypagpnpa mepiéxet Eva
KateubBuvOPEVO POVOTIATL ATTO TNV U OV U, P€ MTAVe arnd pia aKyr.

Qg ma eninedn anewkovion (planar drawing) evog ypaprnpatog G = (V, E), opidetat pia anekov-
101 (mapping) 1@V KOPBrV KAl TV AKP®V TOU ypadratog oto ertirnedo, 0rou ot kopbot avarnapio-
TAVIAL ®G ONPEld Kal 01 AKPEG MG ATIAEG KAPTTUAEG O1 OTIOIEG EVOVOUV TOUG TPOOKEIPEVOUG OE AUTEG



1.6 Baowkoi Opiopoi 159

kopBoug. 'Eva ypdagpnpa ovopdletat emimedo (planar) av serudéxetat pia erinedn anekovion. Ae-
dopévou piag eminedng anewoviong I' evog emninedou ypagprpatog G, 1o oUvoAo TV onpeiov tou
EMMUTEOOU TOU UItopel va ouvdebel pe pa ouvexr] KAapIUuAn nou dev tépvel kapia akpr kat dev
repvael anod Kapia Kkopudr), ovopddetal oyn ToU AMeKOVIOPEVOU ypadnpatog. H pn @paypévn
oyn ovopdletal efwteptkn oyn g anewkoviong. Kabe oyn pmopetl va neprypaget pe pia Aiota
AKPQV IOV TNV MEPKUKA®VOUV. H gugutevon evog eninedou ypaerpatog (embedding of a planar
graph) G eivatl 1 KAdon woduvapiag TV eminedev aneikovioemv 1ou G rou opiletl 1o 1610 oUvoAo
TOV OPenv 1] 10oduvapd TV ouvoprVv Tov oyenv. 'Eva emninedo ypadpnpa mou divetat padi pe pia
epgUTEUOT) TOU ovopdaletal suguteuusvo erinedo yoagnua (embedded planar graph). ‘'Eva ypd¢n-
pa ovopdletatl efweninedo (outerplanar) av ermdéxetal pua eminedn eppuUTEUOT), €101 MOTE OAEG Ol
KOPUPEG TG va gpgavidoviat oe pia povadikr oy, 1 oroia ouvhileg erudéyetal ©g e§OTEPIKT OYr)
TOU Ypapnrpatog.

Agbopévou piag eubeiag [, pia KapmuAn ¢ ovopddetatl uovotovn ®g 1pog v L av yia orowadn-
mote U0 onpeia p KAt g tng KAPMUANG ¢ 01 Katakopudeg Toug rpoBoAég iave otnv L epdavidovrat
otnv i6ta oepda mou epgavidoviat kat nave oty ¢. 'Eote G éva akUKAKO eminedo Kateypapnpa.
Mua erinedn anewkovion tou G €101 wote 01 akpég t1ou G arekovidovial @g povotova auiouoeg
KAPMUAEg ©G P0G KATAKOpUPn) £ubeia  Kat yla kdBe akpr) (u, v) woxvel 6t 1 v eivat {pypaplo-
Hévn mave arod Vv U, ovopdletal pia avepyouevn eminedn amekovion tou G. Mwa avepyouevn
eninedn eu@utevon tou G elval 1) KAdorn 10o0duvapiag 1oV avepXOpevav erined®v aneikovioemv tou
G mou opidet 10 1610 CUVOAOD TV OYewV. e Pia avepXOUevn ernedn ePPpUTEUOT] vog avepXOPEVOU
erinedou st-rateypadPriatog o1 KOPUPEg s Kkat t eppavidovial otnv eSROTEPIKT 0P TG EPPUTEUOT|G.
Mta tétota epUTEUOT) TOU St-KATEYpaprPlatog avadEpetal arndd g eninedo st-kateypagnua.

Mua tornofoyikn Siataln evog KATeypadrnpatog ivat pia ouvaptnon O drd 10 OUVOAO TRV KO-
PUPOV OTO GUVOAO TOV PUOIKGOV aplBpmv, TETola Oote yla Kabe akyr) (i, v) woxvet p(u) < p(v). Mua
tonoAoyikn apidunon sivatl pia toroloykr) Sidtadn Orou 1o 6UvoAo TIpOV g e eivatr to {1, ..., n}.

‘Eote G eivat éva kateubBuvopevo ypdpnpa. Av ayvorjooupe tng Kateubuvoeig 1oV aKP®V ToU
G, 161 APAYOUE TO UTIOKEIUEVO UN-Kateuduvouevo yoagnua touv G.

‘Eva pn rateuBuvopevo ypadpnpa ovopddetal ouvektiko 1) ouvbedepévo, av kKaBe (eUyog KO-
PUPGOV TOU ouvdEeTal TOUAAYXIOTOV PE €va povortdtt. Ala@opetikd, 10 ypapnpa ovopddetat un-
OUVEKTIKO 1] un-ouvdebeucvo. 'Eva péyiloto unoypadpnpa evog P -CUVEKTIKOU ypadratog, ovopade-
1Al OUVEKTIKY OUVIOT@OA ToU ypaprnpatog. 'Eva pn kateubuvopevo ypagpnpa ovopddetat k- ovvde-
bepévo, kk > 2, av petd ano v daypadr| orolovdrote k— 1 Kopudpov 10U, T0 YPAdPnpa TapapEvel
ouvektikO. Mia ywpilovoa kopu@r tou G eival pia Kopudr], 1 Staypadr] g oroiag augavel Tov
ap1Bpod TOV OUVEKTIKGOV OUVIOT®O®V ToU Ypadpnpatog. ‘Eva péyioto urnoypadpnpa tou G, 10 UTIOKEL-
pevo pn-kateubuvopevo ypapnpa tou oroiou eival 2-ouvdedepévo, ovopadetat éva umiok tou G.
KdBe akpr tou G avrkel og éva povadiko PmmAok tou G, eve 01 X@Pi{ouoeg KOPUPEG TOU AVI)KOUV O
dragopetira prdor. To 6€vtpo 2-ovvdedbepuévamv ovviotwowv (BC-tree), evog ouvdedepévou ypadr)-
patog G, sivat éva 6évipo pe B-kopudr] yia kabe prdok tou G kat C-rkopudr yia kabe xwopidouoa
Kopu®r] tou G. Akpég tou BC-tree ouvbéouv kaBe B-kopugpr) m pe trv C-Kopu@r] Mmou aviiototXel
otV Xopiouoa Kopudr) moOU AVHKEL OTO PUIMTAOK M.

'Eva ouvolo onpeiov Agyetat yevko av dev repiéyet Ipia ouveubelakd onpeia kat kavéva euyog
onpeiov dev €xel 1g 161eg y-ouvietaypéveg. To kupto mepiGinua H(S) tou ouvolou onpeiov S eivat
TO HMIKPOTEPO KUPTO TTOAUY®VO TTOU TteptAapBavel 0Aa ta onpeia tou S. Zinv cuvéxela otav piddape
yla RUpto repiBAnpa avagepodpaote otig Kopudég tou. 'Eva ouvodo onpeiov ovopddetal kupto,
av 1o Kuptod mepiBAnpd tou Bev mePIEXEl Kavéva ONPElO0 TOU OTO E0MTEPIKO TOU. AeBopévou evog
ouvolou onpeiov S, oupBolAidoupe pe b(S) kat t(S) ta onpeia pe PIKPOTEPr KAl Pe PeyaAutepn)
Y-ouvietaypevr, aviiotoixa. 'Eva kuptd ovvolo onpeiov S ovopddetal HOvougpEg av ta onpeia
b(S) rat t(S) Bpiokovral 61adoxika oto mepiBAnpa tou.
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Kepaiairo 2

Avepyopevn Epgputeuvon o Zuvolo
Inpeiov

2.1 Oplopog xat I'voota AntoteAéopata

Zinv nipdln propei va oupBei 6Tt pepikoi ard toug KOPBoug Tou §eSoPEVoU ypadriatog mPETEL va
etvat tonoBetnpévotl og oplopéva aro Tov Xprotn onpeia oto eninedo. Ma nmapadetypa, ota miaiow
oxedlaopou Pacenv HeboPEVeV, NEPIKEG CUYKEKPIPEVEG EVOTITEG AITATTOUVIAL VA £ival ATEIKOVIO-
Héveg OTO KEVIPO/KOVIA 00 Tepiypappa tou daypappatog (BA. I@]). Zta Koweviodoykd diktua,
P1a KOG arodeKTn TEXVIKI] Yla AElKOVIoT Kal IMAONyNon peydAmv Siktuev eivatl 1 opadoroinon
1OV KOPUPOV og ouprAéypata (clusters) kat n anekévion 1V KOPUPoVv evog (cluster) oxetikd Kov-
Td TOV €vav otov AAAOV CUYKPITIKA Pe Ti§ KOPUPES Tov dAAwv (clusters)(BA. [16]). Ma va turortownOet
autn 1 18€a elxe oplotel 1o POBANPA EUPUTEVONS YOAPHUATOS O OUVOO ONUEIWDU.

Eminedn eudvypauun sugutevon evog ypapnpatog G oto ouvodo onpeiov S eivat pa éva 1mpog
€va Kdl €Il AMEKOVION Ao T0 OUVOAO TV KOpudpoVv tou G 010 O0Uvolo S Kal KAabe akpng oe
€ubUypapo TUNPA PETAly TOV aviioToX®V KOPUP®V £101 OOTE Ol AKPEG va pnv tépvoviat. Ta
AarloToinon tng rapouoiaong Sa avapepopaote oe pia ‘erinedn eubUypappn epeUIEUoT)’ ®G ATAd
‘erinedn epputevor’, otav dev urtdpyet apdiBolia Ot pdkettat yia pia eubvypappn epputevorn. H
EUGUTEVOUOTNTA O OUVOAO onueiov eival 1o ipoBAnpa andpaong av 1o dedopévo ypapnpa G €xet
(embéxetay) pa erminedn eubuypappn ep@utevo) oto dedopévo ouvodo onpeiwv S. Eival §ekabapo
ot unapyouv emtineda ypagpripata ta ornoia dev erudexoviat kapia eminedn eubuypappn epputeuon
o€ KAmola ouvola onpeiov. Ma nmapadetypa, 1o Ky 6ev erubéxetar eninedn eubuypappn epputeuon
0g KUPTO 0UVOAO0 TeoodpaVv onueinv (BA. Ewkova [2.1). To mpobAnpa eminedng spgputeuoipotntag
YPAPNPAT®V 08 0UVOAd onpeimv pedetiOnke and to 1991 (BA ]) KAl UTTIAPXEL Pl EKTEVHG AloTa
oxeukng BiBAoypagiag (BA. [15. h @ E 41,52, l6d, Eﬁ)

Ot Gritzmann et al. ] anédefav ot 1 KAAoT TV ypapnpdtev, rmou erudéxoviatl pia erinedn
eubuypappn spduUteuon oe KABe YEVIKO 1] KUPTO OUVOAO onpeiov, eival autd tov efweminedov
yoagnuatev (outerplanar graphs). IToAuemvupikoi adyopiOpot eivatl yveotol yla v epputeuorn
etwerinedwv ypapnpdtev [14] kat Sévipeov IIE] oe KAOe yeviko 1] Kupto ouvolo onpeiov. [Ipoodpata
o Cabello ] arédeige Ot 10 yeviko rpoBAnpa sivar NP-hard yua v kAdorn tov 2-ouvdedepéveov
ypagpnpdteov. Akopa rmo rnpoéodata, ot Durocher kat Mondal [; ] anédei§av ot to mpodBAnpa
rapapéver NP-hard kat yia v kKAdon tov 3-ouvdedepéveov ypadpnpdatov, To OIoio Ouverndyetat
ot 1o poBAnpa eivat eriong GUOKOAO OtV MePITIOOT IOV 1) ITIedn ePPUTEUOT) TOU YPAPT|PATOG
etvatl edopévn g el00dog tou TpoBAnpatog. To pdBAnpa €xetl emiong pedetnOet 0tav 1o OUVOAO



162 Avepyopevn Epgputevon oc £Uvodo Znpeinv

@) ©)

(@) (B) ©

Ewkdva 2.1: Tpapnua K, Sev erudéxetar eubuypappn erinedn epguteuor) oe KGOe
KUPTO 0UVOAO onpeiov. AAAa eivat epdutevetal oe KAbe Jin Kuptd OUVOAO TECOUPOV
onpeiwv.

onpeiov €xel mo moAAd onpeia and Tg KOpudeg TOU ypadpnpatog. e autr) v Mepintworn, o
otoX0g €ival yua kabe aképalo n va mpoodiopilotel 0 eAdaxiotog apOpog f(n) tétolog oote KAbe
ypapnpa pe n kopugég va srudéxetat erninedn eubuypappn epguUieuon oe GUVOAO onpeiov pe
S(n) xopugég, 6nAadr), oe kdamowa amnd ta n onpeia tou. MEXpt TIOAU mPOoPaATA TO KAAUTEPO
YVOOTO Ave @pdypa 1Iav IETpayoviko IifL_1|], EVR BG ITPOG TO KAT® @PAYHaA UIHPpXaV HOVO YPAPHIKA
aroteAéopata , ]. Zuv npoodatrn epyacia pag [3], arodei§ape ot O(n(logolgog n)z) onpeia
elvatl apretd yla va eppuieucoupe éva arndog-eoAtaopévo eninedo ypapnpa.

Ot eminedeg epputevioelg 0 OUVOAA ONPEIRV PEAEOnKav emiong yla v MePinI®on mov EMTPE-
TIOVIal KAPreg otg akpeg (BA. IE d @]). O1 Kaufmann kat Wiese | arngdbeav ot kAOe
ertinedo ypadpnpa pe n KopupEg ermdeExetatl pa eminedn epputeuon oe KAOBs oUVOAO N ONPEi®V Pe
TO IMOAU 8U0 KAWUIEG avd akpr. Zinv idwa epyaoia, ot ouyypageig arnodeikvuouv Ott HU0 KAPIEG
avda akpr sivat anapaitnieg ya pepkd enineda ypapnpata.

Eivat a§loonpeinto 1o yeyovog 011 0 0Aeg TIG Epyacieg IOU apopouv EPPUTEUOT] O CUVOAA ONIEIOV
OTIOU ETUTPEMOVIAL KAWPIEG OTI§ AKPEG, Ol KAUIEG dev amattouvial va Bpiokovial ota onpeia tou
6edopévou ouvodou. H mpotn epyaocia mou arnattei o1 kKaprég va Ppiokoviat ota dedopéva onpeia
dnpootevuinke @Etog [; 1. Ot ouyypagdeig amodeikviouv OTL UTTAPXEL £va YPAPHIKO OUVOAO ONEi®v
OTO OITO10 PITOPOUPE va eppuTeEVcoUpE KAOe eminedo ypdpnpa pe 1o oAl dU0 KAPIEG avd akpr.

‘Otav 1 avuotoixnon petaiy 1ov Kopudov Kal tov onpeiov Sivetat wg eioodog tou mpoBAnpa-
10G, TO IPOBANPa ovopadetal eupuTeUouoTnIa os oUvoflo onueiov pe avtotoiynon. O Halton @]
arédeie ou KAOe erinedo ypadpnpa emdéxetal epduteuon oe KaBe ouvolo onpeiov, otav divetat
n avuotoixnon kKopupwv-onpeiov. IIapdda autd o ouyypapéag dev avapépbnke oto mpdbAnpa
10U aplOpov TV KAPMEOV MOV arnattouvidl og pua €towa epdutevuon. Ot Pach kat Wenger @]
anedefav ot 0 ypappikog aptdpog tov KAPmev eival Aviote apKeTOg yld UTTOAOY10TEL pia epgU-
TEUOT €MMnedOU ypadpnpuatog os ornolodrote oUvolo onpeiov pe dedopévn avuotoixnon. Emiong
anedegav ot, Q(n) Kaprmeg PItopet va eivat anapaitnieg akOpd Kat yia €va PoVOoTidtt Kat yid éva
KUPTO 0UVOAO onpeinv. Ot otabepég yia autd ta anotedéopata BeAtbnkav nmpoopata otnv IB].
To mpoBAnpa epputeuopOInTag 0e CUVOAO ONHEI®V PE KAl X®PI§ avtiotoixnorn pelet|fnkav umo
YEVIKEUPEVO TTIAAI010 TV EPPUTEVOEDV XPOHATIOPEVOV YPAPTIATOV O X POUATIOHNEVA OUVOAd OnpEt-
@V. Z10 npoBANpa eu@utevong oc k-xpwUatlopévo ouvoo onueiov, kabe KOPBog ToU ypadr|patog
Kal kabe onpeio 1ou debopévou ouvolou onpeiev lval XPOPATIOPEVA Pe éva aro ta k xpopata
Katl 0 aAyop1Opog ermrpénetal va aviiototyei Kabe kKopudr povo o€ Eva onpeio Tou 1610u Xpopatog.
Av k = 1, 10 pdBAnpa ouprtirel pe 10 anid mPoBAnpa epduTeUong 0 OUVOAO ONPEI®V, EVR av
It = n, 610U n 0 ApP1OPOG TV KOPUPHV/onpei®V, T0 TIPOBANa eival akplBwg 1 EPPUIEVCTHOTTA PE
avuotoixnorn. Ta neploodtepa anotedéopata yia 10 ipdBAnpa tng eppuTeuong oe k-XpOPIATIOPREVO
oUvolo onpeimv rapouoladovial otig IE , é E éj @ @].

To mpodBANpa epdUTEUONS 0 OUVOAO ONMEl®V HEAEONKe KAl yla KAteubuvopeva ypapnpatd.
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Ene1dr) ta kateubuvopeva ypadrpata ouxvd avaraplotouyv pid 1Epapyikn oxéor, ouvndidetat ot
AK£G TOUG, TOU 0UVHOmG rapouctalovial wg BEAN, va amelkovidovial wg Povotova auiouoeg Kap-
TTUAEG Og KATIO1a ETUAEYPEVT KATEUOUVOT. AUTEG O1 ATTEIKOVIOEIG AEyoviatl avepyoucveg (BA. emiong
Evotta [[L2). Autr) n mpotipnon otig aneikovioeig tov Kateubuvopevey ypapnuAtev ermektadnke
K1 010 TIPOBANa epdUTEVOTG AUT®V 0 0UVoAa onpeiov. 'Etot oplotnke 10 mpoBAnpa avepyouevng
gUQUTEUONG O OUVOlo onueiwv. Lto TPOBAnpa autd pag divetatl éva kateubuvopevo ypaenpa G
HE N KOPUPEG Katl €va oUvoAo N onpeiov S Kat 0 otdxX0g lval va anopacicoupe av Umdpyetl pa
avuiotoixnon petady twv Kopupov 1ou G Katl TV onpeiov 1ou S €101 ®ote 1) Ted1kr) eubuypapun
ATEIKOVIOT va eivatl avepxopevn kat erminedrn. AKoAouBel 0 TUTIKOG OP1OPOG TOU TIPOBAYIATOG

Oplopdg 1. Mia avepyouevn euduyoaupn euguieuon oe oUvoio onueiov (yia ouvtouoyoagpia UPSE,
ano 1o ayyAuo upward straight-line point-set embedding) evog yoagpruato¢ G = (V,E) oe éva
ovvolo onueiwv S, této1o wote |S| = |V|, eival pa éva mpog éva kat i aneovion twv Kopupwv t1ou G
o¢g onueia Tou S €10t Wote N Teflukn eUdUypauun areucovion eivat eninedn, 6niadn Sev UTAPYOUL TOUES
uetalv tov akuoy, Kkat yia kade axun (U, v), Karevduvouevn ard v u ot v, wxvet y(u) < y(v).

To mpodBANpa avepxopevng eubUypapung epPUIEUONG O OUVOAO onpeimv eivatl éva evepyo medio
£€peuvag Kal td YVeOTd arnoteAéopata Iapouotalovial otig IE , |Egl @ @ @ @].

H avepyxopevn eubuypappn epduieuon oe ouvolo onpeiov pe dedopévn avuotoixnon, dnladn
OTav 1 AvilotoiXnorn HEtady TV KOPUPOV Kdl TV onueiov divetal wg eicodog tou mpobArpatog,
pedetOnke otnv 49]. Ot ouyypageig £deiav ot kKGOe eminedo st-ypapnpa srmdéxetatl pua ave-
PXOHEVH EPPUTIEUOT] O OUVOAO ONMEI®V P 10 TIOAU 2n — 3 kapmég ava akpn. H pedéwn g
eubuypappng ekdoxrg tou mpoBAnpatog Sexivroe aro toug Binucci et. al. ], ou aréde§av
Ta akodouBa. (i) Kavéva amnd ta 2-ouvdedepéva ypaprpata Sev erbEXeTAL avepyOHevn eminedn
epUTEUOn 0 KABe KUPTO OUVOAO onpeinv. (if) Zinv mepintoorn evog POVOPIEPOUS KUPTOU OUVOAOU
PITOpOUHE va aropacicoupe o ITIOAUMVUIIKO Xpovo av 1o §edopévo ypadnpa ermoExetatl pia ave-
pxopevn ertinedn epgutevon. (iii) Yriapxouv kateubuvopeva 8évipa mou dev erubexovial epgu-
TeUOT Ot KATowa Kuptd ouvoda onueiov. (iv) Kdbe mpooavatoAiopévo povortatt ermbEXetal ave-
PXOHEVN ePUTEUOT Ot KABe KUPTO oUvoAo onpeinv. Ta unddona anotedéopata ya 1o poBAnpa
avepxopevng epPUTEUoTS YPAPNPAT®V 08 OUVOAO Onpei®v Iapouotadovial oty endpevn) evotnta.

2.1.1 H 81k1 pag ocuveloPpopd: ePPUTEVOT KATEYPAPNHATROV
ot oUVOAO onpueiev

H oupBoAr) pag otnv Katavonorn Tou PoBANpatog epuUIEUong KAteubuvopevey ypapnpdiov o
oUvolo onpeiev napovotadetal oe autd o Kepaldalo Kat eivatl dnpooteupévo otig epyaoieg [4, 146,
48, 67,97,

Zinv ] pedetoape v k60X TOU MPOBANPATOG OTAV ETUTPEMOVIAL KAPUIEG OTIG AKHEG TOU
ypagnpatog. Arnodei§ape ot kabe st-ypagnpa erubéxetat avepXOpevn ei@UIEUOT] 08 GUVOAO
OoNpei®Vv Pe 1o TI0AU HU0 Kapreg avda arpr).

Znv @] peletrjoape 10 POBANPa epduUIEUCIPOTTAg Pe avilotoixnon. Beltidoape 10 amotéde-
opa ToU apouotddetatl oty ], divovtag TTOAUMVUIIKO aAyopiOio yia KATAOKEUT] AVEPYXOPEV®V
ATEIKOVIOE®V JIE TO TTOAU N — 3 KAPIEg avd akpr, rapouotadoviag eriong éva ypagpnpa, orov n—3
KAUTIEG O KATIOEG AKPEG elval amapaitnteg.

Zug IE @ @] peAetroape v eubuypappn ekdoxr) tou rpoBAnpatog. Mepikd aro ta Imo onpav-
KA arotedéopata sivatl ta akodouba: (i) Kabe dévipo-kaumia (caterpillar-tree) kat kaOe switch-
tree eTudéyovral pia avepXopevr epPpuUTeucn os KOs KUptd ouvolo onpeinv. (ii) 'a éva Sedopévo
eCerinedo ypdpnua Kat €éva KUptd OUVOAO ONUEi@V 1 avepXOHEVT eI(PUIEUCTHOTITA UITOPEL va
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edeyxOel oe MOAUGVUIIKO Xpovo. (iii) H kAdon tov ypadpnpudie®v Iou eppuielovial o Kabe Kupto
oUvolo onpeiev eivat dladopetikn arno Vv KAAoN IOV ypadpnpdiev ITou epdutevovial oe Kabe
YeVIKO oUvolo onpeinv. (iv) Kabe avepyopeva eninebo ypapnpa pe povadikn mnyrn Kat PEyio-
TO PN-Kateubuvopevo KUKAO PNKoug tpia, ermdéyetatl pla avepXopevn epguteuot) oe Kabe yeviko
ouvolo onpeiav. (v) To yeviko rpdBAnpa avepyxopevng epguteuopotnag sivat NP-complete ako-
Pa Kat ya ypadnpata pe povadiki mnyr Kat PEyoto pn-Kateubuvopevo KUKAO PIIKOUG TEC0EPA.
To anotéAeopa autd padi pe 1o (iv) mapouotadouyv pid MANP €1KOVA Yid TNV UTIOAOYIOTIKY] TTOAU-
TTAOKOTINTA TOU TIPOBAN1ATOG.

Le auto 10 KePAAA10 MAPOUOoIAOUPE Ta ATOTEAEOPATA PAG TIAV® OTO MPOBANIA AveEPXOUEVNS EP-
(PUTEUOIPOTTAG O 0UVOAO onpeinv. Apyidoupie pe TOUG anapaitntoug oplopoug Kal cUPBoA1o0Ug
otmv Evotnta

o Zinv Evounta rapouctadoupe HUo Yetika Katl €va apvniikd arnotéAeopa rmou apopouv
NV EPPUTEVoTHOTTA TV KATEUBUVOPEVRV BEVIPKOV Ot éva KUpTtO ouvodo onpeiov. o ouy-
kekppéva, oty Evomra [2.31] xat omv Evounua anodsikvuoupe Ot KABe 6£VTP0-
rauma (caterpillar) kat kaBe switch-tree emdexoviatl pia avepxopevrn epQUIeUOr oe Kabe
KUPTO 0UVoAO onueiv. Yotepa, otnv Evomnua2.3.3] n owoyévela tov switch-trees yevikeve-
Tal OtV OKOyeéveld TV k-stwitch trees kat anodeikvuetal Ot yla Kabe k > 2 unapyet pua
owkoyévela oV k-stwitch trees, ta péAn ng omoiag dev eival avepxopeva epduIevonia o€
KATTIO1a KUPTA 0UvoAa onpeiov. Zinv Evotnta2.3:4] anobeikvuoupe 6t priopoupe va eAéys-
OUUE Of MOAUGVUPIKO XPOVO av 10 6edopévo BEvipo ermdéxetal pia avepXOpevn epduUIEUOT
oto 6ebopévo Kuptd oUVoAo onpEeiv.

To amotédeopa mou apopd ta dEvipa-Kaprieg eival dSnPooleEupévo otnv IQ]. To amnotéAeopa
yia ta switch-trees kat ta k-switch trees eivatl dnpooieupévo otnv ]. Eve o aAydépiBpog
eAéyxou epgaviletal otnv @]-

o H Evouua 2.4 eivat apiepopévn ota efoemineda ypadripata kat Kkuptd ouvoda Onueiov.
[T10 OUYKeKPIPEVA, ATIOBEIKVUOUPE OTL PUITOPOUPE Va €AEYEOUNE 08 TMOAUMVURIKO XPOVO av
10 8ebopévo avepxdpeva e§wertinedo ypadpnpa emdEXetal pia avepXOPevn) EPQUIEUOT] OTO
6edopévo KUPTO OUVOAO Onpei®v. AUTO TO PN-TEIPIPPEVO ATIOTEAEOPA YA TIPOOPEPEL TV
ONMAVIIKY YVOOI Yl TO IOEG IEPUTINOELS TOU YEVIKOU IPOoBANpatog sival ermdvoipeg Kat
roteg eivat NP-hard. To arnotédeopa autd uroBAnOnke ya dnpooicuor oto replodiko “Com-
putational Geometry: Theory and Applications”.

o H Evoéuta elvat €§ 0AOKANIPOU aPlEPpOPEVT] O Pid MOAU €181K1) TEPITIROT TV SEVIPQV,
ovopadoPeveV IMPOoAVATOAIOPEVROV POVOTTATIV, KAl OTtd YEVIKA ouvoAa onpeiov. ITapoldo
mou 1 Sopr] TV YpaPnpPATt®Vv AUtV £ival drlr), 1 YEVIKI] £pWINOI AV €vd TPOOAVATOALO-
PEVO povordtt rmavia ermdEXeTal pia avepXopevn) ep@UIEUoT) e £va YEVIKO 0UVOAO onpeiov
arotedet éva avolyto mpoBAnpa. EmutAéov, Sev eival yvootd kavéva avurapddetypa mou
va deixvetl o1 Sev eivatl OAa Ta povorndtia avepXopeva eppuIeUoipa os KABe yevikd oUvoAo
onueiov. Zmv Evouna 2.5.1] oulntdpe ta oxeukd anotedéopata kat tig rubaveg mpooesyyi-
oelg oto ipoBAnpa auvto. H Evomnta etval aPplep@PEvn OtV MEPIMTOOT] TIOU T0 GUVOAO
onpeiev eivat peyadutepo arnd 10 UVOAO TRV KOPUP®V TOU ypapnpatog. Anodeikvuoupe Ot
KAOe TIPOOAVATOAIOPEVO POVOTIATL € N KOPUPEG KAl Kk TinyEG Katl kataBoBpeg erubéxetat pa
avepXOpevn eapUTeUoT) os KABe yeviké ouvolo n2X 2 onpeiov. Yotepa, xprnopomnoidviag
SLaPOPETIKEG TEXVIKEG arodeikvuoupe ot ta O(n?) onueia eivat apketd yla pia avepxdpevn
ePQUTEUOT TPOcavatoAopévou povoratioy. To dve opto tov n25 2 onpeiov dnpooevtnke
otv [4], evér 1o dve dpro v O(n?) onpeiov Sev £xel Snpooteutel akoua.
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o TeAkd, 0AOKANPAOVOURE TO KePpdAalo pe tnv Evotnra 2.6] ornou anodsikvuoupe Ot 10 yeviko
poBAnpa g avepxopevng epguteuopotntag eivar NP-complete. To anotédeopa autd
onpootevutnke otnv ].

2.2 Opoloyia kat Xprijoipa AntoteAéopata

Ztig meploodtepeg MEPUTIOOELG AKOAOUOOUE TOUG OPIOPOUG KAl TOUG OUPBOAIOOUG TIOU TApouoid-
Jovtat oty eoayeyn. [Hapakdte opioupe T1g £Vvvoleg TTOU XPNOTHOTIOI0UVIAL OTO TIAPOV KEPAAA1O0.
Ot oupBoAtopoi rou eivat e1d1koi yia kaBe ripdBAnpa divoviat otnv apyn g aviiototng evotntag.

2.2.1 ZXIuUvodo onpeiwv

AvaxkaloUpe 611, €va oUvolo onpeiov Aéyetatl yeviko av dev mepiexetl pia ouveubelakd onpeia Kat
Kaveva (euyog onueiov dev exetl g idieg y-ouvietaypéveg. To kuptd nepiGinua H(S) tou ouvolou
onpeiov S eivat 10 PIKPOTEPO KUPTO MOAUY®VO Iou reptdapBavel 6da ta onpeia tou S. Zinv
ouvexeld Otav PAGHE yia KUpto TepiBAnpia avapepopaote otg Kopugpeg 1ou. 'Eva ouvolo onpeiov
ovopdadetal Kupto, av 1o Kupto repiBAnpd tou dev mepiéxel Kavéva Onpeio TOU OTO0 E0MTEPIKO TOU.
Aebopévou evog ouvodou onpeiav S, ocupBoAidoupe pe b(S) kat t(S) ta onpeia pe pikpdIepn Kat pe
peyadutepn y-ouvietaypévn, aviiotoya.

'Eva kuptd ouvolo onpeiov S ovopadetatl povougpég av ta onpeia b(S) kat t(S) Bpiokoviat diado-
XKA oto TepiBAnpd tou. Av autd epgavidoviar dSwadoxkd oto H(S) omwg 1o Sraoyiloupe kata
(avt. avtibeta IPog) TNV POPA TOV SEIKTI®MV TOU POAOY10U, TOTE T0 S OVOPAdeTal aplotepoUspEg (avr.
6ellopepeg) ouvoro onpeiov. 'Eva ouvolo onpeiov rou anotedeital ano §uo onpeia Sewpeitatl ot
elvat eite aplotepopepég eite SeSlopepég. 'Eva kKuptd ouvolo onpeiwv mou dev eivatl povopepég
ovopddetat emiong Siugpeg ouvolo onpeiov. Kabe kuptd ouvoldo onpeiov S priopei va Sewpnbei og
£veOT] eVOG aPlOTEPOPEPOUS Kal evog Sedlopepoug ouvodwv. To aviiotolxo aplotepopepég OUVOAO
ovopdadetat apiotepn pepid 1ou S Kat oupBoAiletal pe L(S), eve 1o 6edlopepég ouvodo ovopadetat
6eia pugpia ou S kat oupBolAiletat pe R(S). 'Otav dev umndpyel OUYXUOT O TIO10 OUVOAO Onpeinv
avapepopaote, Xpnotomnolovpe oupBoAiopoug L kat R oty 9¢on tov L(S) kat R(S), avtiotoia.
Ta onpeia b(S) kat t(S) Sewpoupe 611 avikouv eite oto L(S) eite oto R(S), aAAd o6x1 kat ota
6U0. 'Eotw 6tt S eivatl éva kuptd ouvoro onpeiov kat H(S) eivatl to kuptd nepiBAnpa tou. 'Eote
S1 = S\VH(S), S = S;1 \ H(S1), ..., Smn = Sm—1 \ H(Sjm1). Av m givatl 0 pikpOtepog akEPaiog
T€1010G Oote S, = 0, Aépe o6 S eivar m-kupto ovvoAo onueiov. 'Eva uroouvolo tou S ovopddetat
OUVEXOUEVO av Tta onpeia tou epdavidovratl Sradoyika oto riepiBAnpa tou S. 'Eote [ eival pa eubeia
oto ertinedo, 1 oroia Hev eivat mapdAAnAn pe tov afova v x. Aépe ot 1o onpeio p Boioketal ota
6ea g l (avt., apiotepa anod 1) av p Kettat oe pia nuieubeia mou €xet 10 €va g aKpo otnyv 1,
elvat mapdAAndn mpog tov agova twv x Kat eival kateubuvopevn mpog +oo (avt., —o0). ITapdpoia,
av L eivat pa eubeia oto eminedo rmou Sev eivat mapdAAnAn pe tov afova tov y Aépe Ot 10 onueio
p Bploketat mavw ano mv L (avt., katw ano mv 1) av p keltal oe pa npieudeia mou €xel 10 €va tng
axkpo otnyv [, eival mapdAAndn mpog tov afova tev Yy Katl Kateubuvetal mpog 1o +oo (avt., —oo).

2.2.2 T'padpnpata

Z10 KepaAalo autd aocxolovupaote pe Kateubuvopeva akukAKA ypapnpata, divoviag épgaon ota
KateubBuvopeva 8évipa kat otg e101KEG Katnyopieg avtmwv, onwg switch-trees, k-switch trees xkat
O6évipa-kaprueg (caterpillars). ‘Eva kateuBuvopevo dévipo eivatl éva rateubuvopevo ypdonpa to
UTIOKEPEVO PN-KATeubuvopevo ypdgnpa Tou onoiou gival dévipo. 'Eva switch-tree sivat éva ka-
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teubuvopevo dévipo T, 1€1010 Oote, KABe kopudn tou T eivar eite minyn eite kataBobpa. ITapatn-
poupPe OTL TO PEYIOTO Kateubuvopevo povordtt os éva switch-tree €xel prikog évall. Baoi{opevot
0 aUTOV TOV Xapakinpopod v switch-trees propoupe va yevikeooupe v KAdorn tov switch-
trees otnv KAdaon v k-switch trees wg e§Ag: éva k-switch tree sivatl éva kateubBuvopevo 8évipo
10 PEYIOTO POVOTIATL TOU OToi0U €xel PnKog k. ZUpgeova pe autov tov oplopo, éva switch-tree
etvat éva 1-switch tree. 'Eva ypd¢npa ovopdadetal mpooavatofiouévo povonatt av 1o UITOKeipevo
Hn-kateubuvopevo ypadpnpd tou eivat éva amdo povordtt. 'Eva mpooavatoAiopévo povomdtt pe
Kopupeg {vy, g, . . ., Ui} ovouddetal uovotovo av meptexel 1g arkpég (v, V1), 1 < i < k— 1. Mapa-
TNPOUHE OTL P1a AVEPYXOPEVT] ERPUTEVUOT] VOGS POVOTOVOU POVOTIATIOU OE £Va YEVIKO OUVOAO Onpeinv
HIopel €UKOAA va KATAOKEUAOTel armewkovidoviag i-otn Kopuer) oto i-oto ynAdtepo onpeio. 'Eva
b6évtpo-kauma (caterpillar) eivat éva rateubuvopevo 8évipo TET010 Wote av dlaypdyoupe TG KO-
PUPES Babpou €va mapdyoupe €va mpooavatoAtopévo povortdtt. 'Eva pn-kateubuvopevo emninedo
ypagpnpa ovopddetat efwemninedo, av anodexeral pia erinedn ep@uUIeuo?), OIOU OAEG 01 KOPUPES
tou Bplokovtat oe pia owr), ouvrBwg ermAeypévn g 1) e§witepikn tou oyn. Eva katevduvouevo efw-
eninebo ypagnua eivat éva katebuvopevo ypapnpa, to UMoKeipevo pn-kateubuvopevo ypadpnpa
ToU ortoiou eivat e§wertinedo.

2.2.3 Xpnowpa anoteAéopata

Ma npatn @opd ot avepyxopeveg eubUypappeg ePPUIEVOES 0 OUVOAO ONpeiav peAetrOnkav amno
toug Binucci et. al. . Ta amoteAéopata MoU TIAPOUCIACTNKAVY OTNV £pyAcia autr Katl pag eivat
Xprjoa oto rapov Repdalato eivat ta akoiouba.

Afppa 1 (Binucci at al. ]). 'Eotw T eivar éva katevduvouevo SEVTPO0 UE N KOPUPES Kal £0T® S
glvar éva Kupto ovvoAo n onueiowv. 'Eotw u givar pia kopugn tou T kat éotw Ty, Ty, . .., T vat
ta unodevtpa tou T mou mapayoviar diaypagoviag v U Kat UG TPOOTITTOUOES 0TV U AKUEG TOU
T. Xe kade avepyouevn eminedn eugutevon tou T oto S, ot Kopu@eg tou T; eilval anelkOVIOUEVES O
ouveyoueva onueia tov S ytakade i = 1,2, ..., k.

Ocopnpa 1 (Binucci at al. ]). TI'a kade mep1110 axépaio n > 5, Unapyel Eva KAareuduvOUEVO
6évtpo T ue (83n+ 1)-kKopu@eg kat éva kKupto ovvoilo 3n+ 1 onueiov S, tétolo wote 10 T dev embéxetat
Kauia avepxopevn eminedn eugputevon oto S.

Afppa 2 (Binucci at al. ]). 'Eotw S éva uovouspeg Kupto ovvojlo n onueiov kat €0t P =
(v1, Vg, ..., Uy) €va MPOOAVATOAIOUEVO UOVOTLATL N KOPUP®U. AU 1 AKUN TAV® 0TS KOPUPES Uy, Uy
glvar Katevduvouevn amo v vy OTNL U (Avt. amo v Uy OINUv V1), TOTE UTAPXEL YA QUEPXOUELN
eninedn eugutevon ou P oto S otnu onoia n kopugn v LBeioketar oto onueio b(S) (avt. v; Lpioketal
oto t(S)).

To akoAoubo arotédeopa ival €éva aro td o ONPAvVIKA aroteAéoPata rmou rnapouoidoTnKayV OtV
epyaoia ].

Ochpnpa 2 (Binucci at al. ]). Kade mpooavatofiouévo povomatt n Kopugov emidExETal ua
avepyousvn eninedn eUPUIEUON O KAde KUPTO OUVOAO N onueiov.

I'Qg wrjcog povortatiovy opidoupie 10 TTANH0G TOV AKPGV TTOU TIEPIEXEL.
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2.3 Epd¢uteuoipotnta Aévipwv o Kupta Zovola
Znpeiov

2.3.1 KateuBuvopeva dévipa-KAPMIEG

21y rmapouod evotnta arnodeikvuoupe ot Kabe kateubuvopevo 6évipo-kaprma G = (V, E) etubéye-
Tal pa avepyopevn eminedn eubuypappn epduteuon oe KOs Kuptd ouvolo onpeiwv. To amotéde-
Oopla auto emeKteivel 10 9etik6 anotédeopa tou Sewprpatog 1@v Binucci et al. 1 (BA. Bsopnpa
napanave).

Apxikd glodyoupe ToUg £1861KOUG yia autr TNV evoTtnia 0plopoug Kat oupBoAtopoug. @upiloupe
Ot éva Bevrpo-kaprua G eivatl éva rateubuvopevo HEvipo, TET010 Gote av dlaypdpoupe OAeg TG
KOpUPEG Pabpou éva (rou ovopdadovial modia g KAPITAG) maipvoule éva mpooavatoAloPEVO Ho-
vortdty, 1o omoio ovopddetar payxn tou G. 'Eva dévipo-kaprua, n paxn ToU ormoiou eivat éva
povotovo povortdtt, ovopadetal povotovo 8évipo-raprma. ‘Eote 61l vs kat vy eival pua nmnyr Kat
Hla katabéOpa ng pdxng evog deévipou-raprag. Mia Kopudpry w mou OuvdEeTdl PE TV Vs PEORD
arpng (w, vs) eite oV v; péowm akpng (v, w) ovopddetatl arxpaio TodL 10U dévipou-kapruag. Mia
KOPU(PI] W TIOU CUVOEETAL PE TNV Vs PEOR NG aKung (vs, W) eite pe TNy vy PEO® NG arpPng (w, vy)
ovopadetat €va optaro modt evog dévipou-kapruag. Xinv Ewova 1ta akpata moda sivatl apt-
dunpéva pe apibpovg 1, 13 — 14,20 - 21,28, 29, 39 — 41 kat oupBolAidovial pe yKpt KUKAOUG, eV
Ta oplaka nodwa pe apdpovg 3, 10, 11,23, 24,25,26, 31, 36, 37. ZupBoAidoupe pe |G| tov apOpod
TV KOPUP®V 010 ypadnpa G kat pe [S| tov apdpod tov onpeiov oto ouvolo S.

Apxikd tapouoialoupe 6U0 arAoug alyoplOpoug ot 0rtoiol KataoKeuddouv avepXOpeveg eppuIeU-
oe1g evOg HEVIPOU-KANTIAG O €va KUPTO OUVOAO Onpeimv, 6Tav UTTapYXEl KATIO10G TIEPIOPLOOG Eite
otnv dopr| g Kapruag, eite oto ouvoAo onpeiov. Ot adydpiOpot autol anotedouv epyaleia yia tov
YEVIREUPEVO adyoptlOpo mou napouotddoupe apéong Petd.

Anppa 3. 'Eow 6u G = (V, E) givar éva 6£vipo-kauma n kopugav, kat éotw ot C elvar n paxn
tou, kat u € C givar éva ano ta dvo arxpa mg paxne C. 'Eotw emione U = {u}U{ta akpaia todia
me u}. Tote, 10 G emidexetal pia avepyOUevn eMInedN eVOUYOAUUN EUPUTEUON OTO UOVOUEPES KUPTO
ovvoflo n onueiov S €10t wote ot kopuPeg tou U va sivar answcoviousveg ota |U| yauniotepa (avr.
vyniotepa) onueia tou S.

Anodegn: O1 Binucci et. al ] (BA. Afppa B) rmapouciacav évav adyopibpo, mou dedopé-
VOU &vOg TIPpOooavatoAlopévou povoratiou G Kat evog POVOPEPOUS KUPTOU oUvOAlou onpeiov S
KATAOKEUACEL Pla avepxOpevn erinedn epputeuon tou G oto S. O alydpiOpog autdg yevikeuetat
ota 6évrpa-raprueg, deopevoviag apKetd ouvexopeva onpeia yupe and kdbe onpeio g paxns,
WOTE VA ATEIKOVIOTOUV Td Tod1a TG KAPIAg. |

Opidoupe pa ovvaptnon arapidunong & : V. — N yia 11ig Kopudeg evog Sedopévou dEvipou-raprag
G = (V,E), n onoila xpnowornoteitat apyodtepa amnod tov alyopidpo epgutevong. ‘Eotw ot C C V
elvatl 10 oUVoAO TV KOPUPOV NG pdxng Tou G Kat £€0t® OTL S, t €lval 01 KOPUPEG MOV ATIOTEAOUV Td
U0 axkpa g paxng. H ouvaptnon amnapibpnong opiletat amo toug e§hg KAvoveg :

R1: Twa rdBe Teuyog KopuPov u, v € C, TETOWV OOTE 1] KOPUPT U va epdavidetal mpw amnod wmy
KOpUO™ v ot paxn C, otav v dwaoyifoupe amnod v s oty t, woxvel () < E(v).

R2: Tia k&Oe Leuyog kopupav U € C kat v ¢ C nou ouvdéovial Péow KAteubuvopevng aKUng
(u, v) € E, woyvet &(u) < E(v).

R3: Twa rdbe (guyog kopupov u € C kat v ¢ C nou cuvdéoviat péow arpng (v, u) € E, 10xvst

&E(v) < E(u).
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Ewodva 2.2: 'Eva §£vipo-RAPIa 01 KOPUPEG TOU OTI0i0U £xouv avapldpndei oup-
@®va pe toug kavoveg R1 — R3.

[Mapatnpoupe 6t o1 kavoveg R2 kat R3 eival apketoi yua va anapiOprjooupe 6Aa ta iéda ou G.
"Eva napddetypa piag tétowag anapibunong spgavidetat omv Ewkova [2.2]

Anppa 4. '‘Eotw ou G = (V, E) eivar éva povotovo 6évipo-kaumia kar ot ot C eivat n paxn mg
ue v myn s kar karta6odpa t. Emiong umodETtoupe OTL 0L KOPUPES S Kat t gival emiong nnyn Kat
Kata6odpa tou G, avtiotoyya. Tote, 10 G embéyeral pia avepyopsvn eninedn evOUYPAUUN EUPUTEUON
o¢e Kade KUpto oUvoo onueiowv S 1étoto wote N s Lpioketal oto xauniotepo S kai n t oto vywnAotepo
onueio tou ouvofou S.

Anodegn: Eoww vy, ..., U, eival n apibOpnon twv kopupov tou G, rou diverat arnod tnv ouvaptnon
arapibpnong &. Yrobetoupe ot 1o ouvodo S eivatl ta§ivopnpévo BAoT) vV Yy-OUVIETAyHEVT OtV
augouoa oe1pd. AVIOTOIXOUHE TV KOPU®T U; 010 i-0to onpeio tou S. IMapatnpovpe ot i apibpnon
ou Givetat amo v ouvdptnon & eival TooAoyiKr apibunorn otav epappddetal os Eva 11oVOTOVO
8évipo-kaurma. ‘Apa 1 AMEKOVION TOU IIPOKUITIEL PE TNV AVIIOTOIXN0r auty] €ival avepXOUevr).
Emne1br) s eivat n inyn kat t etvat ) kataBoBpa tou G, 01 KOPUPEG S = U] Kal t = vy AMEIKOVIOTNKAV
010 XapnAdtepo Kat oto uYnAodtepo onpeio tou S, avtiotorya. TEAOG, tapatnEovpe 6Tt KABE KOPUPT)
G PAXNS Kat ta modla rmou ouvdEovtal Pe autr] eival anelkoviopéva os dtadoyxikd onpeia tou S,
KAt apa Sev urdapyouv TopEG PETASU TOV AKPMV. |

Z10 UMOAOUTO PEPOG TNG EVOTNTAG AUTHG MAPOUotddoupe évav alyoplOpo mou Kataokeuddel pa
avepyopevn ertinedn epguteuon evog Hévipou-kaprag G oe éva Kuptd ouvolo onpeiov S. H
Sla00nuikn 16¢a eivatl va xwpiocoupe 1o G ot tpia PEPT KAl va Td AVIIOTOIXOOUPE O KAatdAAnAa
P€pn Tou ouvodou S €10t wote Kabéva amnod ta Tpia urnoypapnpata Propei va avilpetomotet pe
évav anod toug dUo aAyopiBpoug mou MePypayape MAPAnAve. LTV OUVEXELD TUTIOTIOIOUHE AUTH)
mv 16¢a.

'Eotw ot1 G sivat éva dévipo-kaprma kat £€ot® ot C eivatl n pdxn g pe dkpa s Kat t, €101 Qote
&E(s) < &(t). Eoww 6t (Cy, Cs, . . .) eivat évag draxwplopdg tng paxng C €tol wote C; eivat péyioto
povotovo povortdtt tou C. IMapatnpoupe 6t oe karnow C; n ouvaptnorn arapibpnong & apBuet ug
KOPUQEG OUNP®VA e Pla TOTIOAOYIKT apifunon, eved oe Karmotla autod dev woyxvet. Av & antapOpet tig
Kopudeég Tou C; oUPd®VA PE Pid TOTI0AOYIKY| apibpnor, ovopdloupe C; éva avfov povomart, aAAog
10 ovopdadoupe @Iivov povoratt. Emeidr) xpeialdpaote Evav Hiaxmplopo Xwpig Topég urtobetoupe
OT1L 01 I yEG Katl 01 KataBoOpeg tng pAaxng AvjKouv otd augovia Povordtid.

'Eote 611 G; eivat 1o povotovo 8Evipo-Kaprma mou Iapdyetal arnod g Kopupég tou C; Katl arno
Ta moda ou G Tou gival YEOVIKA Pe Ti§ KOpudeg tou C;, €KTOg amod ta axkpaia moda tou G.
[Mapatnpoupe ot G; ival éva povotovo dévipo-kapra. 'Eva dévipo-kaprma G; ovopaletat avéov
(avt. @divov) av C; eivar éva audov (avt. @Bivov) povortatt. [Mapatnpoupe eriong Ot 0e AUTOV
tov Sayxwplopd tou G os povotova Hévipa-kKapreg 0Aa ta oplakd modia avrkouv oe audovia
Sévipa-kapreg kat ot duo dadoyika dévipa-kapreg G; kat Giyp Hev €xouv ko) rKopudr| (BA.
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Ewkova 2.3: Ta unoypapripata G; wat Gy.

Ewoéva [2.3). ITapatnpoupe eriong ott 1edikd éxoupe évav Siaxoptopo tou G ot dudovia, @bivovia
dévipa-kaprueg kat ta akpaia nmodwa. Emiong napatnpovpe 6t to Gy eival maviote éva augov
BEVIPO-KAWTITIA, TIOU PITOPEl va MEPLIEXEL POvVAYXaA Pa KOpudn tng paxng tou G.

[Mapadeitypatog xdpn, otnv Ewova o1 Kopupeg tou G eivat apBunpéveg amnod 2 €ng 12, eve ot
Kopudeg ToU Gy eivatl apOunpéveg arod 15 €ng 19.

Eoww ot G; eivat éva audov Sévipo-raprua otov Siaxopiopd tou G rou poldig reptypdayape. Zup-
BoAtdoupe pe 10 S(Gp) v inyn g paxng tou G; kat pe 10 t(G;) v kataBobpa tng pdxng tou Gi.
Av G; givat @Bivov devipo-rapra, tote s(G;) oupBoAilet v nnyn g pdxng tou G mou yeltoveuet
pe 10 G; xat t(G;) oupbodidel tnv kataBobpa tng paxng tou G mou yewovevel pe 10 G;. Ilapatn-
poupe Ot yla Kabe G;, s(G;) elvat pia and g myeg mg paxng tou G, eve t(G;) eivat pa anod ug
kataBobpeg tng paxng ou G. Linv Ewova 22 apatmpovpe ot s(Gp) = 2, t(Gy) = 12 s(Gg) = 22,
t(Gg) = 12.

'Eote rtaAt 6t G; etvat €va pPovotovo HEvipo-rapra otov dStaxmpiopd tou G. Lta akdédouba opidoupe
ta unddevipa G} xat G? tou G mou mapdyoviar and 10 G;. ‘Eote 6t G; givat éva augov 8évipo-
kapma (BA. Ewéva 2.4(@)). Opidoupe G} va eivat 1o 8évipo-kaura mou mapdyetat anod OAeg
TS KOpUPEG tTou G, ektog amod ta akpaia modua tou s(G;) mou mpornyouviat tng Kopudrng s(G;)
(e&arpoviag s(Gy)) otnv anapidunon E. Emiong opidoupe G2 va eivat 1o évipo-kapria rmou opidetat
amnd 6Aeg 11§ Kopudpeg 10U G, €KTOG ATd ta akpaia modia tou t(G;), mou £rovrat v kopudn t(G;)
omyv & (Barpoviag mv t(G;)). Av G; etvat éva @Bivov évipo-kaprua (BA. Ewova [2.8(a@)), opiloupe
Gi1 va givatl 1o §EVIPo-KAPTIIa MMou rapdyetal and 0Aeg TG KOPUPEG 10U G TTOU MPONyouVvIdl Tng
t(Gy) (mepdapBavoviag t(Gy)) otnv & ektég anéd ta akpaia média tou H(G;), eved G va eivat 1o
SEVIPO-KANTITIA TIOU TTapdyetatl arnd OAeg Tig KOPUPES Tou G, ektdg aro ta akpaia néda tou s(Gy),
ou éroviat Vv s(G;) omv & (meptdapBavovrag v s(Gy)).

®upiloupe 6t 10 aplotepd Kat o He&i PEPog tou ouvolou onueiov S oupBolidovial pe L kat R.
YroB£toupe edo ot b(S), t(S) € L.

'Eote n kopudn v otv anapibunon vy, vs, . .., Uy TOV KOPUP®V TOU G MOU MPOEKUPe oUPPROVA
pe toug kavoveg R1 — R3, dnAadn vy, etvat |L|-otr) kopudrn oe avtr v anapibunon. Oa xpnot-
poroooupe vy yia va daxmpiooupe to dévipo-kapma G oe 1pia pépn. Ia va 1o metvxoupe auto
Sexwpiloupe téooepig Srapopetikég neputtooetg: (1) vy elvat pla Kopudn evog avgovia HEvipou-
Kapruag, (2) vy etvat pua kopugn evog @bivovia dévipou-kapruag, (3) vy eivatl éva akpaio nmodl
plag xatabobpag tng paxng tou G, kat (4) vy etvat éva akpaio modt plag inyng g pdxng wou G.
[Mpwv egetdooupie aUTEg TIG IePUTIOOelSg da arnodeifoupe HU0 onpavikda Afppata rmou XPrnotorolouy-
1Al otov TeEAKO aAyopiOpo spduteuons.

Afppa 5. 'Eotw ou G givat éva 6¢vtpo kautmia kat €0t Ott {Ry, Ra, . . . } glvat o Staywplouog avtov
o€ povotova SEVTpa-KAUTIEG, OGS Oplotnke Tapanave. Eotw ot S = LU R givat éva kupto ouvofo
onueiov. 'Eotw ot vy eival n |L|-otn kopuen tou G mouv opiotnike anod v anapidunon ouupova ue
toug kavoveg R1 — R3 kai éotw ou G; eivar éva povotovo avfov 6évtpo-kauma tétow wote vy € G
N vy elvar 1o akpaio todt g s(Gy) N vy eivar 1o akpaio todt g t(G;). Zuubofijouue ue i, (avt.
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in) TOoV aEUod TV aKkpaiov ntodiwv ¢ S(G;y) (avt. t(R;)) kat ue B (avt. H) 10 oUvvoAo v ip + 1
xauniotepwv (avt. i, + 1 vynAdtepawv) onueiov tou S. 'Eotw emiong h, = |H N R| xat by = |BN L.
Av woyver ou |L| > |G| + by, |R| > |G?| + h,, 1d1e undpxet wa avepyduevn eninedn eupurevon ov G
oto ouvojlo onueiov S.

Ewodva 2.4: (a) O Swaxwpiopog tou G mou xprnowporoteitat oto Afppa B (B) O
Blaxwp1opog Tou S Tou xpnotpornoteitat oto Afppa Bl

Ano6dei€n : To povotovo avfov dévipo-kapma G; Kat ta unoypadnuata G kat G2 nmou napdyovrat
arnd 10 G; eppavidovrat otnv Ewodva [Mapatnpoupe 0Tt Ta OUVOAd TV KOPUP®V TOV Gil, Gi,
G?, {akpaia méd1a tng s(G;)} kat { akpaia média g H(Gy)} eivat Eva petafl 1oug Kat 1 veor) T0Ug
ArtoteAel T0 OUVOAO TRV KOPUP®V Tou G.

'Eote ta ouvola onpeiov H kat B va givat oniwg niepiypdadinkav oto Anpua. [Mapakdie tedeonor-
oupe tov Sraxwplopo ou S. 'Eoww L' = L\ (BUH) kat R = R\ (BUH). ®uuiloupe 6t [ HNR| = h,,
BN L| = by kat 9¢toupe [HN L| = hy, IBN R| = b, (BA. Ewdva [2:4(B)). Ao v KataoKeur] €X0upe
ouw: |L|=|L|+ b+ hy xat |R| = |R'| + b, + h,.

®a xpnoworowooupe tov daxepopo L', R', H, B tou cuvolou S yla va KAataoKEUACOUUE TV
ep@utevor). [Maparde Sexmpiloupe meputt®oelg oupPova pe 1o péyebog tov L' kat R'.

Hepintoon 1 . || > |G}| kat |R'| > |G2|, 6nAadn kat ta 660 R’ xat L’ sival apreta peydda
Yla va Xopéoouv ot autd ta onpeia tov G! kat G2, avtiotoia. Mpota, anewovidoupe

Ewkéva 2.5: H karaokeur] tou AfppatogBl Mepirmoon |A'| > |G}, |B'| > |G2|.
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v s(G;) oto ynAotepo onpeio tou B kat ta akpaia moda ng s(G;) ota unddouta onpeia
ou B (BA. Ewova 25). Avddoya, arneikovidoupe v t(G;) oto xapnddtepo onpueio tou H
Katl ta akpaia moda g t(G;) ota vniddowna onpeia tou H. I[Mapatnpoupe ot OAeg Ol AKPEG
ou ouvdéouv s(G;) kat t(G;) Pe ta akpaia t1oug modia ivat avepyopeveg Kat dev tépvoviat.
Anekovidoupe G} ota |Gl| xapnAdtepa onpeia tou L. Autd pmopei va yivel xpnotpornotoviag
10 Afjppa Bl enedr) o L’ eival povopepég. IMapatnpoupe ott, aro to Afppa Bl n minyy g
pdxng tou G} kat ta akpaia g Média eival anekoviopéva ota xapnAotepa onueia tou L.
[Mapatnpoupe eriong ott to L’ eivatl mo wndd arnd to ynddtepo onpeio tou B. Apa n s(Gy)
propei va ouvdeBei pe v mmyn g pdxng u G} Snuioupycdviag pia avepXOUevn akpr
mou dev tépvel g unddonteg. TEAog, mapatnpoupe Ot Gil, s(G;) kat ta akpaia moda g
s(G;) amewkovidovtat ota Stadoyikda onpeia tou S.

Avaloywg, amekovidoupe G2 ota |G?| wnAdtepa onpeia tou R'. Autd propei va yivel péoe
10U Afjppatog Bl enedny R’ eival éva povopepég ouvolo onpeiov. Iapatnpoupe 611, arnod 1o
Afpna Bl énetat 6u n kataBodpa tng paxng 1ou G2 kat ta akpaia g éd1a eivat anekovio-
péva ota ynAotepa onueia tou R'. Tlapatnpoupe emiong ot 1o ynddtepo onpeio tou R’ eivat
Mo KAT® ano 10 Xapniétepo onpeio tou H. Apa n kataBobpa tng paxng tou GZ prnopei va
ouvbeBel pe Vv t(G;) oxnpatidoviag pa avepXOpevn aKpn, X®pig va dnpioupynoet topn pe
g 1dn unapyxouoeg akupég. [apatnpoupe emiong 6t 10 G2, t(G;) Kal ta akpaia média tng
t(G;) etvat anewkoviopéva ota Siadoykda onpeia tou S.

TéAog, anopével va epputevcoupe 10 G;. Ao TNV KATAOKEUT, 1 Hovadiky mnyr| g paxns
10U G; gival n S(G;), TIOU €XEl ATIEIKOVIOTEL Og éva onpeio o eivat YapnAdtepa amno oAa ta
uniddona, akopa eAeubepa onpeia, eved n povadikr kataBobpa tng paxng tou G; eivain t(G;),
TIOU £€XE1 ATIEIKOVIOTEL 0g onpeio YnAdtepo anod oAa ta uroAourna, akopa sAevbepa onpeia.
[Mapatnpoupe rmiong ot ta ehevbepa onueia arotedovvratl amno ta dadoxikd onpeia tou L’
rat Saboykda onpueia tou R'. ‘Apa, akodouboviag to Afjppa [l propoupe va spgutetcoupe
avepxopeva 1o G; ota eAevbepa onpeia tou S.

Mepintoon 2: |L'| < |G}|, 5nAadn to L’ 8ev eivat apketd peyddo yia va xwpéoet 1o G}. T
ouvéxela dnpioupyoupe évav Kaivoupylo dlaxepopo Ly, Rj, Hy kat By tou S £101 ©OTe 10
G! propei va epguteutel oto L], eve G? xat G; Pmopovv va epguIEUTOUV OTO R}, xat téAog,
n s(Gy) pe ta akpaia g nodia kat t(G;) pe 1a akpaia g nodia Pmopouv va ePGUIEUTOUV
ota B; kat Hy, avtiototxa.

A6 Tig untoBéoelg tou Anppatog, éxoupe ot |G + by < |L|. 'Eote dg = |G| — L], 6nAadn
dg) eival 0 aplBpog tev onpeiov o mpErnet va 1pootebouvy oto L’ ®ote va propoupe va
gpguteucoune 1o Gi. Apa, dg < IL|—b;—|L'|=|L'|+ b+ h—b —|L'| = hy, i dg! < h.
Opigoupe L] = L' U {dg! xapnddtepa onpeia tou H N L} (BA.  Ewdva 2.6la,8). Aut) n
Kataokevr) etvat duvaty Adye g aviooutag dgr < hy. Opidoupe emiong R = R\ {dGil
ynAotepa onpeia tou R}, Hy = H \ {dg xapnAdtepa onpeta tou H N L} U {dg wnAdtepa
onpeia tou R’} kat téhog By = B.

Mpota amd 6Aa, anewkovidoupe v s(G;) oto ynAdtepo onpeio tou B kat ta akpaia moda
ouvbedepéva pe v s(G;) ota undlowra onpeia tou By (BA. Ewkova 2.6lb,c). Avaloywg,
areikovidoupe v t(G;) oto xapndotepo onpeio tou H; Kat ta akpaia tng nodia ota ur-
olouta onpeta tou Hy. TMapatnpoupe ot 6Aeg o1 akpég rou ouvdéouv TG S(G;) kat t(G;) pe
ta akpaia Toug MEd1a anoteAovv avepxopeveg akpég. Aneikovidoupe o G} ota onueia tou L
xpnotpornowwvrag to Anppa [3l ernedn to L eival éva povopepég ovvodo onpeiov. TMapatn-
poupe ott, cUpPeva he 1o Anppa Bl n myn g paxng tou G} kat ta akpaia tng média sivat
gpputevpéva ota xapnidtepa onueia tou L. Ta xapnAoétepa onpeia tou L] eivat mo nave
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Ewéva 2.6: H xataokeur| tou Afjppatog[Bl Mepirmwon |A’| < |G}]. (a) Alvetat o
draxwplopog A’, B', H, L. (B) O tpomortounpévog draxepiopos A}, By, Hy, L. (c) H
ek epduteuon tou G.

aro 10 Yndodtepo onpeio 1ou By. Apa 1 s(G;) propet va ouvdebel e tnyv ninyn g paxng tou
Gl pe avepxdpevn axun xepig va Snuioupyouviatl topég. Tedikd mapatnpoupe 6t 10 G, 1
s(G;) kat ta arpaia odwa ng s(G;) eival aneikoviopéva ota dradoyikd onpeia tou S.

Avaloywg, anewkovidoupe 1o GP ota |G?| wynddtepa onpeia tou R]. Auté propei va yivet
xpnotporowwvrag to AnppaBlereidn) to R] etvat éva povopepég ouvodo onueiov. ZUppova pe
1o Afppa Bln kataBéBpa tou G kat ta akpaia g modia sivat aneikoviopéva ota Ynddtepa
onpeia ou R|. Ta ynAétepa onueia tou R}, eivat mo kA anod 10 XapnAotepo onpeio wou
H;. Apa n kataBoBpa tng paxng 1ou G propei va ouvdeBei pe tv £(G;) pe pia avepxopevn
axpr xepig va dnuioupyouviatl topég. Mapatnpovpe emniong 6t 1o G, 1 t(G;) Kat ta akpaia
nodia g t(G;) eivatl anekoviopéva ota dadoykd onpeia tou S.

Armtopévet va epgputevooupe 10 G;. AmO TV KATAOKEUR], 1] HOVadiky mnyr tng pdxng tou
G; eival i1 s(G;), TOU €Xel AMEIKOVIOTEL O €va Onpelo 1mou eival xapnAotepa aro OAa ta
untiddounta, akopa elevbepa onpeia, sve n povadiky kataBobpa ing paxng wu G; sivai
n t(G;), TIOU £€Xel ATEIKOVIOTEL 08 Onpeio PnAOTeEPO amd OAa ta umodloina, aropa eAeubepa
onpeta. [Mapatnpouye eniong 6T ta eAeUBepa onpeia anotedovviatl amno ta Siadoyka onpeia
0V R]. Apa, akodoubaviag 1o Anppald priopovpe va epgutetooupe avepxopeva to G; ota
eAevBepa onpeia tou S.

Mepintwon 3: |L'| > |G}| xat |[R'| < |G2|, 5nAadn 1o R’ 8ev eival apretd peydlo yia va Xwpé-

oel o G?. H mepimwon auty eival cuppetpikn otnv Iepimtoon 2. @a KATAOKEUACOUHE
naAt évav kawvoupylo dwaxwpopd Ly, R}, H; xat B; 10U S £101 ®Ote 10 G? va prnopei va
guputevtel ota onpeia tou R’l, a Gi1 rat G; va pmopouv va ed@uIEUTOUV OTO Li, EVO 1
s(G;) pe ta akpaia tng odwa kat n t(G;) pe ta akpaia tng odwa va epgutevovial ota By
kat Hy, aviiotoixa. TUpgeva pe v umobeon tou Anppatog éxoupe 6t |R| > |G2| + h,.
Eow dgz = |G?| — |R’|, 6nAadn dgz eivat 0 apiBpog v onpeiov nou xpewaldpacte va
nipooBécoupe oto R’ yia va prmopoupe va sp@puTelcoupe 08 autd 1o ypdpnpa Giz. Apa,
dgz < IRl — hy = |IR'| = |[R'| + hy + by — hy — |[R'| = b;. Andabdn) éxoupe 6nt dgz < by.

@¢toupe R| = R’ U {dg2 ta ynAotepa onpeia tou BN R} (BA. Ewéva2.71a,8). H kataokeur
L\ {dg
xapnAdtepa onpeia tou L'}, By = B\ {dg2 ynddtepa onpeia tou BN R} U {dg xapniotepa
onpeia tou L'} kat tedikd Hy = H. Tlapopold pe Tig IponyOUHEVES TIEPUTIVOELS, ERPUTIEVOUHE

autn sivat duvatr enedn woyvel n avioota de2 < b,.. @¢toupe emiong L =
iy iy 1 10XVeL 1) n : . n ng L]
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Ewéva 2.7: H xataokeur| tou Afppatog Bl Tepimmon |L'] > |G xat |[R| < |G2.
(a) O apxikdg Sraxepiopos L', R, H, B. (B) O tportortounpévog dtaxmplopog Ly, R],
H,, B;. (c) H teAikn epgputevon tou G.

Ewodva 2.8: (a) Alaxoplopog tou G Tou xprotpono|fnke oto Afppa 6] (B) At-
ax®P1louog Tou S Tou Xpnotponoénke oto Afupa Gl

10 G? ot0 R}, 10 G} xat 10 G; ot0 L}, eve v s(G;) pe ta akpaia g nodia kat v H(G;) pe
ta akpaia g é6dia ota By kat Hy avtiotoxa (BA. Ewkoveg [27]b,c).

O

To eropevo Afppa stvat avddoyo tou Afppatog B yia v niepintoon 6tav 1o G; sivat éva @bivov
dévrpo-kaprma. Ot aviootnteg Tou Afpuartog sivatl aocBevéotepeg anod autég tou Afjppatog Bl xat n
anédeidn) tou Afupatog stvatl tautdonpn auvtg tou Afpuatog Bl

Afppa 6. 'Eotw ou G sivar éva devipo-kaumia pe n kopu@eg kat {G, Ga, . . . } €ivat o Staywplouog

TOU 0€ povotova SEVTPa-KAuUTIEg, 0TS TEPLYPAPTNKE 0TNv apxn g evomtag. 'Eotw ou S = LU R
elvat éva kupto ouvoo n onueiowv. 'Eote ot vy sivar n |L|-0tn kopugn otnu anapidunon tov G mwou
neptypagetat ano tou kavoveg R1 — R3 kat éotw G; elval éva Hovotovo @d8ivov GEVTO0-KAUTIA £T0L
wote eite vy € Gy, ite Yy glvat éva ano ta axpaia toda g s(G;), ite Yy elvat £va ano ta akpaia
nodia ¢ t(Gy). ZuuboAilovue ue i (avt. iy) 10 TANOOS TV akpaiov Todiwv ¢ S(G;) (avt. t(G;))
Kat ue B (avt. H) 1o ovvoo tov i, xyaunAotepwv (avt. in wniotepwv) onueiov tou S. 'Eotw emiong
hy = |HNL| kat b, = BN R|. Avoyve o |L| > |G} + h;— 1, |R| 2 |G?| + b, — 1, 101 untdpyet wa
avepyouevn eninedn euputevon tou G oto oUuvoo onueiov S.

Topa eipacte 10101 va AIodSei§OUE TO KEVIPIKO AMOTEAEONA AUTHG NG EVOTITAG.
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Ocwpnpa 3. 'Eotw ou G = (V, E) eivat éva 6évtpo-kaumia. To yoagpnua G emidéxetal pa avepyo-
uevn emninedn evdUypauun eu@uteuon oe kade Kupto ovvoo |V| onueiov S.

Anodedn:

Eoww G eivat éva dévipo-kapma kat €0t@ {Gy, Ga, ...} eivat o daxwpiopog tou G oe povotova
Oévipa-KApIeg, ON®G MEPYPAPINKE OtV apXn Ing svotntag. Oupidoupe o6tt ta Gy U Gy U ...
TIEPIEXOUV OAeg TIG KOPUPEG TOU G eKTOg amod ta akpaia nédia tou G. 'Eotw S = L U R eival éva
KUpto ouvoldo |V] onpeiov. @swpoupe v Kopudr) vy ou G oty anapibunon tou G nou divetat
aro toug kavoveg R1 — R3. Tlapatnpoupe 6Tt 1) KOPUPY| auty eite riepiéxetat oto G;, yla KAroo i,
elte elvat éva akpaio modl. Oa MPOXPCOUPE JeRPHOVIAG TECOEPIS TIEPUTIMOEIS AVvAAoya HE TO AV
v € Gy, yla kamnotw i, kat G; eivat éva @bivov 1 auvgov dévipo-kaprua 1 v eivat éva akpaio modt
Tou G Kal yerrovevel glte og pa ninyn eite o pa kataBobpa ng paxng tou G. Le kabe pia amod
AUTEG TIG TTEPUTIAOOELS TEAEI0ITOI0UNE TOV S1aX®Plopd tou cuvodou S = L U R yla va tov Kdvoupe
KataAAnAo yila v ouykekpipévn 9€on g Kopueng vy

IMepintwon 1: yg) eivat Kopugn evog avfovta devipou-rapmiag G;. (BA. Ewodva [2.4(a).

YroBetoupe ot n S(G;) €xet i, akpaia ioda, eve n t(G;) exet iy arpaia modia. 'Eote, omiog
oto Afjppa Bl to H eivat 1o oUvodo tov iy + 1 ynldtepov onpeiov tou S Kat £€0te 10 B eivat
10 OUVOMAO IOV MEPLEXEL Ta i, + 1 xapnAotepa onpeia tou S. ‘Eoww emniong h, = |[H N R| xat
by = |IBN L|. ®upidoupe 61 ta G} kat G? eivat ta unoypagrpata tou G Mou mapdyoviat
aro 10 G;. Ta va priopéooupe va xprowporowrjooupe to Afppa [0 mpénet va dei§oupe ow:
IL| > |G}| + by, |R| > |G?| + h,.

‘Eoto |[HN L| = hy xat [BN R| = b,. Mapatpovpe 61t ta G}, G; kat G eivat &va petady
TOUG KAl Kavéva amod autd dev mepiéxet ta akpaia moda 1ov s(G;) kat t(G;). Emiong, emeidn
v € G woxUe 6t |Gl + i + |Gyl > |L|. Tote |R| = |Gl - |L| > |G| - |G} — i — |Gi| = in +|G?| =
hy + hy + |G?| > |G?| + h,. ‘Apa 10XVl ) aviodtnta |R| > |G?| + h,. Enedn yrl € G; 10xVeL 6T
|Gi1| + ip < |L], xat emedn) i, = by + b, — 1, 10xVel nj aviconta |Gi1| + b; < |L|. Apa, amo 1o
Anppa 9] énetar 1o {nrovpevo.

Mepintwon 2: yy, eivat kopupr evog @Oivovia dévipou-kapmiag G;. (BA. Ewoéva 2:8(a)})

'Eoww ot n s(G;) €xel i akpaia odwa, eve n t(G;) exel ip akpaia moda. 'Eotw, 6nwg oto
Afjppal@l to H eivat 1o ouvolo onueiov rmou niepiéxet i + 1 yndotepa onpeia tou S kat B eivat
10 0UVOAO onueiwv 1o TEpExet ip + 1 xapndotepa onueia tou S. 'Eotww ertiong hy = [HNL| kat
b, = BN R|. ®upidoupe 6t G} kat G? eivat ta unoypagnpata 1ou G, oU napdyoviat anoé
10 G;. Ta va xpnowornotjocoupe 1o Afppa B npénet va anodeifoupe ou: |L| > |G} + b — 1,
IR| > |G?| + b, — 1. Eneidn) v € Gy, gxoupe ot |L| > |G| + in > |G}| + hy — 1. Tlapatnpovpe
ou |G2| = |G| = |G} = i — i, — |Gy|. Emtiong &poupe ot |G} + i, + |Gy > |L], emedn ypr etvat
Pla xkopudr) tou G;. AT v IPonyoupevn 100Tnta Kat v tedeutaia aviootnta £€xoupe Ot
|G?| < |G| = |L| — i, = |R| = ip. Apa, |R| > |G?| + i, > |G?| + b, — 1, eneidn) i, + 1 = b; + b,. Apa,
ardé o AfppalBl £xoune to inrovpevo.

IMepintwon 3: yy eivatl €va akpaio nodt kat eival pua kata8obpa.

Eoww 6nt ta ypapnpata G; kat Gy eivat tétowa oote t(Gi) = t(Giy1) xat vy etvat 1o akpaio
rodt g t(G;). IMapatnpoupe o6t G; eivat éva auvgov, eved Giyq eivat éva @bivov dévipo-kaprua.
YroBtoupe ot t(G;) (= t(Gir1)) €xel ip akpaia moda. 'Eote ott H eivat 1o oUvolo tav i, + 1
WPNAOTEP®V onpuei®v tou S kat éotw |[HUL| = hy, [HUR| = h,. [Tapawmpovpe 6t hy+h, = ip+ 1.

Amnodeikvioupe mpota v akoAoudn npodtaor.
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Ewéva 2.9: H kataokeur] tng Mpotaongdl

. ' . 1 2 1 2 , , .
Idotnta 1. Eow ou G;, Gi kai G, ,, G7,, €vai ta vnoypagnuata tov G mov mapayoviai

ano ta G; kat Git1, avtiotorya. To moAv pia ano tg akoAovdeg aviootnTeq UTOPEL va 10X UEL:
IL| < |Gyl + = 1 2.1)

IRl < |GZ| + h, (2.2)

Anodeén g Ipotaone [l  BA. Ewova ywa Vv mpoBolr tng anddeng. Eig dtoro
anayoyr], urnobétoupe o6t 10xvouv Kat ot SUo aviootnteg. Tote |L| + |R| < |Gi1+1| +h+h—1+
|G?| = |G}, || +|G?| + i = N. Apa |L| + |R| < N, dtoro. o

Topa 9empoupe dUO MEPUTIOOEIS avaloya Hpe TO Towd and tg aviootteg 2.1) 1) Sev
1oYXUeL.

3.a Asv 10xvel 1 Avicotnta (2.1). Apa |L| > |Gl.1+1| + hy — 1. @swpoupe 10 POivov dévrpo-
kaprma Gy KAt ta vrnoypagrpata GilJrl Kat Gi2+1 tou G mou Tapayovtat arnod 10 Giyg
(BA. Ewova [2.8(@)). 'Eote ot 1 s(Giy1) €Xel i akpaia odia, kat €0t B sivat ta iy + 1
xapndotepa onpeia tou S. @¢toupe b, = |BN R| xat by = |[BN L.
@a deifoupe ot |R| > |G2| + b, — 1. Tlapatnpolpe 6t |Gi2+1 = |G| - |Gl.1+1| —ip — ip — |Gir1].
Emniong, yvopiloupe o1t |Gi1+1| + in + [Gis1l > |L|, enedn yy eival éva akpaio modt g
t(Git1). Ao v mPONYOUPEVI 100TNTA KAl TV TeEAguTaia aviootnta £XOUpE |Gi2+1| <
|G| = |IL| — i, = |[Rl — ip. Apa |R| > |G?| + iy > |G?| + b, — 1, enedny i, + 1 = by + L.
[Mapatnpoupe ot 10 Girp elvatl éva @Oivov dévipo-raprua, n vy etvat 10 akpaio modt
g t(Giy1) Kat 0Aeg o1 ouvbrkeg Tou Afjppatog[@ wxvouv, dpa to {NrovpEevo énctat.

3.8 AevioyUetn Avicotnta (2.2). Apa |R| > |G2|+h,. @swpotpe 1o aufovia dévipo-kaurma Gy
Kat ta vnoypapnpata G} kat G tou G mou napayovrat and 10 G; (BA. Ewéva 2.4(a)).
YroBetoupe ot n s(G;) é€xel ip akpaila moda kat €0tw B eival 1o oUvolo eV i, + 1
xapndotepav onpeiov tou S. @étoupe by = |BN L| xat b, = |BN R|. Tlapatnpoupe ot
IL| > |G}|+ip > |G} |+ by, emeidn) ip+ 1 = b+ b,. Apa yvepidovtag 611 10 G; givat éva au§ov
dévtpo-raprta, n kopudr) v etvat éva akpaio rodt g t(G;) Kat o1 Yo avioOTNTEG TTOU
arattouviat ano 11§ ouvinKeg tou Afjppatog bl .oxvouv, €xoupe to {NTovpEevo.

Iepintwon 4: yy eivat akpaio nodt nov eivat pla nnyn.
Eow G; xat Gy eivat tétowa wote s(G;) = s(Giy1) kat vy etvat éva axpaio moédt g s(Gy).
[Mapatnpoupe 6t o G; eivat éva @bivov Sévipo-kapra, eve 1o Giyq givatl éva augov dévipo-
kaprma. YroBgtoupe ot i S(G;) €xel ip akpaia oda. 'Eotw B eivat 1o oUvolo twv i, + 1



176

Avepyopevn Epgputevon oc £Uvodo Znpeinv

S(G)=s(G i+) \

|
N !
Slb T~ 4:\/

- - ils_ -7 _-

Ewkéva 2.10: H xataokeur] tng Mpdtaong 2]

Xapndotepov onpeiov 1ou S kat éotw [BU L| = by, |BU R| = b,. T[Mapatnpoupe emiong ot
b+ b =1i,+ 1.

®a arodei§oupe tnv akoAoudr) npodtaor.

‘ ' 1 A2 1 2 . . .
Idiotnta 2. 'Ecto G;, G kar G, |, G7,, &lvai ta unoypagnuata tov G mou Tapayoviat ano
1a G; kat Gi;1 avtiotoya (BA. Evcoval2.10). To moAv pia amo 1ig akoovdeg aviootnteg UTopeEl

va oyxvet:

LI < 1G] + by 2.3)

IRl < |G|+ b~ 1 2.4)

Anobeaén e Tpotaone 2 Ei{g dtomov amaymyn urnob£toupe Ot 10XVOUV KAl Ot §Uo
aviootnteg. Tote |L| + |R| < |Gi1+1| +b+b.—1+ |Gi2| = N, drorro. |

v ouvéxela Lexwpidoupe §Uo neputtoelg pe BA0T TO MOd anod TG AvioOTnTEg n 238
Oev 1oyUeL

4.a H avicotnta Sev 1oxvel. Apa |L| > |G .|+ b;. ®swpovpe 10 aufov 6EvIpo-KApITa

i+1
. 1 2 . .
Gi+1 xat ta vnoypagpnpata G, , kat G, tou G 1ou napayovtat and to Giyy (BA.
Ewova [2.4(a)).

YroBétoupe ot n t(Gir1) €xel i opraka niodwa. Opidoupe 1o H va eivart ta i, yndotepa
onpeia tou S. @étoupe LU H = hy xat RU H = h,. T va Xpnotponouwjocoupe
1o Afppa [ npénet va amnodeifoupe 6t |R| > |G?| + h,. Tapatnpoupe 61 |Gi2+1| =
|G| — IGL.IJrl —ip — |Gis1| — in KA1 0T |Gl.1+1| + i, > |L|, ere1dr) n vy etvat 1o akpaio modi g
5(Ger1)- Apa aipvoupe (G211 < |GI = LI~ iy ~Gie| ~ in = IRI~ ip — [Ger1] — in. Zuvertas,
IGZ ||+ < IRI=ip—|Gi1]=in+h, = |RI=ip—|Gi1 |- =R+ 1+h = |RI=ip—|Gir1]- -1 xat
erteldn) i, > 1 €xoupe ot |Gl.2+1| + h; < |R|. Apa amo 10 Afppa Bl énetat 1o anotédeopa.

4.8 Aev 10xUel ) Avicotnta (24). Apa |R| > |G?| + b, — 1. @zwpoupe 10 @Bivov Sévipo-
kaprma G; KAl ta uvnoypadnpata Gi1 Kat Gi2 tou G mou mapayoviat aro o G; (BA.
Ewova[2.8(d)). Yrobétoupe ot n t(G;) exet i, arpaia rodia. Oeopoupe ta iy, ynAotepa
onpeia tou S kat ta oupBoAidoupe pe H. @étoupe LU H = hy kat RU H = h,. T va
Xpnowonowmooupe 1o Afpupa 6 mpénet va deioupe 6t |L| > |G} | + hy — 1. AAAG auto
elvatl tetpipapévo, enedn n vy eivat 1o akpaio modt g tH(G;) kat dpa |L| > |G| + in.
Apa, and 1o AfpupalBl énetat to anotédeopa.
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@ (b)

Ewkodva 2.11: H xataoxevr] t1ou Afjppatog 7 kat tou Afpupatog O]

Zuv evotnta auvty arodeifape ot kaOe rateubBuvopevo Sévipo-kaurma G £xet pia avepXOpevn
epgUTeEUOon 0 KABs KUPTO oUvolo onpeiov S. O alyopidpog Baoiletal otov e161kO Sax®wPoPo ToU
G oe 1pia {Eva petady toug pépr Kat 1 e@UIEUOT] Toug oe KatdAAnda pépn tou S. H texvikr) autn
elvatl mapopola pe autn nou xpnowponowdnke ano toug Binucci et al. | yia v nepinmoon tov
IPOCAVATOAOPEVEV PovoTtaTiev, addd n 1kr pag anodedn eivatl texvikda oAU mo SUOKOAr AOy®
g MaPOUoiag TOV ITOdSIOV.

2.3.2 Switch-trees

Ztnv evotnta autr) eprdouti{oupe ta detka anoteAéopata ] TTOU ApOPOUV TNV EPPUTEVOTPOTTA
TRV Kateubuvopevev 8Evipev Ooc KUPTA OUVOAa onpeiov. Armnodeikvioupe otl kKabe switch-tree
ermbexetal pia avepxopevn emirnedrn epPUTIEUOT) 0g 0101081 TI0TE KUPTO OUVOAO OnpEiVv.

Ze 6An v evonta ovopaloupe eilevdegpa ekeiva ta Onpeia tou ouvolou ota oroia dev £€xouv
aropa avuotorxndel o1 Kopupég Tou ypadrpatog. Xto akéloubo Appa acyxoloupaote pe v
AN MEPIMTOON €VOG POVOREPOUG OUVOAOU onpeimv. To Afppa autd eivatl emiong oUVENELA EVOG
aroTeA€01aTog Mou rapouotactnke arnd Heath et al. @] (Theorem 2.1).

Afppa 7. 'Eow T civat éva switch-tree, r sivar pia karta6édpa v T, S elval éva UOVOUEPES
ovvojlo onueiov étol wote |S| = |T|, kat p sivar 1o ynAdtepo onueio wou S. Tote, 10 T embéxetar pa
AVEPXOUEVN EUPUTEUON OTO S ET0L WOTE 1 KOPUGN T €lval AmeKOVIOUEVT OTO ONUELO P.

Anoden: Eow Ty, ..., T) eivatl ta urntodevipa tou T rou ouviEoviat pe trv KOpur I PEC® AKPGOV
Kal €0I® Ty, ..., T eivat ot kopupég tv T4, ..., Tk, aviiototya, IouU eival yertovikég otnv r (BA.
Ewodva [2.1116). Mapatnpoupe o1, enedry to T eivar éva switch-tree kat ) r eivat pa xkataBodpa,
01 KOPUPEG T, ..., I eivatl inyég tou T. Epgutevoupe 1o T ©¢ €8g: arneikovi{oupe v r oto
onpeio p, avuotorxoupe 1o Ty ota |Ti| wnAdtepa onpeia tou S, €101 OOTE 1 I; va AMEKOVICeTal
OTO XaPnAotepo amod ta onpeia avtd. Autd propel va yivel tetpippéva av to Ty anotedeital amno
pa povadikr kopudr], dndadr anod v ri. Yrobetoupe topa ot 1o T] MEPIEXEL TIEPIOOOTEPEG ATIO
pla xkopupég. ZupBoAidoupe pe S; ta |Ti| wndotepa onpeia tou S. 'Eow, T 11 e Tf1 etvat ta

uniddevipa tou Ty, TOU ouvdEovial Pe v 1 Pe AKPEG, KAl €0T® rll, e rf1 elvatl o1 KOpuPeg TV
Ty, ..., Tfl, avtiotoxa, yewovikeég pe v r; . Emedr) rp etvat pa ninyr, ot Kopudeg rll, cee rf1

, . . . , . . 1 1
etvat 6Aeg kataBobpes. Xpnoworowoviag 10 Anppa avadpopikd, epputevoupe 10 T} ota [T |
ouvexopeva WwnAotepa onpeia tou S; €101 GWOTE 1 rl1 va eival arnewkoviopévn oto PnAotepo Ttou
onpeio (Ewova 211la). TMapduota, spgutevoupe ta dévipa To, .. .. Tf1 ota unodlouta sAsubepa
onpeia ou S;. Tedwkd, amewkovifoupe v r; oto tedeutaio eAeuBepo onpeio Tou ouvolou Sp,
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(a) (b)

Ewkéva 2.12: H xataokeur] tou Anppatog @l

dnAadr) oto xapnAotepd tou onpeio. Emedr) oAeg o1 Kopupeg rll, ... €XOUV arelkoviotel ota

.
onpeia Tov eival mave and v ry, ot akpeg (ry, rll), e (m, rfl) etvatl avepyopeveg. Emedr) kabéva
arno ta Tll, R Tf1 €XEL ATIEIKOVIOTEL OTa ouveXOpeva onpeia tou S, ouvendyetatl Ot v UITAPXOUV
TOPEG PETady TOV AKP®V KAl dpd £X0ULE H1d avepXOUevn erimnedn epguteuon tou Ty os ouvexopeva
onpeia tou S.

Me mapopolo 1pormo, anewkovidoupe 10 To ota |Ty| wnAotepa ouvexopeva edelBepa onpeia tou
S, €101 OOTE 1 Iy va ATEKOVIgeTal 0to XapnAotepo amnd auvtd. Zuveyxioupe v ePPUIEUOT TOV
UTIoAOIN®V UTt6dEVIP®V e ToV 1610 TpOTTo ota urtdAotrna eAeubepa onpeia tou S. IMapatnpouvpe 6T
yia kabe i = 1,..., k, n akpr (r;, 1) dev tépvel Kavéva ano ta Kuptd niepiBAnpata H(P;), 6rou P
elval to ouvodo onpeiwv, oto omoio £xoupe epgutevoset 0 Hévipo Tj. Apa ya kabe i = 1,....k, 1
axrpn (g, r) dev tépvel kapia dAAn akpr) g answkoviong. Enedn to p etvat 1o ynAdiepo onpeio tou
S KAl 1 r £XE1 ATIEIKOVIOTEL OTO p, CUPTIEPATVOURE OTL Ol aKkpEG (13, 7)., i = 1, ..., k eivat avepxopeveg.
Emne1dn n epgutevon) tou Kabe éva and ta Ty, . . ., Tj eival avepyxOpevn Kat ernirnedr), ouprnepaivoupe
OTL 1] TeAMKY) epgutevon tou T eival emiong avepxopevn kat erinedn). |

To akoloubo Anppa sival cuppetpikéd oto Afjppa [7 kat anodeikvistal pe akpiBog CUPHETPIKY
dadkaotia.

Anppa 8. '‘Ectw T eivar éva switch-tree, r sivar pua nnyn wou T, S eival éva uovouspég ovuvoao
onueiov étol wote |S| = |T|, kat p eivat 10 yauniotepo onueio tou S. Tote 1o T emidexetal wa
AVEPYOUEVT EUPUTEUOT OTO S €101 WOTE 1 KOPUPT T VA £lval AmEIKOVIOUEVT OTO ONUELO P. |

Topa eipaote os 9éon va arnodeifoupe 10 KeVIPIKO AnotéAeopa autig g evotntag.

Osopnpa 4. 'Eotw T cival éva switch-tree kat S eival éva UOVOUEPES OUVOAO ONUEIDV ET0L WOTE
|S| = |T|, Tote 10 T emibéxetar pia avepxOpuevn eu@UIevon oto S.

H amodeidn tou Sewprjpatog Baoiletal oto akoAoubo Afjppa, 1o omoio ernexteivel 10 Afjppa [ amo
povopepEg og SepEG KUPTO OUVOAO ONpEinv.

Afppa 9. 'Eoww T sivar éva switch-tree, r sivar pia kata6odpa touv T, S eival éva kKupto ouvoo
onueiov, étol wote |S| = |T|. Tote 10 T emibéyetal pia avepyOpUevn EUPGUIEUON OTO0 S £10L WOTE N
Kopu@n r va fpioketar oto Yniotepo onueio tou S.

Anoédedn: Eow Ti,..., Tk civat ta unddevipa tou T mou cuvdeoviat pe v r pe arpég (Ewo-
va 2.1118) xat éotw rq, ..., i, etvat o1 kopupég tov T, .. ., Tk, avtiotolxa, rmou sival yeltovikeg Ue
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v r. Iapatnpovpe ot enedn 1o T eivat éva switch-tree kat n r eivat pia kataBobpa, o1 KOPUPES
I, ..., etvat ot inyég tou T.

Epgutetoupe 1o T 010 S ©¢ €§1g. Eekivape pe v ep@uteuot) v 8évipov Ty, T, . .. OV aplotepn)
HeEPA Tou ouvodou onueiov S, Eekvoviag anod ta PnAodtepa onpeia kat ouvexiloupe 600 UIAPKOUV
apketd eAevbepa onpeia. H spguteuon auty yivetat oupgpeva pe to AfjpualBl (BA. Ewova 2.12.a).
'Eot® 6t 10 T; eivat 10 tedeutaio Hvipo €101 OOTE Ta onpeia otnv aplotepr) HePLA va eival apretd
yla va 1o gpputedocoupe. Luvexiloupe pe v epduteuon v Tiiq, .. ., Tie—1 oy 6e§1d pepid tou
ouvOAou onpeiev S akodoubwviag Kat mdAt 1o Afppal8l Mapatnpovpe dt ta eAevbepa onueia mou
aropévouv sivat cuvexopeva oto S, oupBoAiloupe ta onpeia autd pe S'. Ta va oAokAnpmooupe
Vv ep@UTeUoT] areikovidoupe g Kopupég tou Ti ota onueia tou S'. 'Eotw T{‘, .. ,le etvat ta
uniodevipa tou Ty, Tou ouvdéovial PEO® AKHNG PE TV Kopuor) . 'Eotw emiong r{c, e lk etvat ot
KOpuQég Tov TX, .. ., le , avtiototya, mou eivat yettovikég pe v ri (Ewova 2.1118). Mapatnpoupe
OTL Ol KOPUPEG ri‘, e, lk etvat kataBoBpeg tou T. Eekwvdpe pe v epgutevorn tov T kT, é‘ .
ot0 aplotepd PEPog tou S, Terkvaviag arnd ta PrnAotepa onpeia tou S, 000 UTIAPXOUV APKETA
onpeia yia va urodextouv 0AokAnpa ta urodevipa. H epputeuon yivetat oupgava pe to Afppalzl
'Eot® 10 ’I}k elvat 1o tedeutaio dévrpo mou spputevoape (Ewkova [2.1216). Tuveyxiloupe otmv e
pepa ou S pe ta §évipa ’I}Ifrl R Tl’il, axkoloubwovtag kat radt 1o AfppalZl Mapatpoupe 6t
UTIdPXOoUV akopa arkplBog |le| + 1 eAetiBepa onpeia eneldn Sev £€XoUpe EPPUTEVOEL AKOPA TO le Kat
VvV KOpur] 1, 10U Ti. ZupBoAioupe pe S” 10 0UVOAO TV eAeUBepV ONUEiOV Kal Tapatnpouue
Ot 10 ouvoAdo S” armotedeital and Swadoyika onueia tou S. Av 10 oUvodo S’ eival povopepég
HUITOPOUNE VA KATAOKEUACOUE TV AMOPEvouca eiQUIEUcH XPNOTHooloviag savd to Afppa [
Ag uroBeooupe Ot 1o oUvoAo S eival Sipepég Kat £0t® P; KAt pg eivatl ta PnAotepa onpeia tou
S ownv apiotepr] Kat otnv 8e§1d pepd, aviiotorxa. Xwopig PAdBn tng yevikotntag, urobitoupe ot
y(p1) < y(pz). AvioTtorXOUpPE TV T 0T0 p1. XPNOIHOTIOWWVIAg T0 Afjppa avadpopuikd, prnopovpe
va ePPUIEVCOUHE TO le oto ouvoro S\ {p1} ¢to1 wote 1 rlk va Bpioketat oto onueio po. H anodedn
OAORANP®VETAL TIAPATNP®OVIAG OTL OAEG Ol AKPEG TIOU OUVOEOUV TNV KOPUPH T HE TI KOPUPES
r{‘ e rlk KAl TG T, ..., e PE TNV T €lval avepXOPEVES KAl Bev TEPVOUV 1] pia v dAAn. O
To Bswpnpa [ énetatl apéong av ermdéioupe ornotadrinote kataBobpa tou T G r Kat epappocoupe
10 Afjppa

2.3.3 K-switch trees

Ot Binucci et al. ] (BA. emiong @sopnua d) mapouociacav pia kKAGonN v dévipev kat éva av-
TiOTO1X0 KUPTO OUVOAO Onpeimv, £€tol wote Kabe Hévipo autng g KAdaong dev ermdexetal kapia
avepxopevn erirnedn epPUTEVOT OTO AVIIOTO1X0 OUVOAO Onuei®v. ZInv rmapouoa evotnia eeKIEl-
VOUlle TO aIotéAeopa autd rnapouctadoviag pia peyadutepn KAdon &évipwv, ta oroia dev ermdeé-
Xovtal Kapia avepyopevn ermredn ep@uUIEUon O KATIO0 KUPTO oUVOAo onpeiowv. To arotédeopd
Pag armokta eviiapépov eretdr) n KAAon v 6Evipey, tnv oroia e§epeuvolpe, eival r KAGoT v
le-switch trees, k > 2. @upidoupe 61 ta k-switch trees eivat pia yevikevuon tov switch trees, pe
Vv €vvola ot kabe 1-switch tree esivar akpiBog éva switch tree. Emutdéov, otnv mponyoupevn
evotnta arodei§ape ot kGO switch tree spputevcetal avepyopeva oe KABe KUPTO OUVOAO ONUEIV.
To &évipo T pe (3n + 1) KOPUPEG TIOU KATAOKEUAOTNKE Oty arnoddeiln tou Oswprpatog El]lﬂ]
£xel mv axédoudn dour) (BA. Ewxoéva 2.13la yua v nepimwon otav n = 5). Amnotedeital ano:
(i) pa xkopugr] r Babpou 1pia, (ii) Tpia povotova povomatia Pe n Kopudpeg 10 Kabe éva: P, =
(Un, Un—1,...,U), P, =(V1,02,...,0n), Py = (W1, wa, ..., wy), (iii) akpég (1, uy), (01, 1) kat (wy, r).
To kKuptd ouvoAo (3n + 1) onueiov S, TIOU XpnotponoiOnke oto Oswpnpa El]lﬂ], artoteAeitat amnod:
8U0 oplaxkd, otnv Katevbuvon v Yy, onueia, b(S) kat t(S), 10 ocuvodo v (3n — 1)/2 onueiov
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Ewkéva 2.13: (a-B) 'Eva 4-switch tree T xkat éva Kuptd ocUvolo onpeiov S, t€towa
wote 1o T Bev erudéxetarl kapia avepxopevn erinedn epduteuon oto S.

L = {li.b.....l3n 1)/2}, TIOU arotedet 10 apotepd pépog t0U S Kat 1o ouvodo v (3n — 1)/2
onueiov R = {ry, ra, ..., 3p-1)/2}, MOV arotedei 10 de§i pépog tou S. Ta onueia tev L kat R eivat
ToroPetnpéva €101 MOTE va 10XUoUV o1 akoloubeg aviodtnteg: y(b(S)) < y(ry) < y(ly) < y(re) <
Y(b) < -+ < Y(rsn-1y/2) < Ylan-1y/2) < yt(S)), PA. Ewova 21318 yia v nepirtoon n = 5.
Mapawmpoupe 6t 10 6évipo T pe (83n+ 1) KopupEg, OV TMEPIYPAPTNKE MAPATIAV®, ivatl éva (n—1)-
switch tree. Apa, pia apeon ouvénela tou OepPrpaATog D]Iﬁ)] etvat to akodoubo

IIopiopa 1. INa kade k > 4, undpyet éva k-switch tree T kat éva Kuptd ouvoAo onueiov S 15iou
ueyédoug, t€toto wote 1o T va unu emdexetal Kauia avepxOuevn eninedn eugputevon oto S.

Ao v evotna yvepiloupe 6t kGOe switch tree T, dndadn kabe 1-switch tree erudéxetat
pla avepyxopevrn erminedn epguteuon oe Kabe Kuptd ouvolo onueiov. 'Eva @uoilko epotnpa mou
dnpoupyeitat eivatl av emiong kabe 2-switch kat kdOe 3-switch tree emdéxetal pua avepyopevn
ertinedn ep@utevon os Kabe Kuptd ouvolo onpeinv. To epdtnpa autd arnavidtal arnod 10 EMOPEVO
Sevpnpa.

Oswpnpa 5. Ia kade n > 5 kat yia kade k > 2, unapyetl pia kiaon k-switch trees 3n+ 1 kopupav
‘7’,’f Katl éva kupto ovvoio 3n + 1 onueiov S, této1o wote kavéva T € ‘7’,’f Oev emibExeETAL AvepXOpeLN
eninedn eugutevon oo S.

Anoden: Acdopévou n > 5 kataokeuddoupe v £8ng kKAdon Sévipwv (BA. Ewxodva 2.14la). Eoww
P, eivat éva pooavatoAloHEVO POVOTIATL N KOPUPKV {Uy, Ug, . . ., Uy}, apOPnpéveg ouPP®VA JE TNV
og1pd EPPAVIOLG TOUG OTO POVOTTIATL, KAl TETO0 WOTe Ot arkpES (Us, Us), (Ug, Up) va eival Tapouoeg
oto P,. 'Eoww emiong P, kat Py, eivat Vo npooavatoAiopéva povordrtia n Kopupov e oUvoda Ko-
PUPGV {U1, Vg, . .., Un} Rat {wy, Wy, . . ., Wy} aviiototyad, Kat T€T1o1a ®ote ot arpég (vy, vg), (g, U3) Kat
(wq, we), (we, ws) va etvat tapovoeg ota P, kat Py, avtiotoxa. Eotww T(P,, P, P,,) etvat éva 6évipo
ToU aroteAeitat amno ta povorata Py, Py, Py, Tnv Kopudr r Kat 1g arpég (r, uy), (v, r), (wy, ).
'Eotw T,’f = {T(Py, P,, Py) | 10 pakputepo povonat ota Py, P, kat Py, éxel unkog k}, Ik > 2. Tote, T,’f
etvatl pa kAdon v k-switch trees. 'Eote S sivat éva kuptd oUVOAO ONPEIRV OTIOG TIEPIYPAPTNKE
otV apyn g evotntag. Lin ouvéxela arodeikvuoupe ot kaveva T € T,’f dev ermdexetal kapia
avepxopevn ertinedn epputeuon oto S.

Eoww T € Tr’f . E1g atornov anaywmyn, urtob£toupie ot Undapyet pia avepXopevr erinedn epguteuon
tou T oto S. Ao to Afppalll éxoupe 6u kaBe éva amnd ta povortdua Py, P, kat P, tou T mpéret
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Ewéva 2.14: (a) k-switch tree, Ik > 2. (B) H kataokeur] g Mpotaong [l Mepurt-
tooetg 1 kat 2.

va elvat epputevpéva ota ouvexopeva onpeia tou S. ZupBoAidoupe pe Sy, S, Kat Sy, ta ouvoda
auvtd, avtiotoa. Apa Syl = |S,| = |Sp| = n. Amnod v KATAOKEUR TOU S T0 PEYIOTO POVOUEPES
UTTOOUVOAO TOU S TIEPIEXEL I'P’r;1
S, kat Sy, etvat éva dipepeg ouvolo onpeiav. XupBoldidoupe pe Sy, (avi. S¢) €va Sipepég ouvolo

ONMEi®V, TIOU aTtoTeAeital amno ouvexopeva onpeia tou S, rat [Sy| = n (avt. |S¢| = n), kat b(S) € S,

1+ 2 < 2n onpeia, onou n > 5. Apa, ToUAax10TOV éva aro ta S,

(avt. t(S) € Sy). Z1n ouvéxela, anodeikvuoupe 611 0 Kapia erinedn avepyxopevr epputevon tou T
oto S 1o P, dev propet va spguteutei oto Sy, eve P, kat P, ev pPrmopouv va epguieutouv oto S;.

Ipotaon 1. Ze kade avepyouevn euputevon ou P, oto S; urapxet toun petalt tov arxpuov tou T.

Anodeln mg Ipotaonedl @upidoupe 6t 10 S; C S eivat éva Sipepég oUVoAo onpeinv, £101 OOTE
t(S) € S;. Le vaBe epdputevo” 10U Py 010 Sy, 01 KOPUPES Uy, Ug, Us ATIEIKOVI{OVTIAL O KATIOwW onpeia
0U S;. Zin ouvéxela gexmpiloupe TEOOEPIG TEPUTIVOELS AVAAOya Pe TO av Ol KOPUPEG Ug, Ug, Us
elvatl anewkoviopéveg oty 1d1a peptd tou S 1) o1

INepintwon 1. Ot KOPUPES Uy, Uy, Us Bpiokoviat otny idla peptd tou S, mbavov neprtdapBavoviag
kat 1o t(S). Xwpig BAABN TG yevikOTTtag, UMOOETOUE OTL €lval 1] aploTEPT] PLeEPLA TOU S, BA.
Ewova 2.1418. 'Eotw u;y; eival n mpotn kKopugr tou P, mou éxet ansikoviotei otn dstid
pepld tou S. Tote, enedn n r €xel anekoviotetl oto onueio tou S\ Sy, n akun (r, uy) €pvet
v akpr) (W, Wiyp) (0 v axkpn (Ui, Ww))-

Iepintowon 2. Kopugeg Uy, Us £XOUV ATEIKOVIOTEL otny ib1a peptd tou S, rmbavov neptdapBavov-
tag kat 1o t(S). Xwpig PAABN 11§ yevikotntag unobEtoupe Ot eivatl 1 apilotepr] pepid tou S,
BA. Ewoéva 2. I4lc. Tote n u; €xet aneikoviotel oty 8e8id pepid tou S. Tapatnpoupe Ot 1) Uy
bev propet va €xetl anekoviotel oto t(S), enedn tote dev undpyxel onueio 6rou Sa propovoe
Va amewkoviotel 1 uy. Apd, UTIApXel TOUAGYXI0TOV €va onpeio p dve amo v akyn (ug, u)
IOV TIPETTEL va ermorePOel aro to povortdatt P,. ‘Apa to povordat P, tépvel v akun (ug, uy).

IMepintwon 3. Ot KOPUPES Uy, Uy £XOUV ATEIKOVIOTEL OtV id1a pepid tou S, neplapbdavoviag v
t(S). Xopig PAdBn T1g yevikOtnTag UMOBETOUPE OTL £ival 1) aplotepn peptd tou S. Tdte n ug
éxel anewkoviotel otnv 6e€1d pepd ou S (Ewova 2.18la) kat wg ouvéneia, ot akuég (1, uy)
Kkat (us, ug) TEPvoviat.

IIepintwon 4. Ot KOPUPES Uy, Ug £XOUV ATIEIKOVIOTEL otV id1a peptd tou S, nepllapbavoviag tnv
t(S). Xwpig PAGBN Tig yevikotntag, UrobEToupe Ot eivat 1 apiotepn pepta tou S. Tote n uy
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Ewéva 2.15: (a-B) H kataokeun myv Ipotaong [l Meputtoosig 2 kat 3. (¢) H
rataokeun g potaong Bl

£xel anewkoviotel otnv 6e§1d pepd tou S (Eikodva 2.1516) kat ouvenog, ot akpég (1, up) kat
(us, ug) éPvovtat.

H anobeidn tng akoAoubng mpdracng ival ouppetpikr) otnv anodeign g Mpotaongdl

IIpotaon 2. Ze kade avepyouevn euputevon tou P, 1 tou P, 010 umoouvofo S, UTdpyouv TOUES
uetalv tov axuov ou T. |

Orote, péXpl topa £xoupe arodei§el 0Tl dev PIMoOPel va UMAPYEL AVEPXOUEVH EMIMedn ep@uTeUoT)
tou T oto S, otav 10 P, €xel epdputeutel 0g KATO10 OUVOAO S; 1) 6tav 10 P, 1) 10 P, éxel epduteutel
O€ KATIO10 OUVOAO Sp,. Ztn ouvéxela, 9a Hei§oupe on dev propei va urndpxet Kapia avepXopevn
ertinedn epgutevor tou T oto S otav 1o P, €xel eppuTeUtel 0 KATO10 OUVOAO Sy, 1] 6tav 10 P, 1] 10
P, €xel epguteutel o KATIO0 OUVOAO S;.

IIpdtaon 3. Asv undpoyet kauia avepyouevn eninedn eugputevon ou T oto S, étot wote 10 Py va éxet
ameoviotel ota onueia v Sp.

Anodeln g Mpotaongl3. TupBoAiloupe pe p, 10 onpeio T0U Sy, pe TV peyaAutepn Yy-OUVIETAYHEVT,
BA. Ewova 2 I5lc. Ano tnv kataokeur] tou S, kat eneldny Sp, etvat éva Sipepég ouvodo n onpueiov,
ouprnepaivoups ot 1o S\ Sy, repiEXel 10 TOAU n — 3 onueia Katw amnd 10 p,. Akopa, 0Aa autd
Ta onpeia Bpiokoviat otnv pepid tou S arévavit ano 10 p,. [lapatnpoupe ta akodouba: (i) H
KOPUQT] T TPETEL va TorobetnBel xapnAotepa aro 10 p,, KAt apa n r torodeteital anévavit amno
10 py, (i) H kopugn v; mpérnet va tomobetnOei xapndotepa amod v r, Kat enedn 1o P, mpémnet va
glval epPuIEUPEVO O OUVEXOUEVA OTPEla TOU S, 0AOKANPO T0 P, mpEret va €Xel ePPUIEUTEL OV
id1a pepla pe v r Kal KAt anod my r. ‘Opeg, T€tola onpeia undpyouv 1o oAU n — 4, dtoro,
ere1dn |Py| = n. m|

H axdAoubn nipdtaon eival ouppetpikn oty [pdtaon Bl

IIpotaon 4. Acv undoyel kKauia avepyouevn eninedn euputevon tou T oto S, 1ot wote 10 P, 1 10 Py,
va ExeL aneKoVIOTEL 0Ta onueia 1ou Sy |

'Onwg rmapatnPioape otV apxr g arodeing tou apdviog Se@pPrpatog, TOUAAX10ToV £va aro ta
nipooavatoAiopéva povorata Py, Py, Py, TIPETEL va €lval AMEIKOVIOPEVO Ot €va S1IEPEG UTIOOUVOAO
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T0U S mov 1epiéxet eite 1o b(S) eite 1o t(S). 'Onwg arnodei§ape otug IMpotdoesig Il éwg Ml auto sivai
aduvatov, eMOPEVRG E€XOUHE TO {NTOUHEVO. |

2.3.4 H Epd¢utcuoipotnta SEvipwv o Kuptd cUVOAa CHPEI®V

LG IPONYOUHEVEG EVOTITEG EEETACUNE PEPIKEG OIKOYEVEIEG BEVIPWV TTOU elte €XOUV eite Sev €xouv
P ep@uteuon oe 0rolodnrote KUptd ouvolo onpeiov. Mo ouykekpipéva arnodei§ape ot KAbe
8évipo-kapurma kat kaBe switch-tree epgutevetal avia oe €va Kupto OUVOAO ONPEI®V, EVE ATTO TNV
apVNTIKY] MAEUPA arodei§ape Ot UTIAPYXEL Pla OKOoyEvela TV k-switch trees, yua k > 2, rou Sev
ermbExetal avepxOpevn epQUTEUOT 0 OAd Ta KUPTA OUVOAa onpeiwv. To epwinpa rmou mPoKUITel
dapeoa ano ta arnotedéopata autd givat, eav dedopévou evog devipou T, Kal evOg KUPTOU GUVOAOU
onpeiov S Pnopouvpe va aroPpacicoupe 0 TIOAUDVUITKO Xpovo av 1o T erudexetat pia avepyXOpevn
euPUTEUOT) 010 S. ZInV evoTnIa AUt AMdVidpe KAta@atikd ot0 EpOTNHIA aUTo.

2.3.4.1 EWwroi oplopoi

'Eote S eivat éva yevikd ouvodo onpeiov. Emnedr) to S dev mepiéxetl duo onpeia pe v ida y-
OUVIETAYHEVI PUITOPOUHE va PAGHE Y1d TO TIPXOTO, SEVTEPO TPITO KAl K.0.K., XAPUNAOTEPO ONPEI0 OTO
aptotepd (avt. 8e€i) pépog tou S. Me 10 pF, 1 < i < |L(S)| oupBoAidoupe 1o i-0T0 Xapnddtepo onpeio
omv apiotepr] peptd ou S. TMapopota, pe pR, 1 < i < |R(S)| oupBoAidoupe 10 i-0t0 XapnAdtepo
onpeio ot 8e§1d pepla ou S.

Me 10 S pe.d = {p{“ |a <i < bjU {pfQ | ¢ < i < d} oupBoAidoupe 10 UTIOGUVOAO TOU S TOU
nepiéxet ta b — a + 1 81adox1ka onpeia g apiotepng Nepldag ou S, Eekvoviag ané 1o onpeio pk
Katl ouvexidoviag Katd v popd TV SEIKTOV ToU poAoylou, kat and ta d — ¢ + 1 s adoykd onpeia
otnv 8e§1a pepta tou S, Eerkvoviag amé 1o pR kat ouveyidoviag aviiBeta g POPAg TV SEIKTGV TOU
poAoyilou. T'a éva povopepég oUVOAO onpeinv armAomnolovupe tov OUPBOAIONO O Sy p-

Lta akdédouba umnobétoupe o1, ta artfjpata wnou ‘Bpeg 1o i-0to onueio otnu apiotepn/beéia ugp-
1@ ou S’ pmopouv va anavindouv oe xpovo O(1), dndadn ta onuela plag peplag tou S eivat
arnoBbnkeupéva oe £vav mivaka oty auiouoa KATtd TV Y-OUuVIETayHévr] oglpd.

Ly evotnta autr pildpe ndaviote yla kateubuvopeva 6évipa pe pida. 'Eva kateubuvopevo 8évipo
ovopadetat 6£vtpo ue pida, av pia amnod ug kopupeg tou r(T) €xel emmdexOel wg n pida tou. Me d™(v)
(avt., d*(v)) oupBoAidoupe 10 MANOOG TV £10pXOREVOVY OtV (avL., eEepXOPEVEOV amo) v Kopupr
v akpov. Me d(v) oupBodidoupe tov Badud tng KopuPrg v, dnAadn, d(v) = d (v) + d* (v).

‘Eote T eivatl éva kateuBuvopevo Sévipo pe pida r = r(T). ‘Eote T, . . ., Té_(r), T, ... ,T},(r) etvat
ta unodevipa tou T mou AapBavoupe av Swaypaywoupe and 1o T v pida tng r KAt TG AKPES
TpooTiIttouoeg oty r. epoue OTL Ta HEVIpa autd £€X0UV T1G Pileg TOUG OTIG KOPUPES YEITOVIKEG
HE NV 1 eite péow £10epxOpevVNg otny eite péow e§epxopevng anod my r akung (BA. Ewova [2.16.a).
Ta &évipa TE, ..., Té_(r), T ..., T§+(r) ovopdadovtal arAd vnodevipa tov T. INapatnpoupe 61t Ot
ekOéteg ‘I’ kat ‘h’ @avepmdVouv av 10 OUYREKRPIPNEVO UTIOBEVTIPO eival ouvdebepévo pe Vv r PEo®
E10EPXOPEVIG OV 1] €EePXOHEVIG ATTO TNV I' AKHNG, AVIioToid.

To unddevipo tou T mou arotedeitat ard mv pila ou T, r, pall pe ta vnodevipa T¢, ..., Té, "
ovopddetal 1o katw umodevtpo tou T Krat €xet eriong v pida tou otnv r. To k4t uvnddevipo tou T
oupBoAiletat pe 1o lower(T) (Ewova 2.1616). TTapopoia, 1o untddevipo tou T mou arnotedeital and
mv pita tou T, r, padi pe ta TN, ..., T§+(r) ovopdadetatl 1o mave unodevipo tou T kat €xetl v pida
tou oty r. To nmdve undédevrpo tou T oupboAiletat pe upper(T) (Ewova 216lc).

ZInV evOtnTa autr) XPNoooloupe Tov cUPBoAIoNO {u, U} yla va avarnapaoctjooupe TV akpr (U, v)
av (u,v) € T v akun (v, u) av (v, u) € T. Av 1 KOPpUPH U €XEL ATIEIKOVIOTEL OTO ONPEI0 P KaAl
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lower(T) i upper(T)

(a) (b) (©)

Ewéva 2.16: (a) Aévipo T pe pida r kat ta unddevipa wu TY,. .., T(li,(r),
T ..., T . (B) To untddevipo lower(T) tou T. (c) To urdédevipo upper(T) tou T.

dr(r)*

1 KOpUuPr] U OTO ONHEIO @, TIOU BPIOKETAl KAT® ATIO TO ONpeio p, 1éte Aépe Ot 1 arpn {u, v} eivat
avepyxopevn av (v, u) € T.

To akdAoubo Afjppa £Xel va KAVel PIe TV ePPUTEUOT] eVOg HEVIPOU O £va PLOVOPEPESG GUVOAO Onpeimv
Kal aroteAel pia amdr) enavadiatunwon tou anoteAéopatog tou Heath et al. ] (Bewpnpua 2.1)
Kat anodsikvuetal mapoépota pe o Afupalzl

Afjppa 10. 'Eoto T sivar éva katevduvouevo §EVT00 ue N KOPUQES Kat pila r Kat é0tw S eival
éva povouepeg ovvoflo n onueiov. 'Eotw Ty, Ty, ..., Te(r) eivar ta unodevipa ou T. Ia kade
avepyousvn eninedn evdvypauun suputevon tou T oto S woxvouvv ta e§ng:

i) Kade éva and ta T;, 1 < i < d(r), eivat ansucoviopugvo ota dradoxukca onueia touv S.

it) Av n pita r tou T PBpioketal oto oNUeio pr, TOTE OEV UTAPXEL AKUN TIOU va OUVOEEL onNueia Tou S
nou fpiokovtal Kdt® ano 10 p, Ue Ta onuela mov gival Tave ano 10 Py

Zinv ouvéxela Kataokeuadoupe évav arndod alyoptfpo mou adlornoiel 10 maparnave Afppa:

Anppa 11. 'Eotw T sivat éva 66100 e n KOpu@ES kat pida otnu r kai S lval £va HOVOUEPES OUVOAO
n onueiov. Mia avepyousvn eu@uievon tou T 010 S, TOU TPOPAV®S KAVOTOLEL TIG 1O10TNTEG TOU
Anuuarog[I0, umopei va umofoyiotel otov ypodvo O(n). Emiong, 1o onueio p,, omou tefica Boioketat
n pia r ov T, umopei va Bpedei otov xpovo O(1) (bnAadn, xwpic va Katackevaooupue oA0KANpN v
eugutevon tou T oto S).

An6dedn: 'Eoww k = |lower(T)| eivat 1o péyebog tou unddevipou lower(T) (rou €xet v pida oto
r). Le kaBe avepxoOpevn eminedn spduteuon tou T oto S (BA. Anppa[I0) vrapyxouv k — 1 kopupég
tou T (01 kopupég Tou lower(T)) mou Bpiorovial KAT® Ao v r. Apd, 1 r MPEMeL va Bpioketat
ot0 k-0t0 onpeio tou S. AuUTo 10 onpeio, £€0t® pr, PIopet va uroAoyiotel oe xpovo O(1). 'Exoviag
anogaoioetl ou Ppioketat n pida r, n avepxopevy epguteuon tou T oto S propei va unodoyiotet
otov Xpovo O(n) epputevoviag avadpopira 1ig Kopupég tou lower(T) (upper(T)) ota onpeia tou S
KAT® (Mave) aro 1o p;. m]

2.3.4.2 'Eva neploplopévo npoBAnpa avepxopevng epgpUteuong

[Ma va priopéooupie va avilpetoItiooupe T0 YEVIKO IPOBANpa epdpUTEUoT§ XPe1adopaote mpota va
AUooupe 10 £§1)G MEPIOPIOPEVO TIPOBATIIAL.
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Ewkéva 2.17: (a) 'Eva 8évipo T pe tnv pida r kat éva KUptd oUVOAO onueiov
S = LUR. (B) Mua rieptoptopévn) avepXopevn ertirnedn epdutevorn) tou T oto S otav
n r Bpioketat oto p;.

Oplopodg 2. X0 mpd6ANuUa TEPIOPIOUEVNS EUPUTEUONS SEVTPWY Uag divetal £va KateuduvOUEVO G-
00 T ue pida r, €va KUpto ouvoflo onueiov S, kat éva onueio p, € S. Znteital va arogaoioovue av
UTtApx el pia avepyousvn eninedn euputevon touv devtpou T oto ovvoAo S gtot wote (i) n pidar tov T
va fpioretal oto onueio p, kai (ii) yia kade unodevipo tou T va xoupe OTL 01 KOPUPES TOU Bpiokovtal
omv idla uepla Kat ota ovvexopueva onueia ov S. Mia euguteuon mouv mpel toug kavoveg (i — it) 9a
ovouadetal yia NEPLOPLOPREVY] AVEPXONEVH ERUTEUOT.

H enopevn nmapatrpnon £netatl dpeoa arnod tov oplopo T0U TTPOBATIATOg TIEPIOPIOPEVNS EPPUTEUONS
Sévipwv.

Mapatipnon 1. Zmv Avon ou mpo6ANUarog Teploplousévng euputeuong 6évpwv yla 1o T ue pila
oto r, oo ovvoflo S, omou N r fpioketar oto onueio pr € S, Kauia axun Oev TEUVEL TO TPIYOVO
A(t(L), t(R). pr) rat A(b(L), b(R). py).

H Ewoéva 217l a deixver éva dévipo T pe pida oty r, éva kuptd ouvodo onpeiov S = LU R. To
T €xe1 pla TEPIOPIOPEVT] AVEPXOPEVT EPPUTEUOT] OTO S av Kal YOvo av 1 r Ppioketal oto onpeio
pr € L (Ewoéva2.1716). Edv avtiotolicoupe tnv r o KAo10 AAAo onpeio p € S, tdte Sev propoupe
TAE0V VA KATAOKEUAOOUPE KAia TIEPIOPIOPEVT] avepXOUevr emirnedn epgutevor) tou T oto S.
[Tpwv MPOX®PNOOUNE VA TEPTYPAWPOUHE TOV aAyoplOpo andpaong yia 10 TEPIOPIOPEVO TIPOBANIA
EPOUTEVONG E10AYOUPE PEPIKOUG aropa oupBoAiopoug. 'Eote T eivat éva 6évipo pe pida oto r
rat €0t A = (Ty,..., Tyr)) elval n apibpnon v unodevipwov tou T. 'Eoww S eivat éva xuptd
ouvolo onpeiov kat I etvat pia avepxopevn epgutevon tou T oto S. Aépe ot n I ovpugovet pue tu
apidunon A av yua kabe 6vo unodevipa T; kar T;, 1 < i < j < d(r), tétola ©ote Kat ta 8Uo éxouv
areikoviotel oty ida peptd ou S, 10 T; £Xel ameKoVIotel og onpeia Tou S Mou eival KAT® aro
exeiva tou Ti.

'Eote 10 8¢vipo T pe v pida r kat éote A = (T, ..., Tcli,(r), e

unodevipav tou T. H apibpnon A ovopddetal katadanan av ikavorotel g e§ng didtnteg:

T, ..., TZ11+ (r)) etvat pa apibunon tewv

(i) |upper(Til)| < Iupper(T}l)l, 1<i<j<d (r), gat
(ii) [lower(TM)| > |lower(’13.h)|, 1<i<j<di(n).

lMa napadewypa, apibpnon A; = (Ty, Ty, Ty, Ts) eival pua kataAAndn apibunon v unodevipov
ou T g Ewovag 2. 17la, enedny lupper(Ty)| < lupper(Ty)| xat |lower(Ty)| > |lower(Ts)|, eve 1
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Ewkéva 2.18: H torobémon twv unodevipov oto Arfppa (a) H epguteuon
wv Ty kat Ty 8ev oupgwvel pe v epgputevon A. (B) Ta vnodevipa Ty kar Ty,
OTIOG KAt ta urodevrpa 1ou Bpiokoviat Petady toug, £Xouv avatorobetnBel wote
va cupgevouv pe v A (og avagopad ta évipa Ty kat Ty).

apiOpnon e = (Ty, Ty, T3, Ty) Sev eivat. MMapatnpoupe ot oe pia kataAAnAn apibunon A tou T,
1a unodevipa 10U KAT® Unodevipou tou T epgavidoviatl rdvia mpwv arnd 1ta urodevipa ToU MAVe
unodevrpou tou T.

Afppa 12, 'Eotw T sival va KateudUviouevo SEVTO0 e N KOPUQES Kkat pila r, A eivatl pa kataAinin
apidunon v unodsvpwv ou T, Kkat S sivar éva Kupt0 ouvoflo n onueiov. Av UTApXEL ia TPt
oplopEvn avepxouevn sugutevon tou T oto S, T0Te UTAP)XEL ETIONG UIA TEPIOPIOUEVN QVEPXOUELN
eugutevon tou T oto S mou oupupvel ue U A.

Anodedn: Ocwpoupe pia reploplopévy avepxopevn epdutevon I tou T oto S kat unoBétoupe 6T
n I' 6ev oupgovei pe v A. 'Eote 10 T kat 1o Ty eival HUo unddevipa tou T, TTOU £X0UV ATIEIKOVIOTEL
otnv 16wa pepla tou S, Xxwpig PAABn otnv yevikétnta unobetoupe Ot eivat 1 aplotepr) peptd tou S,
Kal €0t ot 10 T gppavidetatl kAt amnod 10 Ty, eved onv A, 1o Ty rat 1o Ty eppavidoviat pe v
avtiben ogpd.

[Mpwta napatnpoupe ot Kat ta duo Ty kat Tp avrkouv gite 010 KAT® £ite OTO TIAVE UTIOOEVIPO TOU
T. Av ox1, kat ente1dn) autd dev ouppwvouv pe tnv apibunon A, 1o T} avrKel 010 TIAVE UTIOSEVIPO
tou T, ev® 10 Ty 010 RAT® Urtodevipo tou T. Tote eival aduvatov ot akpég (r, r(Ty)), (r(Ty), r) tou
T va eivat kat ot Vo avepyopeveg otnv I

YroBétoupe ot kat ta 6uvo Ty kat Ty avAkouv 010 KAt® urddevipo tou T (n anddedn yua 1o
MAvVe UTOdevVTpo eival ouppetpikn). 'Eotw ot to wnAodtepo onpeio tou Ty €XEl ATEIKOVIOTEL OTO
ip-0T0 XapnAotepo onpeio oty aplotepn pepta tou S, dnAadr) oto onpeio pg (BA. Ewova 2.18.a).
Oswpoupe Vv gpguteuon [ mou mpokurttet aro v I av orpoioupe to unddevipo T,, kat 6da
ta unodevipa mou PBpioxkovial petady v Ty kat To ownv I' katd |T| onpeia mmpog ta KAT® Kat
spgutevooupe 10 Ty ota |Ti| onueia mou anedsubepobnkav, 6nAadr ota {p{; .. .pg_mm} (BA.
Ewova [2.186). H spguteuon nou mnpoxkurtet IV, sival mpopaveg eminedn. Ta va anodeifoupe
ot n [V elvat pa mepropiopévn avepyxopevn epputeuon apket va dei§oupe ot o1 akpég (r(Ty), r),
(r(Ty), r) mapépevav avepXOpPeVeg.

H axun (r(Ty), r) mpodpaveg apapével avepxopevn, eneidr) n kopuen r(Ty) anewkovidetat oty IV
o€ €va onpeio, mou eivatl XapnAotepo amo ereivo oto oroio arewkovidetal n r(Ty) omv I'. H pida
r(Ty) Tou 6évipou Ty anekovidetatl oto onpeio p{; —lupper(Ty)| TV I'. Ernedn) n I 6ev oupgpavel pe v
apibpnon A, 1o Ty epgavietar mipwv and to Ty otnv A Kat, apa, |upper(Ty)| < |lupper(Ty)|. Onote,
omv IV n xopuer) r(Ty) anekovidetatl oto onueio mou cupriret pe 1) eivat XapnAdotepo arno ekeivo
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orou Bptoketat n r(Ty) omv . Apa n akurn (r(Ty), r) eivar avepxopevn oty IV xat, dpa, n I sivat
P1la TIEPIOPIOPEVT] AVEPYXOUEVT] ETTINEDT EPPUTEUOT).

Zuveyxiovtag va avtaAdaloupe tig 9éoeig dAAAmv untdédevipmv ou Hev cUPPOVOUV e TV apibunorn
A naipvoupe pia mePlopiopévn ePPUTEUOT] TIOU OUPP®VEL pe v A. |

Ocwpnpa 6. 'Eotw T eival éva mpooavalofiougvo Sevtpo n Kopugov ue pila r, éotw L kat R eivat
£va aplotepouspeg Kat eva 6eElopugpeg oUuvoAo onueiov avtiotorya, £tot wote 10 S = LU R va anoteAel
&va Kupto oUuvojlo n onueiov, Kat pr va givat éva onueio wou S. To mpo6inua Teploplouevng UG-
tevong ue gioodo T, S kai p, umopel va arogpavdel o ypovo O(d(r)n). v wepintwon Katagpatkng
anavinong, uia TePIOPLoOpEVN avepxopusvn euputevon yia 1o T, S kat p,, unopet va Bpedei oe xpovo
o(d(ryn).

Anodedn: 'Eoww A = (T1.Ts.. ... Tyr) eivat pla kataddnAn apibpnon tev unodevipov tou T. H
KataAAnAn apibpnon A pnopet va vrnodoyiotet oe Xpovo O(n) pe tnv didoyion tou dévipou T rat
TOV UTMOAOY10p0 TOU IMANO0UG TV KOpudoVv ota urodevipa tou T Kal otn ouvéxela epappooviag
pua tawvopnon pe kadoug (bucket sort). Aro 1o Anppa[l12l&Epoupe 6t eival apretd va edéySoupe
av UTIApXEel Pl avepXOPevr el@UIEUOT TIOU oupdevel pe tnv apibunon . Zinv ouvéxela, Sa
neptypdyoupe évav alyépldpo Suvapikou mpoypappatiopou, ou dedopévou twv T, L, R xvat py,
arno@aoilet yla v Urapsn piag mePIOPIOREVNS AVeEPXOHEVIS EPPUTEUOT|G.
O alyop1Bpog pag xprnoworotel évav didtaotato mivaka M, Swotdaocewv d(r) X |L|. H uur M[i, j]
yivetatr TRUE av Kat povo av UIApyet plid IIEPLIOPLOPEVT avePXOPEVT] EPLPUTEUOT] TOU UTTOSEVTPOU TOU
T mou aroteleitat amno tov kOpBo r kat ta vrodevipa Ty, . . ., T, TIOU XP1OIOTIOLEL Ta j XapunAotepa
onpeia tou L kat 6oa onpeia xpetdletat oty R. AvakaAoupe ot pe {u, v} cupBoAidoupe v akur
(uw,v), av(w,v) € T, xar v (v, w), av (v, u) € T, addwg Sewpoupe ot {u, v} eival €évag Pn-op1oPEVOg
0pog.
Ma g oplakég ouvOrKeg TOU HUVAPIKOU TIPOYPAPHATIONOU €XOUE !
MJ[O, 0] = TRUE

TRUE, avj =0 xkat p, ¢ Ry 1| Kot {r(T1). pr} elvat avepxopevn
M]1,j] =< TRUE, avj = |Ti| xat p, &€ L1 1,| kat {r(T), p,} etvat avepxopevn

FALSE, &uagopetika
'Eow 0 = [T| + ...+ |Ti]. ®étoupe tnv M[i,jl. 1 < i < d(r) ka10 <j < |L|, va eivar TRUE av rat
povo av pia anod tg akoAoubeg ouvOrkeg sival aAnBOrg, os dlaPopetikn Tepinmtmon v SEtoupe
FALSE.

c-1: M[i,j— 1] = TRUE xat p, = L; ;.
Autn] 1 OUVONKN AVTIOTOIXEl OtV TEPIMIOOoN Otav 1o onueio p, ocupbaivel va eivatl to j-oto
onpeio tou L. Aev xperaletat va eAéygoupe 1o av ) aneikovion) g {r(T;), p,} elvat avepxopevn,
eredn 10 €xoupe 1dn eAéyiel ouprAnpwvoviag v tpn Mli,j — 1].

c-2: M[i—1,j—|Ti|]] = TRUE, p; ¢ Li_i1+1.; xat {r(T}). p;} €ivar avepyouevn.
Ze auty] mv nepintoon, 1o 6évipo T; tomobeteitat oto L. Fvepidoupe 0T1 Untapxouv apKretd
onpeia ywa to T; oto L, opwg enedn) j < |L|, mpémet va otyoupeutoupe Ott 10 onpeio p, dev
etvat éva and ta |T;| ynAétepa onpeia tou Ly .

c-3: M[i—1,j] = TRUE, pr € Ry.5 j 1y+1 ®at 0 —j + 1 < |R| xat {r(T), p;} eivar avepxduevn.
Zinv nepintoorn auvtr) 1o T; tonobeteitat oto R. Av p; eivat éva ano ta onpeia 10U Ry o—j|1/+1-
TIPETIEL VA OlyOUPEUTOUHE OTL UTTAPYXO0UV TOUAdylotov o —j + 1 onpeia oto |R).

c-4: M[i—1,j] = TRUE xat p, ¢ Ry_,—j xat 0 — j < |R| xat {r(T;). p;} eivar avepyxouevn.
Ly mepimoon auvty), 1o T; emiong tomoBeteitat oto R. 'Opwg, n dwadopd pe v Iepi-
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meon ¢-3 etvatl ot 10 pr Sev eivat éva amno ta Ry, j. Apa, xpewaldpacte Povo va eAéys-
OUPE av UTIApXOUV TOUAAGX1otov 0 — j eAeubepa onpeia oto |R|. TMapatnpoupe 611, av oute
DPr € Ri.o j1)+1 OUTE Py € Ry.5j €XOUNE O Pr € Ry j |1y42..0-j» TIOU Oonpaivel 6t 1o T; dev
HIopei va gp@uteutei ota onueia auvtd kat apa n uun Mlij] ev npénet va addaget oty
TRUE.

'‘Otav nipoadiopi¢oupe tnv tpr M|i, j| mpémnet va anopaocicoupe av n akun {r(T;), pr} eivat avepxo-
pevn. a va metvyoupe autd mpérnel va yvepioupe os moo onpeio Bpioketat n kopuer| r(Ty).
Ao 1o Afppa [IIl petd anod pia povadiky npospyacia xpovou O(n), 1o onpeio autd propei va
ripoodiopiotet oe xpdvo O(1), ereidn) 1o T; epdputevetat oe |T;| Siadoxikd onpeia rmou arotedovv éva
HOVOPEPESG OUVOAO ONPEi®V.

Ao o Afjppa[I2] énetat 6u i tpr) M[d(r), |L|]] = TRUE av xat povo av UTIApXEL Jia MEPIOPIoREVD
avepxOpevn erinedn epguteucn tou T oto L U R €10t oote 1 r(T) va Bpioretat oto p;.

Kd&Be tpry tou mivaka M pnopei va mipoodiopiotei oe Xpovo O(1). Apa 0Aeg Ol TIEG TOU TTivaka
urodoyidovtat oe xpovo O(d(r)|L]). Ztnv repirmt®orn Imou Udpxel Pid IEPIOPIOREVI] AVEPYOHEVT
epgutevon ou T oto L U R, propoupe va v urnodoyiooupe arobnkevoviag otnv M[i,j] v
pepud (‘A 1) ‘P) oy omoia 1o T; €xel toroBetnOel. Autry n mAnpogdopia pall pe 10 yeyovog ot
1| IEPLOPIONEVT) epdUTeUoT) oupdrvel pe v apibunon A eival apretr) yia va avakirooupe tnv
eppuUtEUO). |

ZupBoAdidoupe pe L(T, L, R), 1o oUvolo onpueiwv p € L U R 11010V OOTE UITAPXEL 1A TIEPIOPIOHEVT)
avepxopevn epgutevon tou T oto LU R, otav 1 pida tou T Bpioketat oto p. To akdéAoubo Sewpnpa
énetat ano 10 Oedpnpa @l pe évav ando édeyyxo kabe onpeiou tou L U R g untowrpia 9o yia tnv

ropupn r(T).

Oswpnpa 7. 'Eotw T sival éva katevduvouevo S£vTpo pe n KopugEg Kat pila r kat é0tw L kat R eivat
gva apilotepouepeg kar éva delouepég ovvojlo, avtiotoryra, 1ot wote 1o S = L U R va anoteel eva
KUpTO ovvofo n onueiwv. Tote 1o ovvoio L(T, L, R) umopei va unofoyiotei oe ypovo O(d(r)n?). O

2.3.4.3 O aAyoprOpog cAéyxou

'Eote T eivat éva kateubuvopevo §EVIpo e n KopugEg Kat €0t S ivat €va KUPTO OUVOAO Onpeimv.
Ze kdOe avepyxOpevn epgutevon tou T oto S undpxet pla nnyr s Kat pa kataBobpa t tou T,
oU avtiotolyouvial ota onpeia b(S) kat t(S), avtiotoa. Zinv evotnta autr, mapouoialoupe
évav alyopiOpo duvapikou mpoypappatiopou, nmou dedopévou evog dévipou pe n kopugég T, pe
KaBopiopéveg Kopudeg s (Tinyn) Kat t (kataBobpa), kat Eva KUPTo oUVOAO n onpeiov S, anodaoidet
0€ TIOAURVUITKO XpOovo av 1o §évipo T erudéxetal pia avepXOpevn epUTEUOT] OT0 S €101 QOTE 1] S
Kat n t va Bpiokoviat ota b(S) kat t(S), avtiotoxa. H epappoyrn autol tou adyopibpou os 6Aa ta
Cevyn (riyn), kataBobpa) tou T Ernetal évav MOAUGVUHIIKO adyopiOpo yia 1o apXiko rpoBAnpa.

Eoww s kat t eivat pa riyn kat pa kataBobpa tou T, aviiotoixa. ZupBoAiloupe pe Py = {s =
wi, W, ..., W, = t} 10 (AN-KateubBuvopevo) povordt and myv s oy t oo T, BA. Ewdva 219 a.
Me Tsu,. 1 £ 1 < m, oupBoAidoupe 1o unodevipo tou T mou MepPEXel TV S Kat oxnpati¢etatl pe
v dwaypadn g arpng {w;i, Wiy} Ao tov opopod, Tsy, = T. Eoww Ty, = Tsuw, \ Tsw,» 1 <
i < m. Ano tov opopo, Ty, = T, - A0 10 Anppa Il yvepidoupe ot oe kGOe avepxdpevn erminedn
epgutevon tou T oto S to Ty, epdutevetal oe dadoxikd onpeia tou S, ovopddoupe T0 OUVOAO
autd S; (BA. emiong Ewova 2.1916). Emedn n s npénetl va Bpiokerat oto b(S), ouprnepaivoups
ot b(S) € S;. Mapopoia, oe kAOe avepxdpevn erinedn epdutevon tou T oto S, 10 Ty, €MTiONg
EPPUIEVETAL O OUVEXOPEVA Onpeia tou S mou meptdapBavet to b(S), ovopdadoupe 10 GUVOAO AUTO
Sir1- Apa, 10 Ty, elvat epPUIEUPEVO 010 Sy, = Sir1 \ Si, €va UITOOUVOAO TOU S, TOU arnotedeitat

i+1



2.3 Epdputeucipotnra Aévipwv oe Kuptd Zovoda Snpeinv 189

@ (b)

Ewodva 2.19: (a) O diaxepiopdg tou T mou Bacidetatl 0to Povortatt ard Vv S otV
ttou T. (B) H yevikn dopr) tng avepxopevng epputeuocns tou §évipou T 0to 0UVOAO
S.

aro duo ouvexopeva (oUvola H1adoy 1K@V onpei®v) UTTIOOUVOAd TOU S, éva 010 aplotepd Kal €va oto
6e&l pépog ou S.

O aAyopOpog pag datnpetl pua Aota anod onpeia P(a, b, k), 0 <a <|L|, 0<b<|R], 1 <k <m,
TET010 WOTE:

T. srbEXETAL Pla AVEQXOUEVH eIUnedn epPpuUIEUo
peP(a bk S,Wic X B pXopevn n epg 1
010 Si..q.1..p M€ KOPUOT Wy va Bpioketat oto p.

IMa g oplakég ouvOnKeg TOU HUVAPIKOU PaAg TIPOYPAPHATIONOU EXOUE !

P(a. b, 1) = L(Ty,.L1.q.Ri1.p). 00U a + b = [Ty, |.
[Mapatnpoupe 6 enedr] w; eivat pa rinyn, 1 upn P(a, b, 1) sivar ion eite pe {b(s)} eite pe 0.
YrioBétoupe ot 10 Ty, €XEL PO avePXOPEVT erMinedn epputeuon oe ouvexdpeva onpeia tou S,
€0T® Si.g-a;,1..b-b,» HE TIS KOPUPES S, Wi va Bpiloxovtat ota b(S), g, avtictorxa. YroOgtoupe
ot 10 Ty, €XEL P10 MEPLOPLOREVT] AVEPXOHEVI] EPPUTEVUOT] OT0 Ly g, +1..a Y Rpp,+1..p PE TV W; Va
Bpioketat oto p. Av n akpn {w;_1, w;}, mou anewovidetal g eubUypappo tunpa (q, p), eivat ave-
PXOHEVI], PITOPOUHE VA OUVOUACOUHE TNV avePXOHEeVH eppUTeuct) Tou Ty, , PE TNV IIEPIOPIOPEVT)
avepxopevn epguteuot) 10U Ty, ya va KataoKeudooue pia avepXopevn epgputeuon tou Ty, 010
oUvVoAo onpelwv Sy q1.p. H 18€a avut) pag smrpénet va npoodetoupe onpeia oo P(a. b, i) kat
ePypAQEeTal TUITIKA Pe TV akoAoubn avadpopikn oxéon.

Ma kabe 1 < i < m Sétoupe:

Pla,b,i)={p | Jai.b1 €Z:a; + by =Ty,
Raiwp € L(Twi’ La—a1+1..a’ Rb—b1+1..b)
kat dgeP(a—a;,b—b;,i—1)
rat {p, q} eivat avepyopevn }

(2.5)

Anppa 13. 'Eoww T eivai éva §évtpo n kopu@av, S éva Kuptd oUvoAo n onueiov, éoto s Kat t givat
ua myn kat pa kata6odpa touv T, avtiotoyya. 'Eotw Psy = {s = wy, ws, ..., wy, = t} eval éva
uovorat wou ovvdéel g S kat t oto T kat é0tw Ts . 1 < i < m eivar ta unddevipa tou T, Onwg
TEPLYPAPTNKE TAPATAV®. YTAOXEL Lia avepyopuewn eninedn eugutevon tou T 010 S €101 wote N S Kat
n t va Bpiorovtar ota b(S) kat t(S), avtiotoyra, av kat uoévo av n uun P(|L|, |R|, m), vrofdoyiousvn ue
muv Bondeia mu avadpouikng oxéone (2.9), sivat un rkevn.
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Anoden: IMpohta Sa amodei§oupe ot av p € P(a, b, i), 10te 10 Ty, EXEL 1A AVEPXOHEVD EPPU-
TEUOT] OT0 S| q.1.p, PE TNV KOPUPI W; OT0 onpeio p. And ug oplakég ouvOrkeg, 1 dndwon auvtn
aAnBevetya i = 1. Yrobétoupe ottav g € P(a—ay, b—by, i—1) 101e 10 Ts 1, EXEL PI1A AVEPXOPEVT
ENQPUTEUOT] OT0 S]. g—q,,1..b-b,» HE TV KOPUPI w;_; oto onpeio q. Eow wpa p € P(a, b, i). Tote
arnd tov oplopd TG avadpopikng oxéong £xoupe otL: (1) undpyouv aképaiol a;, by € Z €101 Gote
a; + by = |Ty,l. (2) p € L(Tw,. La—a,+1..a: Rb-b,+1..p), T0 0om0io aro tov opopod tng L onpaivet 6t
unapxet pia avepXopevn epduteuct) tou Ty, 010 La—q,+1..a. Rb—b,+1..p P€ TV KOPUPT] W; OTO Onpeio
p. (8) dge P(a—a;, b—by,i—1), dpa, and v enayoyikn vnobeon, 10 Ty, , £XEL H1A avepXOHEVN
EPPUTEVUOT] OT0 S| q-q,.1..b-b, KAl TEAKA, (4) n akpn {p, g} ivar avepxopevn. Zuvdudloviag v
avepxopevn epguteuon tou Ty, , PE TV MEPIOPIOPEVT avepXOpevn epputeuon tou Ty, Kat v
axpn {p. q} naipvoupe pa avepxodpevn epgutevon) 10U Ts yy, OT0 OUVOAO ONPeiaV S) 4 1..p. AMO TV
[Mapatfpnon [ éxoupe 6T 1 TeEAKY] AMEIKOVIOT] £ival avepxOpevr Kat erinedn).

Ma v avtiBetn kateubuvon epyaldpaocte emiong pe eMay®yr]. Ao TI§ OPlaKEG OUVONKEG £XOUNE
ot: av 1o Ty, = Ty, €XEL plA avepXOHEV] ERPUTEVUOT] OTO OUVOAO ONHei@dV S; 4 1..b. TOTE B(S) €
P(a, b, 1), omou a + b = [T, |. YrnoB¢toupe ou n 6ndwon npog anodedn woxvet ya 10 Ty,
onAadn, av to Tsy,_, €XEL Pl ERPUTEUCT] OT0 Si. q1..p HE TNV KOPUPI wW;_; Oto onueio g, tote
woxvel ot q € P(a, b, i — 1). Yrobttoupe ott 1o 8évipo Ty, €XEL Pla avePXOPEVH] EPPUTEUOT] OTO
OUVOAO ONPEl®V Sy, 1. HE TIS KOPUPEG S Kal Ww; va Bpiokoviat ota onpeia b(S) kat p, avtiotoya.
A6 Vv napandve oudntnorn, yveopifoupe otl, oe Kabe t€tola epduteuon to 6évipo Tsy, , eivat
ATEIKOVIOPEVO O ouvexdpeva onpeia tou Sy 41, ITOU MeptEXel b(S). Apa UTIAPXOUV aKEPALOL A
Kat by, €01 oote a; + by = |Ty,| kat 1o untédevipo Ty, va Bploketatl ota Sg—g,+1..a,b—b;+1..b» HE TNV
KOPU®PI| W; OT0 ONPElo p, p € Sa—q,+1..ab-b,+1..b- EIUONG, amo v enaymyikn unobeon), undpyet
éva q € P(a—a;,b— by, i—1). Apa, enetdn) 1 akyr MOU CUVOEEL TO p KAl TO g eivat avepXOpevr,
Arto TOV OPLONO TG avadpopikig oxeong £xoupe ou p € P(a, b, i).

la i = m oupnepaivoupe 611 UTIAPXEL Pla avepyXOHevn eaguteucn tou T oto S, 1€101a OOTE 1] S
Kat n t va Bpiokovrat oto b(S) kat oto t(S), avtiotoixa, av kat povo av P(|L|, |R|, m) eivat pn-revo.
[Mapatnpoupe 6t av P(L|, |R|, m) # 0, tote mpémet va woxvetl ot P(IL), |R|, m) = {t(S)}. |

Ot upég P(a, b, k), otav0 < a <|L|, 0 £ b <|R|, 1 £ k £ m urntoAdoyidovtat aro tov AAyopiOpo Bl

Ozopnpa 8. '‘Ectw T eival eva kateuduvousvo §Evtpo n Kopu@av, S éva Kupto oUvojo n onueiov,
sua nnyn ou T kai t pa kata6odpa tou T. Tote umopouue va aropavdouvue o€ xpovo O( n®)avto T
emibéyeral pia eu@utevon oto S €10t wote 1 S va Ppioketal oto b(S) kat n t oto t(S). Znv katagatikn
TLEPITTWON, UTTOPOUUE VA KATAOKEUACOUUE 1A TETOLA EUGUTEVOTN UE TNV (61a xpovikn ToAuTokotnta.

Anédegn: O AlyopiBpogBlunodoyilel g pég P(a, b, k), a0 < a <|L,0<b<|R|, 1 <k < m,
apa, amo 1o Anppa ouprniepaivoupe 61t 0 AAyopiOpog [ aropaoiler av 1o T ermbéyetat pua
avepxOpevn) ePPUIEUOT] OTO S €101 OOTE Ol KOPUPEG S Kal t va Ppiokoviat otg b(S) kat t(S),
avtiotoiya.

Mia ipétn TIpooéyyion otnv avaluorn tou AAyopiOpou Bl pag Siver tv moAuroxdtta O(n’). H
avdAuon auty pourtobetet ott: (i) kat ta §¥o pépn tou S €xouv peyebog O(n), (i) To povoratt
and mv s oto t €xel prrog O(n), (iii) kabe dévipo Ty, €xel péyebog O(n) kat (iv) kdOe Aiota L mou
TEPIEXEL TNV AUOT] TOU IPOBANPIATOG IEPIOPIOPEVIG EPPUTEUONG, HITOPEL va UIOAoy1lotel oe XPOVO
omn®).

Baoiépevol otig Mapakdi® MAapAtnProelg, HMITOPOUHE vV HEWWOOUHE TV TOAUMAOKOTNTA OtV
ond).

o Mropoupe va PEWOOUPE TNV IOAUMAOKOTINTA KATA €vav Iapdyovia n, av ouveldntoroi-
OOUPE OTL 0 HUVAPIKOG pag Tpoypappatiopog propet va Swatnpei v Aota P’ (a, i), pe v
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Algorithm 5: TREE-UPSE(T, S, s, t)

Eicodog : 'Eva kateubBuvopevo dévipo T, €éva Kupto ouvolo S, pia mnyr) S Kat pia kataBobpa
t tou T. To povordtt (s = Wy, . .., Wy = t) XPNOWHIOMOIETAL YVid VA XTIOTEL IIPOOSEVTIKA 1)
epgutevon tou T amo ta unddevipa Ty, 1 < i< m.

‘E§060g : NAI’ av 1o T €xe1 avepXOpevr epUTeUOT] 0To S pe tv s oto b(S) kat tnv t oto t(S),
‘OXT’ Srapopetika.

1. Fora=0...|L|
2. For b=0...|R|
3. P(a, b, 1) = L(Twl’ Ly.a R1.p)
4. Fork=2...m //®cwpovpe 10 Ty,
5. P(a,b, k) =0
6. Fori=0...|Ty| //®twpovpe v nepintoorn Omnou
i KopudEg tou Ty, Bpiokovrat otny
aplotepr] pepid tou S
7. if (a—i>0) kat (b~ (|Ty, | —1) > 0)
8. ‘Eoww L = L(Tw,. La-i+1..as Ro—(1,, |-0)+1..b)
9. // E&etaloupe 6Aeg g Suvatég 9eoelg tng Wi—1
10. For each g oto P(a — i, b — (|Tyy, | —1). k- 1)
11. / /E&etaloupe 6Aeg tig Suvatég 9oeig g Wy
12. For each pin [
13. if ( {w;_1, w;} ou anewovidetat eubvypappo
14. unpa (g, p) eivat avepxopevn )
15. then nipoobétoupe p otnv P(a, b, k).

16. if P(|L|. |R|, m) eivat abéswa then return(‘OXI)-
17. return(‘NAIY;

MAPAPETPO POVO Yla TV apilotepr) Hepld tou ouvodou (avtiBeta pe v P(a, b, i) mou €xet
MAaPApPETPOUg Kat yia tig 6uo pepiég tou S). O apibpog v onpeiov oty 6e§1d pepta tou S
IPOKUITTeL Ao 1o Peyebog tou dévipou T, . T'a amdonoinon g napovoiaong anogpaocioape
va xprnowornowjooupe v P(a, b, i).

o Mrmopoupe va PEWOOUHE TNV TTOAUTTAOKOTNTA KATA VAV TAapdyovid N akopd, apatnpoviag
6t n Mota £ oucwaotikd unodoyidetat otov Xpévo O(deg(w;)n?). Apa, abpoiloviag mave
and dAa ta i £€xoupe ovvodo O(n®) kat ox1 O(n?).

H epguteuon tou T oto S priopet eUkoAa va avaxkindet tpornoroioviag tov AAyopiOpo Bl €tot dote
va arobnkevetal yla kabe onpeio p € P(a, b, k) éva onpeio g, 6mou tonobeteital ) KOPUPN Wi—1,
KaOng Kat 10 oUVoAO onpeimv ornou epgutevetat o 8évipo Ty, , (6nAadr), ta Vo mdve onpeia,
otV apotepn Kat oty 6ed1d pepid tou S). |

Epappodoviag tov AAyépiBpo [ oe 6Aa ta {euyn ( minyr, kataBobpa ) tou T, PUIopoupe va aro-
paoiooupe av 10 T emdéxetal pua avepXOopevn ePpUIEUOn OTO S, OTIOG Pag AEel T0 akOAoUBo
Sewpnpa.

Ozopnpa 9. 'Ectw T eival éva kateuduvouevo §EUTp0 N KOPUPOL, S éva KUptd oUVOA0 N ONUEI®D.
Mmopotue va aropaciooups oe xpovo O(n) av 1o T emibéyetal pia avepyousvn emimedn supureuon
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oto S. Emmiéov, av pa 1€tola eUGUIEVON UTLAPXEL, TOTE UTOPEL va KAtaoKevuaotel uéoa o idia
xpovwkn tofurjokomnia.

Anoédefn: H amdr epappoyn) 1ou aldyopiBuou pag odnyei otnv moAurmiokotnta O(n’), enedn
propet va unapxouv O(n?) drapopetikd JeUyn MNyoV Kal kataBoOpav. Sinv ouvéxela eEnyoups
M®OG PITOPOVHE va Peldooupe v oAurokdtnta oto O(n’). ‘Eote Ps, eivat éva povorndtt ané v
S otnV t, TIOU TePvA OUVOAO ard m Kopupég Kat €0tw t’ eivat ) j-otr Kopudr) tou Psy, 1 omoia eivat
eriong pa kataBobpa tou G. Zinv Sidpkela tou urodoylopou g P(a, b, m) ya 1o povorndtt Ps,
urodoyidoupe eriong v tpn P(a, b, j) kat dpa Propovpe Apéomg va AravirjOOUHE AV UITAPXEL
pa epgutevorn tou T oto S €10t ®ote ot S Kat t’ va Bpiokoviat ota b(S) kat t(S), aviiotoxa. Ztn
ouvexela, Yewpoupe v katabobpa T rou dev avrket oto povortatt P ;. Bewpoupe 1o povortdt Ps.
YroB¢toupe ot 1) tedeutaia Kowr) Kopudn tou P kat tou Pgz eivat n j-otn kopuor) tou Ps;. 'a
va uroloyicoupe av urapyet pla epguteuor tou T oto S €10t dote s Kat T eivat ota b(S) kat t(S),
avtiotold, PIopoUHE va SEKIVIOOUE TOUG UTIOAOY1010Ug tou AAyopibuou (5 rmou ripoodiopidoviat
and mv petabAnty k, amno v upn j + 1 (BA. ypappn 4 tou adyopibpou). Apa, yia v povadika
mnyr S Kat 0Aeg g Sapopetikeg kataBoOpesg n petaBAntr) k aAddader ovvodo n @opég. Emedr) o
apOpog v yev eivat O(n), KataAnyoupe oto 0Tt O TPOIOTIONIEVOS £8® alyoptOpog ektedeitatl
oe xpovo O(n®). |

2.4 Ep¢uteuvon E§weninedwv Kateypapnpatwv oe
Kupta ZuvoAa Inpeiwv

Ziv apouoa evotnta ereKIEVOUE TO AIOTEAEOPA TNV IIPONYOUHEVNS £vOTNTag KAl apousotd-
Joupe évav TMOAUGVUIIKO alyopiBpo, rou Sedopévou evog efwertinedou ypaprpatog G kat evog
KUPTOU ouvolou onpeiov S, arnodacidet av 1o G ermdéxetatl pia avepxopevn erinedn eubuypappn
epgutevon oto S. Ta v eukoAia g KAtavonong S1atnPoUpe TOUg VEOUG OPlOPOUS KAl TNV
eptypadn tou adyopibpou 6oo o Kovid yiveratl otnyv reptypadn) tg rponyoupevng evotntag.
Ocwpovpe éva akukAko efwemninedo yoapnua G, dnhadn éva ypadpnpua Xopig Kateubuvopevo KUK-
Ao, TO UTOKeipeVO PN-KateubBuvopevo ypagnpa Tou oroio sivat éva e§wertinedo ypapnpa. Mia
xwpilovoa kopuern tou G eival pia kopudr), 11 Sraypadr) tng ornoiag augavetl tov apibpod 1V OUVeK-
TIK®V OUVIOTOO®OV TOU YPAP1PNATOG.

'Eote ¢ eivat pa xepidouvoa kopudpr tou G rat €otw Gy, ..., Gk eival ot Péyloteg OUVEKTIKEG
OUVI0TOOEG TTIOU AapBdavoupe pe v dtaypadn g ¢ Kat 11§ IIPOOTIouoeg o autv akpég. 'Eotw
G/ etvatl éva KateubuvopEvo ypagnpa mou mapdyetal arnod tg Kopugeg tou G; Kat v Kopudn ¢,
i=1,...,k. Toouvvodo G],...,G| 1oV unoypapnpatev tou G ovopddetal tourn otmv Kopuer c.
'Eva péyioto vroypdonpa tou G, 10 UTIOKEIPEVO PN-KATEUBUVOPEVO YpAdnpa TOU oroiou eivat
2-ouvdebepévo, ovopaletal éva umidok tou G. Mia Ropugn tou G 1 oroia eivat eite nnyr), eite
KataBoOpa avadépetal wg H1axoning.

O1 Binucci et al. ] arédei§av 1o akddoubo Anppa.

Afjppa 14 (Binucci et al. ]). Eotw G givat éva akukjltko Kateypapnua Ue N KOPUPES TTOU TLEPLEXEL
gvav un-katevduvvouevo kurkido C ue k Kopugéeg, yla kamoto k < n. Ymodetouue ot o C gxel U0
KOPUPES U Kat U Tov kat ot dvo givar tnysg otov C. Tote umapyel éva Kupto ouvojlo n onueiov S
T€1010 wote 10 G va unu emdexeral Kauia avepxouevn emninedn euguteuon oto S.

To arotédeopa autd MeKTEIVETAL O OITOIOONIIOTE KUPTO OUVOAO Onuei®v Kat o PIrtAok tou G:
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Afppa 15. 'Eotw G cival éva efweminedo akukAko Kateypdgnua n Kopugwov, éotw B eival éva
urflox tou G kat S éva kupto ovvoflo n onueiov. Av 1o B mepiéxet eite SU0 nnyég eite Svo kKatabodpeg
0te G 6¢ev embEETAL KaUla avepyOuevn eminedn eupuTevon oto S.

An6dedn : Eig atorov anaywyr), £0te B eivatl éva prloxk pe §Uo nnyeg sy kat sp. [apatnpovpe ot
161e 10 prmdok B mepiéxet kat Huo kataBdBpeg. Ilapatnpovpe emiong ot o onoladnmote eminedn
AVEPYXOPEVH ATIEIKOVIOT] TOU B 01 KOpUpEG ToU B arnotedouv éva Pn-Kupto oUvolo onpeiov. Eneidr)
Ou®g S eivatl KUpto, Kal dpa OrolodIIoTe UITOOUVOAD TOU eilvat eMiong KUPTO, OUVETIAYETAL OTL TO
prmdoxk B, kat dpa Kat 1o ypdonpa G, dev erudexetatl kapia avepyopevn emninedn) epgutevon oto S.

]

Eme1dr] kabe prAok €xet tov 1610 apibpd nnyodv kat kataBobpmv, armd 1o mponyoupevo Anppa
ouprnepaivoupe 6Tl Ta pova ypadrnpata rmou propet va €xouv epguteuon mou avaldntoupe eivat
Ta ypagrnpata 6rmou Kabe Pmlok €xel arpBog pia mnyr Kat pa kataBobpa. Emedr) to ouvolo
onpeiov S eival KUpto, mapatnpEoupe Otl 1 povn eminedn epgutevon ou G mou Tapouotalet
eviladEPOV yia pag etval exeivn mou €xel 0Aeg TIS KOPUPEG OTO TEPIBANPa tng amnekoviong (n
ovopadopevn efweminedn supuicvon (outerplane embedding) ). Mia e§werinedn epguteuon evog
prmok B pe pa ninyr Kat kataBobpa gpdooetatl ano U0 povotova PoVOTdTid, TIoU OUVOEOUV TNV
Nyt Tou pe v KataboBpa tou rat ovopadovial micupég tou B. Av pia anod tig mleupég tou
artoteAeitatl and povadikn akpr, tote 10 B ovopddetal povonieupo, addwg eivatl dirjleupo. Mia
Kopudn tou B mou dev eivat daxoming tou B ovopdletal wiayia kopugn tou B. Me L(B) kat
R(B) ovopdoupe ta oUvVoAd TV MAGYI®OV KOPUP®V 1§ aplotepr|§ Kat g de§iag mleupag tou B,
avtiotoxa. ‘Otav €xoupe Sexwpioet éva pridok B tou G, pe L(G) (avt. R(G)) oupBoAioupe OAeg
TG KOPUPEG Tou ouvolou L(B) (avi. R(B)) evopéveg HPe OAeg TI KOPUPEG TV OUVIOT®OO®V Tou G
TIOU YELTOVEUOUV He T1g KOpUudég 1ou L(B) (avt. R(B)) kat avapépoupe ta ouvola L(G) kat B(G) og
nAsupég ou G.

Ot akpég ou G ou Bev AVIKOUV Og Kavéva UMAOK ToU Yempouvial ®g TEPUUEVa UTAOK TOU
G. 'Etot, ot 800 KOpupEG OTIG OIToieg ITPOOTIITIEL Pid TETOlA AKHI] AIOTEAOUV TV MNyr Kat Tty
KataBoOpa Tou aviioTtolou TETPIUHPEVOU PTTAOK.

'Eote 6t 1 kopudn v eivatl pa xwpidouoa kopudrn tou G. Ta prmdok tou G yia ta onoia 1 Kopuor)
v elvat dakomng (rnyn 1 kataBobpa), ovopaiovial oprakd Umjlok g v, T UITOAOUTA PITAOK ITOU
Mep1EXouv Vv Kopudny v ovopdoviatl wAayia uriok tng v (BA. Ewova 2.20la). Me b~ (v) (avt.,
b*(v)) oupBoAidoupe Tov ApPlOPS TOV OPLAKMV PUITAOK Trg U yla ta oroia n v eivat kataBoBpa (avr.,
ninyn). Me b(v) oupBoAiloupe 10 GUVOAIKO aplOPd TV OPLAKAOV PITAOK TTOU €XEl 1] KOPUOn U,
dnAadn, b(v) = b~ (v) + b*(v).

Aépe 6t 10 ypagnpa G eivat éva yoagnua pe pida av pia anod ug kopupég tou r(G) éxel Sexwpiotet
®g 1 pila tou.

'Eotw Gi, e Gé_ () Kal Gi‘, e G;L(r) etvat ta vnoypadnpata tou G, mou AapBavoupe naipvoviag
TOHI OINV r KAl IoU €X0UV NV I ®©¢ Inyn 1 kataBobpa, avtiotoixa. Ta unoypagprnpata avtd
ovopadovtatl optaka unoypagnuata wou G (BA. ya mapddsiypa 10 KOKKIVO UTioypadnpa otnv
Ewova [2.2018). Ta uroypagrpata tou G, 1ou AapBavoupe aipvoviag topr) oty r Kat rou £€X0uV
Vv r ©§ Adyla Kopudr tou, ovopalovial mAayia vroypagnuata tou G (BA. yla mapdadetypa to
npdovo unoypdaenua oty Ewova 2:2016). Mapatnpoupe 6t o1 ekBéteg U kat ‘h’ @avepovouv av
TO OUYKEKPIHEVO UTIOYPAPNA €XEL TNV I @G KataBoOpa 1 mnyr), aviiotota.

To untoypagpnpa tou G, rnou anotedeitat ano v pida tou G, r, KAl ta vroypapnpata Gi, e GL, ()
ovopadetatl kate unoypapnua wu G. To katew unoypdaenpa tou G oupBoldiletar pe lower(G)
(Ewkova 2:2018) kat £xet tv pida tou oty r. IMapopoia, 10 vroypagpnpa tou G, Tou arotedsitat

ano mv r kai ta vroypapipata G, . . ., G£‘+(r), ovopadetal tavw vroypdgnua ou G KAt £XEL EMionNg
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Vv pida tou oy r. To ndve vnoypdenpa tou G cupBodiletal pe upper(G). Eote éva prmAok tou
G, Tou TiepiExet TV pida TOU r KAl £0T® U ival Pia KOpu@r] autou ToU PIMAOK S1a(OPETIKY] Ao v
r, ou eivat pua Ywpi¢ouoa kopudr| yia 1o G. Oswpovpe pa topn oty v. Me G(v) oupBoAidoupe
NV £VOON TOV OUVEKTIKOV OUVIOTOOMOV TIOU Hev Tieptéxouy v r (Ewova [2.2016). To unoypapnpa
G(v) Sswpeital 6t €xet v pida g otnv Kopudr) v.

upper(G)

(@) () ©

Ewkéva 2.20: (a) 'Eva nmapddetypia 1ou optakoy Kat tou mAdaytou prdok. Ta
0pLaKA PIMAOK eldavidovial e KOKKIVO. Td UMOAOLa eivat ITAGyld PITAOK.
(B) To e&werinedo ypapnua G. 'Eva oplaxkd rat éva mAdylo uroypdenpa
tou G gpdavidovial pe KOKKIVO Katl rpdoivo, avtiototya. Ta kKato kat
nave unoypadnpata tou G eival mepKuKAIEVA PE YKPL KapmuAn. Ta
urnoypapnpata G(v) kat G(w) tou ypaprpiatog G €Xouv mepKUKA®DEeL pe
pre xapmudn. (¢) Anedegn tou Afjpnartog 16l

Agbopevou 6U0 kopudpwv s Kat t tou G, pa kopudn ¢ tou G ovopddetat (s, t)-ywpidovoa av 1
dlaypadn g ¢ aprjvel TG S KAl t o€ S1APOPETIKEG OUVEKTIKEG OUVIOTMOES.

Eoww G eival éva efperminedo kateypdpnpa pe v rnyr) (avi. kata8obpa) r. To ypapnpa G Sa
ovopadetatl HovomAeypo av Kat povo av G erudexetal pia avepyopevn erinedn epguteuon os va
povouepég ouvolo onpeiv peyeboug |G| €tot wote 1) Kopudr] r va Bpioketal oto XapnAotepo (avt.
WYnAdtepd) tou onpeio.

To endpevo Sewpnpa and toug Binucci et al. ] apouotddel Tig avaykaieg Kat Ikaveg ouvOnKeg
WOt €va eERertedo ypdpnpua va €xel epPpUTeucT) o KAOe POVOPEPEG TUVOAO OTPIEI®V, XWPIG OP®S
va arnattei KAnow oUyKeRPEvVn Tou Iyt va Bpioketatl oto xapnidtepo onpeio. 'a va dratuno-
ooupe 10 deppnpa xpeaddopacte Tov 0plopo Tou Londntikou devtpou (auxiliary tree) amd ].
Eotw 7 (G) eivat 1o 6évipo 2-ouvdedepévov ouviotwomy tou G. Mia ropudr] 1 tou Bondnuikou
devipou 7/ (G) avuotoikei oe unddevipo T tou 7 (G) mou eival péyloto oG mpog v €§ng 1diotnta:
pa xepidouoa kopudn ¢ iou avirel oto T Kat emiong avhyket oe U0 PITAoK tou G givatl S1akorting
(mnyn 1 kataBoBpa) kat yia ta §vo prdok. Mia axkur] tou 7 '(G) kateubuvopevn anod v U otny v
avtotoiyel oe pa xopidouoa Kopudrn Imou eivatl mAdytla Kopudr) yia To PITAOK IOU avarnapiotatat
arnd v ¢ Kat S1akOIng yid 10 PMAOK MOV avarnapiotatat amno tny Kopuer) v.

Ocopnpa 10 (Binucci et al ]). ‘Eva ypagnua ue n kopuges G embexetal uia avepyouevn
ETMESON EUPUTEVOT OE OTIOI0OTIOTE LOVOUEPES OUVOAO N ONUEIDV av Ol aKO0Ueg OUVINKES LOXUOUD

ZuvOnkn 1: Kade unox tou G eivar uovomieuypo.

ZuvOnkn 2: Kade ywpilovoa kopugn mou avnkel o dUo uriok anoteAel Siaxomntn yia touAdx1otov
éva ano avta.

ZuvOnkn 3: Kade koubog tou T éxel 10 mOAU uia 0oy OUeVT] aiun.
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Mapakrdi® enekteivoupe 10 Se@pnpa autd Otnv MEPITI®OT Orou pa Sedopévn mnyrn tou ypagpn-
patog aratteitat va Bpioketal 0to XapnAotepo onpeio Tou GuvoAou.

Afjppa 16. 'Eoww G sivar éva akvkiuco efweninedo kateypapnua ue pia omv r. To yoapnua G
elvai éva uovoOmAUPO yodgnua av Kai uovo av oL ouvdnkeg tou BewpruartocI0 woxvov kat emimiéov
1 Kopuen r avrkel otnv kopugn t1ou T ' (G) mou Gev €xel EI0EOXOUEVES AKUEC.

Anoddedn: Zunv anodeidn tou Osrprpatog arnodekvuetal ot av n r eivat pua nnyn (ave.
KkataBobpa) tou G kat avikel oe pia Kopudn tou 7 '(G) xwpig eospxoueveg akpég, tote 10 G
ETUOEXETAL PIa AVEPYXOPEVT] EPPUTEUOT] O £va POVOHEPEG OUVOAO ONPEi®V, TETO1A OOTE 1] KOPUQT| T
va Bpioketatl oto xapnAdtepo (avi. Pndotepo) onpeio 10U OUVOAOU. ZInV OUVEXELD ATIOOEIKVUOUNE
OTL autr) eivatl emiong KAt avaykaia ouvOrnkn.

Eotw C, £ival 1o 0UVOAO TV PITAOK IO avartaplotevial oto 7 (G) ano pia kopudr) kat éotw r € C;.
YrioB£toupie, €1g Gtomo anaywyr], 0t 1 Kopugr tou 7 '(G), O1ou avikel 1) r, £Xel TOUAGX10TOV pid
g1oepxOpevn akpn. Tote vndpyet prdok B oto G, 10 01oio €Xel pia Kowvr] Kopudr] pe 10 Cp, €01®
v v, 1 oroia eivar mMAdyla Kopudr) tou B. 'Eotw U eivat pia kopudr] tou B, mou ouvdéetat
pe mv v pe akpn (U, v) (BA. Ewdva 2.20lc). Te pia avepyopevn eminedn epguteuon tou G os
€va JIOVOUEPES OUVOAOD ONPEimV 01 KOPUPEG ToU C, MPEMEL va ATIEIKOVIOTOUV Og Onpeia mou eivat
wnlodtepa arnod 1o onueio 6rou Bpioketat n Kopugn v'. Atoro, eretdr] urtoBéoape Ot n XapnAotepn
KOopud1) NG eEPPUTEVOT €lval n r, dpa 10 ANpya Enetat. |

[Mapatnpoupe Ot 11 KATaoKevr] tou Bonbnuxoy &évipou 7'(G) tou ypagpnpatog G rat €Aeyxog
v ZuvOnkmv 1-3, 600 Kat 0 €AeyX0g TOU av 1 KOPUQI) I aviKkel o pia Kopudr ou 7 '(GQ) xopig
€10epXOPEVEG AKUEG, Propel va mpaypatoroinfet oe xpovo O(|Gl). Erurdéov, otnv anddeign tou
Ozwprpatog 10 [12] ot cuyypapeig, dsdopévou piag nnyrg (avt. kata8oOpag) r tou G pe v rapa-
ave 1810tta, tapouctadouv évav alyoptdpo pe noAumlokotta xpovou O(|G|), ou kataokeuadet
pla avepxopevn epguteuon tou G oto S pe v Kopudn r va Bpiloketatl oto Yapndotepo (avi. yn-
A6tepo) onpeio tou S. Apa £€xoupe o €§1g Anppa.

Anppa 17. 'Eotw G ivai éva efwentinedo axukiud kateypagnua pue pia otnu r, mou givat pia tnyn
(avt. karta60dpa) tou G. Mmopouvue va aropacioouue oe xpovo O(|G|) av 1o yoapnua G eivat povo-
Asupo. Av vai, pa avepyousvn euputevon tou G oto S 1ot wote N r va Bpioketal oto xaunlotepo
(avt. ynAotepo) onueio tou S Umopet va Kartaokevaotel ue v idia xpovikn roAvrjokotnia. |

2.4.1 I810nteg TV e§weninedwv ypapnpatwv

Zinv evotnta autr rapouotddoupie Tig avaykaieg ouvOnkeg yia v dopr evog e§wertinedou ypagr)-
HAtog, TIOU ETUOEXETAL Pl AVEPXOUEVH EPPUTEUOT] O £va KUPTO OUVOAO OnpEeimv.

Eoww S eival éva xkuptd ouvoro n onpeiov. 'Eotw G sival éva efweninedo kateypdpnpa pe n
KOPUQEG Katl s, t eivatl pa mnyn Kat pua kataBobpa tou G, aviictoixa. 'Eoww Ps; eivatl éva
povoratt anod v s oy t Kat é0tw Py, = (S = wy,...,wy, = t) eival 10 vnoouvodo tou Ps;
rou arotedeitat povo armd g (s, t)-xepidouoeg kopudég (BA. Ewodva Z2T). Ovopdloune PS5, éva
(s, t)-xwpidov vropovoratt 1ou Pg;. Iapatnpoupe 6tt Kabe U0 H1ad60X1KEG KOPUPEG Wy, Wir] TOU
Pg, avirouv oto i610 prdok tou G, Tou prnopet va eivat emiong éva tetpippévo prhok, dniadn,
pua akpn. Me to Gyy,,w,,, OUpB0AiloupEe TO ypadnpa mou nmapdyetat ano 10 UIAOK autd Kat OAeg
TG KOPUPEG TIOU oUvHEovTAl Pe autd PE0K POVOTIATI®V TTOU HeV TTEPVOUV OUTE ATIO TV W; OUTE AITO
mVv Wir1. Oepovpe 0Tt Gy, w,,, EXEL OGS pida v Kopudn w;. Ta ypapnpata Gy, ,w,: - - - » Gy o
ovopdaloviat Saotkeg ouviotwoeg tou G mov opifovtar and to povordatt Pg .

OerpoUpe Vv KOPpUYn w; KAl 1o unoypadnpa tou G mou meptéxet v w; Kat dnpioupyeitat pe
v dlaypadn v akpov 10U Gy, w, Kat 10U Gy, w,,,,» [IPOOCTUHITIOU0ES Otnv w;. ZupBoAiloupe to
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wy =1

Ewdva 2.21: 'Eva povoratt anod wmyv s oty t oupBoAiletal pie KOKKIvo.
To unopovordtt Pg, = {s = w;, we, w3, wy = t} eivat o1 (s, t)-xopilovoeg
Kopupég tou G. Ot Paoikég ouviotwoes Gy, > L = 1,...,3 Kat o1 xopi-
fouoeg ouviot®woeg Gy, L = 1, ..., 4 elval epIKUKAGPEVES PE VRPL.

Ewdéva 2.22: Mia avepxdpevn erinedn epputeuon U Gy, , w, KAl TOU
povortatiov Ps; og kanotla onpeia tou S. To povortatt Ps; oupBoAidetat pe
Slakekoppévn ypapyr).

ypdopnpa auto pe Gy, Katl 10 ovopagoupe xwpifovoa ovviotmoa otny Kopupn w; mou opiletal amo 1o
povortdtt Ps ;. TéAdog, 9¢toupe Gy, va elvat to unoypdpnpa tou G mou mapdyetat arno TG KOPpUupeg
OV X®PKOUO®V CUVIOTOO®V Gy, .. . . .Gy, KAl 1OV BACK®OV oUVIOTOO®V Gy . - - - » Gy, ,w, (BA. §ava
v Ewxoéva[2.27] xat ertiong v Ewkova[2.24la yia tv yevikr) Sopr) tou Siaxopiopov rou opicaps).
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Oa Aépe entiong ot 1o vnoypagnua Gs,, 0pigetal amo 1o povorndtt Ps; Kat v Kopudn w;. Amo
0V 0polo, woxVet Ott Gy, = G Rat 61t Gy, = Gg . To ak6Aoubo Anppa napouotddet MoAAEg
16161n1eg ToU G TIOU ATOTEAOUV avayKaieg ouvOnKeg yia v dopr 1ou G mou £XEl Pid avepXOHEVT
€PPUTEUOT] OE €va KUPTO OUVOAO onpeinv, Kabwg Kat TG 1810tnteg plag avepXOPevng ePPUIEUONS
tou G og €va KUptd oUVOAO OnUEiGV.

S

(@) (B) ©

Ewkéva 2.23: Anielkovion tng anodeigng tou Afpnatog[I8l (a) Mpodtaon (1).
(b—c) lIpdtaon 3, to povornatt Pg; cupBoAiletatl pe Eviovn pavprn ypapps.

Afppa 18. 'Eotw G eivatl eva eweminedo Kateypd@nua n Kopugwv, €0te S eivat éva Kupto oUvoAo
n onueiov kat éotw I'g eivar pa avepyousvn eninedn euputevon ou G oto S, €101 OOTE pia Tnyn s
rat wa kata6odpa t ou G va Bpiorovtar ota b(S) kat t(S), avtiotoya. 'Eotw Ps; eivat éva povoratt
ano muv s omu t, éotw PS, = (s = wy, ..., wy = t) vat 10 (S, t)-ywpilov vropuovorat tou Ps;.
'Eotw Gy, w,, €var pia ano tg Bacikes ouviotwoes mou opifovtar anod 1o Ps;. 'Eotw B; eivar 1o
uniok ™m¢ Gy, w,, TOU TEPLEXEL Kat TG U0 Ww; Kal Wiy, Kat S;, t; givat n mnyn kat n kata6odpa
tou B;, avtiotoyca. 'Eotw emiong Gy, eivar  xwpifovoa ovviotwoa otnu yepidovoa kopudn w; Kkat
ot Gs,y, €ival 1o unoypagnua tov G mouv opifetat ano 1o Ps; kat v w;. Ot akdAovdeg mpotaoelg
wxvouv yia 10 G kat yia mv sugutevon I'g:

(1) Iia kade kopugn v wou G urapyet 10 oAU éva urnfok oto G mou &yel MV U ©¢ Wa mjilayia
KOpU@T] TOU.

(2) 'Eotw B’ civar éva Sinfcupo urok tou G. Ot kopupég tou L(B') kar R(B') tou urndox B' omu
eugputevon I'g Bpiokovtar otig amévavit mAeUpES Tou S.

(3) H xopugn w; (avt. wiy) toU unjok B; eite ovumintet pue v nyn s; (avt. kata6odpa t;) touv B;
£lte YETOVEVEL UE aUTND.

(4) Av n kopugn w; (avt. wiy1) T0U unAok B; sivatl yettovikn pe v nnyn s; (avt. kata6odpa t;) tou
B;, tote 1 s; (avt. t;) Bpioketar otnu anewovion I'g otnu uepia ouv S anévavn and avtnv wou
Bpioketar n w; (avt. wiy1).
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(5) Ot kopu@eg U Gy, 0V I'g, 1 < i £ m, Bpiokovtar onv I, ota ovveydusva onusia tov S
ovunepidaubavousvou tou b(S) (BA. EucovalZ.24 a-f).

(6) Or kopu@eg tou Gy, otnu I, 1 < i < m, Bpiokovtal og éva umooUvojlo Tou S mou arotefleitat ano
6v0 ouveyoucva uroovvoia tou S, éva ot aplotepn Kat va ot 6ela pepia tov. EmmAéov,
yia kade u, U € Ggyy, €101 @0t 0L U & Gy, Kalt U € Gy, Kai Térola wote, U kal v va Bpiokoviat
omv ibia uepia tou S, n Kopuen v Boioketal tave and v u (BA. Eucoval2.24.6).

(7) Ot kopu@ég toU Gy .- 1 £ 1< m— 1, ektd¢ and g w; kat w1 Lpiokoviat o I oe éva
umoouvojlo Tou S mou anotefleital ano dUO ouveExOusva UTooUuvoAa tou S, £va Otnv apiotepn
Kat éva omv 6e€la uepra tov. Emmiéov, yia kade u € Gy, U € Gy w,,, TETOIQ DOTE, OL U
Kar v va Bpiokovtar o idia uspia ou S, 1 KopuPn v Ppioketar mo tave amo mu u (BA.
EwxovalZ.24.6).

\ /

(a) B

Ewkéva 2.24: (a) H dopn tou G xat @V Gsuy» Guys Gupw,, (AIAE),
Gwivwi+l(v)' [B) To Af]]l}l(l

(8) Kade kopugn v € B;, U # Wi, Wir1, Gu,w,,, (V) EXEL HOVO Opraka umoypagnuata.

(9) I'ia kade kopu@Pn v € B;, U # W;, Wit1, 0L KOPUPES 10U Gy, 1., (V) Bpiokovtar otnu I'g otnu ida
uepta tou S onou Bpioketal n KOpugn v, O ONUELA TTOU aroTeAOUV £Va OUVEXOUEVO UTIOOUVOAO
ou S (BA. EwovalZ.2D).

(10) 'Ofleg o1 Kopu@ég evog mAayou/oplakot unoypagruarog v Gy, 1 < i < m, ektog and mu
Kopugn wy, fpiokovtat otnu I'g oe ovveyoucva onueia povadikng usptag ouv S. Emmagov, ot
KOPU@ES ToU Ttilayiou urtoypagruatog tou Gy, Seiokovial otnv uspid tou S anévavtt ano avtnu
me w;.

(11) Mia xwpifovoa ovviotwoa Gy, Tepiéxet 1o moAv éva dimAsupo uriok B, kat tote n w; eivat tAa-
yia kopu@n tou B. Emrjéov, av B’ eivair éva mAayo unjoxk mg w; (uovorisupo 1 SimAcupo),
10te gite L(B') = {wy), eite R(B) = {w;}, 1 < i< m.
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Wi41

Ewéva 2.25: H anodeidn g [Mpdraong (8) tou Anupatog I8

Anodedn:

(1) E1g dtomo avaywyr urmobEtoupe ot Urapyxouv U0 umiok By kat By oto G, £101 OOTE 1] KOpudr)
v va eivatl mdyla Kopugr Kat yia ta §Uo prdok By kat By (BA. Ewkova[2.23la). Emeidr) to ouvolo
S eivail kupto, oe KaBe avepxopevn epputeuon tou G oto S, Ta onpeia ota oroia aviototyouvial
01 KOPUPEG Tou B; Kat 1ou By amotedouv Kuptd ouvoAdo onpeiov. 'Opwng, oe kaBe ermimedn kat
avepyXOpevr Aarnelkovion v By kat By, €101 ®@ote 0Aeg 01 KOpudég va Bpilokovial oto nepiypappa
NG ATIEIKOVIONG, 1] KOPUGTN U Bpioketal pEéoa Oto KUPTO MePIBANPa UTIOAOIIOV KOPUP®V, ATOTIO.

(2) Mapatnpoupe 6t av B’ eival éva dirmheupo PImdok, tote OMOAdAIOTE EPPUTEUOT], TTOU Hev
arekovi¢el g mieupég L(B') kat R(B') os Siadpopetikég pepiég tou S eival eite pn-eminedn eite
H1n-avepyOpevr.

(38) Etg atomov amaywmyr, untofEtoupe 0Tl ] KOPUPL] w; OUTE CUMITITIEL PIE TNV S;, OUTE YEITOVEUEL
He auty (n mepimoon yla 1g wiy Kat t; eivat ouppetpiky) (BA. Ewoveg 2.231b — ¢). 'Eoww a, b
elvat o1 KopupEg Yertovikeg pe v ;. Iapatnpoupe ot oty ', 10 povortdtt Ps; Xwpidet 1o S ot
povopepn ouvola onpeiov. Amo tnv [Mpotaon (2), o1 KOpuPéG a Kat b mpénet va Bpiokoviat oe
dlapopetikég peptég tou S. Apa KATaAnyoupe Oto OTL UAP)EL ToPn pe to povordtt Pgy, dnAadn
€xoupe avtigpaor pe 1o yeyovog ot 1) I'g eivatl pia eminedn epgutevorn.

(4) H nipdraon eivat aAnOng, enedn) undpyxel éva povordu Pgy mou dev mepiéxet s; (ave. t;) kat
ouvbéel wy; (avt. witq) pe 1o b(S) (avt. t(S)).

(5) MIpwta Sa kataokeudooupe €va yevwnuko 6évipo T tou G pe ouykekpiéveg 1810tnteg (BA. Et-
rova 224l a): yia kabe (s, t)-xopidouvoa kopupn w;, 1 < i < m, 1o 6évipo T mepiéxet arkpiBmg pia
KOpUPr| 10U ypapnpatog Gy, , w, ITOU YEWOVEVEL PE TV W; KAl akpBdg pia kopudn 10U Gy, w,,,
IOV yettovevet pe v w;. ['a v amdonoinon g neptypadng ovopagovpe Ty, Tw,» Tww,, T@
unodevipa tou T mou arnotedovv yevvnukd dévipa yia td Gsw,, Guy» Guywy,,» avtiotoyxa. Ovopd-
foupe p;, ny TG KOPUPEG TV Ty, 1wy Twpwy,,» AVIIOTOLXA, TIOU yettoveuouy pe v w;. Emnedn I'g
elvat pla avepyopevn kat erirnedn epguteuon 1ou G, oUPepaivoupie OTL MEPIEXEL P1A AVEPYXOHEVT
Kat erinedn epgutevon tou T, ¢oww ['r. @swpoupe pia toun tou T mou dnpioupyeital pe v
dwaypadn g ropudpng n;. ‘Eva amnd ta unddevipa rou dnpiouvpyeital g anotédeopa g Topng
auvtrg etvat 10 Ts . Ano to Afppa [Il to vnodevipo Tsy, amewovidetal oty ['r oe ouvexopevo
UTIOOUVOAO TOU S, €MmITAE0V, TO UTIOOUVOAO aUTo TeptEXel 10 b(S), emeidr] anod 1ig unobéoesig Tou
Anppatog n kopudn s PBpioketat oto b(S). Emedn), Gs,p, elval 1o ypdepnpa mnouv napdyetat and
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TG Kopudeg tou Ty, ouprnepaivoupe Ot o1 KOPudeg Tou Gg,yyy,, OtV epgutevon ' Ppiokoviar oe
OUVEYXOHEVO UTIOOUVOAO TOU S ToU TteptEXel 10 b(S).

(6) Ao v mponyoupevn npotaoct, 1o uroypdenpa Gs,, arnekoviletal oe €éva GUVEXOHEVO UIT-
00UVOAO ToU S mou repiExetl 10 b(S). Oewpouie 10 yevwnuko 8évipo Ts,p, 10U Gg yy,» OTIRG MEPL-
ypaginke otnv anoden g mponyoupevng rnpotacng. Oupiloupe 6w n p; eival n povadikr
KOpUPr) T0U Gy, | ,w, TIOU YEITOVEUEL PE TNV W; Kat aviret oto Ty, H Sraypadr) ing p; anod 1o Ty,
dnpioupyel vnodevipa U Ty, £va amod ta onoia etvat to Ty, TOU anotedet €éva yevvnuko 6Evipo
U Gy,. Ao 1o Anppa Il oupniepaivoupe ot to Ty, Ppioketat onv I' oe ouvexopevo UrooyvVoAo
v onpeiwv, orou Bpiloketat to Gs,y, KAl dpa, O €éva UIOoUVOAO Tou S 1ou aroteAeitat ano duo
ouvexOpeva UOOUVOAQ, éva otnv aplotepn) Kat éva otnv 8e§1d peptd tou S. Apa 1o 1610 10xVel Kat
ya 10 Gy,. Topa Sa Sei§oupe 0t av ot KOPpupeg U, U € Gg s €101 QOTE U & Gy, Kal U € Gy, Kat
ol U, v Bpiokoviatl oty 1d1a pepd tou S, 1dte 1 U gival mave ano myv u. Eig dtomnov anayeyn,
urnoBetoupe 6t autod Hev woxvel. ‘Eote mpwta ot ) Kopudr|] w; Ppioketatl oty ida peptd pe v
v (Ewova 2:26la-B). Apa, eredn n wy; eivat kopudr 1ou Gy, A0 TO TIPOTO PEPOG TG MPOTAONG
£éxoupe Ot 1 KopuPr] u Ppioketal mave arod myv w;. [lapatnpoupe emiong 0Tt UIIAPYOUV aveiaptnta
povortdtia P, kat Py, ;. Apa 1o Ps, xat Py, tépvoviat, atoro. 'Eote tdpa ot np w; Ppioketat
otV anévavit peptd pe auvtry mg v (Ewova 2:26la kat Ewkova 2.26].¢). @sopoups ta avedptnta
povortdtia Py, ,, kat Pg,, oto G. Autd ta povordtia t€pvovidt, Kat ItdAl dToro.

u Gu,

w;

S S S

(@) (B) (©

Ewéva 2.26: (a-c) H anédeign g Mpoétaong (6) tou Afjpuatog 18l

(7) Ao v [pdtaon (5), to unoypadnpa Gs,y, AMEKOVI(ETAL O €va CUVEXOHEVO UITOGUVOAO TOU S
rou repiéxet 1o b(S). Epappodovrag v potaocn autrn yia 1o i+ 1 éxoupe ot 01 KopuPeég 10U Gy, ,
onv ' anewkovidovial oe €va ouvexOPEVO UTTOOUVOAO TOU S TI0U TepiExetl 1o b(S). IMapatnpoupe
ot Gy, = Gsuy Y (Guypwyyy Y Gy, ). ZUVEN®G, £€X0UPE OTL 01 KOPUPEG TNG £veong TV Gy, , Kal
G, wy,,» EKTOG Ao TNV Kopudn wj, Bpilokovial oe €va uroouvolo tou S rou arnotedeitat armo éva
OUVEXOHEVO UTTOOUVOAO TG APIOTEPTIG KAl £va CUVEXOHUEVO UTIOCUVOAO NG 8e§1dg peptag tou S. Ao
v [Ipdtaon (6), ot KopuPeég ou Gy, €ITiong elval AMEKOVIOPEVEG O €va UITOOUVOAO He arplBmg
v id1a WBw0tnta. Apa, £€xoupe Ot Kat 01 KOPUPEG 10U Gy, EKTOG ATTO TIG KOPUPES TOU Wy Kat
Wit+1, Pplokovial oe €éva UTTOOUVOAO TOU S TOU artoTeAeital aro €éva oUVEXOHEVO UTTOOUVOAO TG
ap1lOTEPNG KAl £€va OUVEXOHEVO UTOOUVOAO g Se€idg pepidg ou S. 'Eoww u € Gy, U € Gy, -
A6 tov opopo tou Gy, Kat Gy, UMapxouv dvo avefdptnta povonatia Ps, kat P, oto G.
YroB£toviag 61t o1 Kopudpég U Kat v Bpiokoviat oty i6wa peptd ou S Kat 6Tl 1 U ival mave
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anod v v, KAtaAnyoupe oto ot ta povorata Ps,, P,y tépvovial, nou anotedel avtigaon otnv
ermedotnta g ePPUTEVONG.

(8) Bewpoupe pua avepxopevrn eminedn epputevon 10U PnAok B; og kdamowa onpeia tou LU R. Eg
AToTIOV Arnaywyr), vrobetovpe 0t 10 Gy, uwy,, , (V) MEPEXEL Eva MAAY10 unoypddpnpa kat cupBolAidoupe
pe C 10 MAAY10 PIMAOK NG U TOU MeptEXetdl 0to Gy, w,,, (V). Av 1 v eivat piia midyia Kopugr) Tou
B;, dnuoupyeitat avtigaorn otny [potaon (1) tou tapdvrog Anppatog, ernetdr) 1) v anotedel MAdyla
Kopudn ya 10 B; kat yua 1o C. AAAM®G, €0t® v ival pia kopudpn-diakomning (rinyr) 1 kataBobpa)
yla 1o prdok B;, BA. Ewova 225 'Eow v = t;, n) nepimwon v = s; sival ouppetpikr). Tote, ano
v [Ipotaon (3) Kat 10 YEYOVOG OTL U # Wiy, 1] KOPUYN t; €lval YETOVIKY PE TNV Wit1. ATO Vv
[Mpotaon (4), n Kopudr t; ATIEIKOVICETAL OTNV PEPIA TOU S ATEVAVIL ATIO TNV Wit1. Eot® Sc eivat n
ninyr) tou C. Ze omoladrote avepyOPevn) rmedn eppUIEUOn 1 KOPUPr Sc Pploketal otnv pepd
ToUu S arévavil ano v t; Kat dpa otnv id1a pepid pe v Kopuopr) wiri. Autd dnpioupyet topr)
petadu tou prlok C Kat 1ou povortatov Ps,. Apa, 1o ypapnpa Gy,w,,, (V) MepiExel pévo oplakd

uroypagnpata.
t
,UH
v = wiqq
< Q
(e ;
,U/

.
S

(@) (B)

Ewéva 2.27: (a-B) Anodeign g [Mpdraong (9) tou Anupatog [I8

(9) 'Eoto G" eival éva oplaké unoypadpnpa 10U Gy, w,,, (V), €101 Gote v eivat n Tyr) tou. H
MEePirm®on Ormou v eival 1 kataBobpa tou, eivat ouppetpikr. Eotw v kat v” sival 500 kopupig
T0U B;, 01 010ieg gival yetovikeg pe v v. Yrobetoupe mpota ot Kat ot §uo v’ kat v” Bpioxkovral
otV pep1d tou S omou PBpioketat kat n v (BA. Ewova 2:271a). Xopig BAAB g yevikottag, £01m
ou n v” Bploketal dve and mv v. Tote 1o GM Ppioketar omyv 161a peptd ou S pe MV KOPUPY] v
KAT® ano mv v, adAiog 9a unjpye topn petadv v G kat B;.

Eoww topa 6t n v’ Bpioketal otnv ddAn pepta ou S (BA. Ewova 2.2716). Enedn) v # w; xat
v # Wiy, OUPIEpaivoupe o n Kopudr v/, eite ouprineetl pe v wy, £ite pe v Wi 1, dapopeura
10 povornatt Ps; tépvet 1o B;. ‘Apa unapyet povorndtt Py ¢ TOU dev mePEXel TV v. LZUVEN®G, TO
ypaonpa G" Bpioketat oty idia peptd pe v v, drapopetika Sa urpxe our petall v G kat
PU”,t'

(10) A6 v IIpodtaon (6), o1 Kopugég tou Gy, otv I'g Bplokoviat oto uroovvodo U S, £0T®
S;, mou artoteAeitat aro HU0 guvexOpEVA UTIOOUVOAA TOU S, €va OtV apilotepn) Kat éva otnyv §e§1d
peptd tou. ‘Eote Ty, eivat 1o yevvnuko 8évipo tou Gy, pe v e§ng otnta: 1o Ty, MEPIEXEL POVO
Hla akpn) arnod Kabe oplako Kat MAAY0 UMOypaPIpd TOU IOU ITPOCTUITIEL OV W; Kat €0t 10 Ty,
éxel pida oy w;. 'Eow I'r, eivat n epgutevon tou Ty, 010 S; TOU TIPOKUITLEL ATIO TV ERPUTEVOT)
U Gy, 010 S;. Ao 1o Afjppalll kdOe urodevepo tou Ty, eival anekoviopévo oe dadoyika onpeia
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tou S;. EmumAéov, kaBe unodevipo tou Ty, elvatl epputeupévo 0AOKANPO O HOVAdIKY HeEPLd TOU S;,
aAA1g oro1odrrote povortdtt Ps ¢ IOu Mepvd arno v w; 9a tepvdtav pe o Ty, (BA. Ewova2:28.a).
‘Eote topa 6t G;, etvat 1o mhayio unoypapnpa tou Gy, Kat B eivat 1o prox tou Gy, Tou mepiéxet
Vv w;, 6nAadr), B eivatl 1o mAayo prmlok g w;. [Hapatnpoupe 6t 0Aeg 01 KOPUPEG Tou B mpéret
va Bpiokoviat otnv peptd tou S, Slapopetikn ATd AUt NG Wi, O1APOPETIKA OUPIEPAIVOUPE OTL
elte undpyet opr eite pia Kowr) Kopudr| pe 1o Py, ta oroia eivat aduvata, Adye tng ermtedotnag
g I'c kat tou opopov tu Gy, avtiotoxa. Apa, 6Aeg o1 KOpuEg tou Gy, Bpiokovtat otnv pepld
T0U S anévavti anod my w;.

(11) Ao v [podtaon (10), kdOe opraxo Kat Adyo vroypddnpa tou Gy, e§apoviag tv Kopuer)
w;, Bpioketat oty povadikn peptd tou S. Oupiloupe 611, ano v [potaon (2), o1 TIAEUPEG evog
SdimAeupou prlok Bpiokovial otg arnévavit pepiég tou S. Apa, 1o povo dimeupo prAok B tou
Gy, elval exkeivo Tou mepiéxet v Kopudr w;. Eig atormov anayeyr), unobfétoupe 6t 10 dimeupo
priok B Bploketat oe éva oplakoé vrnioypddnpa ou Gy, dpa n w; etval Siaxkonng tou B. 'Onwg
Nén avagépape, ot TMAeupég evog dHirmAeupou PImAoK Pplokovial otig arévavilt PeplEg Tou S, Tou
arotedet avtigpaon oty IIpdtaon (10). Apa 10 B propel povo va amnotedel pEPog evog TAGY10U
unoypadnatog tou Gy, Mou £Xel NV W; ®G MAAyla T0U KOpudr).

Eoww tpa B’ eival éva povordeupo 1) dimAeupo mAdaylo prloxk g w;. Eig dtoro anaywoyr,
urnoBétoupe o6t oute L(B') = {w;}, oute R(B') = {w;}. Xwpig PAdBn g yevikdtntag, urobetoupe
ot w; € L(B') xat a € L(B'). Ot xopugég w; Katl a sival ouvbebepéveg pe éva kateubBuvopevo
povordtt arnd Iy a oty w; (avt. amnod mv w; oty a), PA. Ewdva 2.286. TMapatnpovpe ot
a ¢ Ps;, enedn ano tov optopd ou Gy, N Ww; elval n povn Kowvr] Kopugrn tou povoratou Pg
Kat Gy, . Ao v IIpotaon (2) tou apdviog ANPPAtog, ot KOpupeg a Kat w; Ppiokoviat otny i6a
pepla tou S. Apa, 1o pridoxk B’ tépvet 1o povordu Psy, Atoro. |

w; T,

()

Ewéva 2.28: (a) Anddeiln tng IIpotaong (10) tou Afupatog B)
Amodeign g Mpodtaong (11) tou Afjpuatog 18
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2.4.2 AvO0 nepropiopéva npobAnpata epgutevong
vua ta e§wenineda ypagpnpata

Zuv apouoa evotnta peletape dUo replopiopéva npoBAnpata epduUteuong e§wertinedaov ypapn-
pdtev, TTOU pag XPnoteUouy Oty KATAOKEUT] TOU YEVIKOU aAyoplOpou avayvopilong. AviiototXov-
Tag Vv PeA€tn autr) ota 8évipa, Sa propouoapie va moupe Ot €ival 1 PEAETH TTOU AVIIOTOIXel otnv
Evownua 2.3.4.2]

2.4.2.1 IIpdBAnpa neploplopivng PPUTEUOHG Yia TIG XWPilOUOEG OUVIOTWOEG

Eoww G eivat éva e§wertinedo ypapnpa, Ps; €lvat éva povordtt oto G and pia myr ou S o€
Hla kataBobpa tou t Kat é0tw Py, = {s = wy,...,w, = t} eivatl 1o (s, t)-xopifov unopovondrt
twou Ps;. 'Eotw Gy, etval pua ano tg xepidouoeg ouviotooeg rou opiovrat amod to povortdtt P .
To mpo6Anua TEPLOPIOUEVNSG AVEPYXOUEVNG EUGUTEUONGS Yia TIG XWPI{OUOES OUVIOTMOEG PEAETAEL TIG
AVePXOHEVEG EPPUTEVOELS OE OUVOAO Onpeimv Tou ypaprpatog Gy,. £to Afppall8 anodei§ape ot
av 1o ypaenpa G emdéxetal pa avepxopevn epputevon ['g oe éva kuptd ouvodo onpeiav S, tote
1oxUouV ta egng:

1. Ot kopudég tng xwpidouoag ouviotwoag Gy, otnv epputevon g, eivat anewkoviopéveg oe Eva
UTTOOUVOAO TOU S, TTOU aroteAeitat aro S0 ouveEXOPEVA UTTOOUVOAd TOU S, éva OV aplotept)
Kat éva otny 6eda pepta tou ouvodou (Ilpodtaon (6)).

2. Av 1o Gy, miepiéxet éva midyto prilok B g kopupng wy, Tote 1 wy; eivat n povadikr) rmaya
Kopu@r] oe pia and ug rmieupég tou. Ermumdéov, 1o B’ eivatl 10 povadikd midylo Prlox tng
KOpudng w; Kat dpa kat ou Gy, (IIpotaon (11)).

3. 'OAeg 01 KOPUPEG evog povadikou oplakou/mAdaylou vnoypadrpatog mg Gy, 1 < i < m,
eKTOG Ao v Kopudn wy, Ppilokoviat otnv I, otnv id1a pepid tou S, pe 11§ KOPUPEG TOU MAAG-
Yl0U unoypadrpatog va Bpioroviat otnyv peptd tou S diadopetiky amnod ekeivr rou Ppioketat
n Kopudr] w; ([Ipdtaon (10)).

AapBavoviag urowv autég g avaykaieg ouvirkeg opidoupe Kat ermAUOUNE TO €61G TIPOBAN A,

Oplopdg 3. X0 mpo6Anua TEPIOPIOUEVNS AVEQXOUEVNS EUPUTEUONS Ulag Xwpidouoag ouvlotwoag
(yta ovvtouia, RCVC-UPSE, amno 1o ayyiuco upward point set embedding for restricted cut-vertex
component) pag 6ivetat eva e€weminedo kateypapnua G ue pila ot r, €101 WOTE av N T givat tAayla
Kopu@n evog urfok B tou G, 10te 1 givar n povadikn miayia kopugn os pia ano tg Tilcupég ou B,
emniov 10 B elval 1o uovo urior tov G mov umopel va ivat dirtdevpo (BA. Ewkova[Z29 yia éva
napadeyua €10060U 10U Tapoviog Tpobinuatog). Mag divetar emiong éva Kupto ouvojlo onueiov S
Kal éva emAeypuevo onueio p, € S. Znteltal va ano@aciCoUUE av UTAPXEL UL AVEQYOUEVN ETUTEON
eugutevon tou G 010 S €101 WOTE:

() n pila r tou G va Bpioketal oto oNueio pr,

(W) rade opraxo vrnoypapnua ou G va fpioketal oe CUVEXOUEVO UTTOOUVOAO TNG Hovadikng UepLAg
(eite L, eite R) tou wou S (eaipwvtag v Kopugn r).

(1) OAeg ot Kopu@ég tou mAayou uroypagnuarog wou G, eKt0¢ ano v Kopu@n r, va Bpiokoviat
o€ ouvexoueva onueia mg tAsupdg ou S drtapopetikng ano ekeivn mov fpioketat n Kopu@n T.

Mia avepyouevn eninedn eu@UIeVon TOU KAVOTOEL autég Tig 1810TNTeg OVOUAETal MEPLOPLOREVN
EpPUTEUOn XWpilouoag ocuviotwoag (yia ovviouoypapia, RCVC-UPSE).
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Ewéva 2.29: Mépn ToU ypapruatog rmou pedetovuviat oto @sopnuallll To
urnoypapnpa Gg epidpaviletat pie mpdoilvo Kat eival MEPIKUKAOIEVO P Jita
drakexkoppévn kapmuAdn. To unoypadnpa Gg(v) elval EPIKUKAGPEVO e
pavpn kaprudn. Ta vnoypaenpata upper(Gg(v)) kat lower(Gg(v)) eivat
MEPIKUKAQUEVA J1€ YKPL KAPITUAD.

R =
L R g
Yower(G)|—kp+|Gr|+1..|R|
L=
L S
Fp- LI |upper(G)| points
R’ =
Rlower(G)|~kp+1..|lower(G) | ~kp+|G|

|lower(G)| points
Ry jlower(G)|~k,

Ewkéva 2.30: O 510X®P10110G TOU GUVOAOU ONHEi®V MOU MePLypAPETal OTO
Ocwpnua Il

Osopnpa 11. 'Eotw G cival eva eEwemninedo Kateypd@nua n Kopugov, OTwS TEQLYPAPTNKE Ta-
LAanave 010 TEPLOPLOUEVO TLPOEANUA euPUTEUONS XWPL{OU0MY oUVoTwomy. 'Eotw L kat R sivail éva
aplotePOUEPES Kat eva SeCIOUEPES oUVOfI0 onueiov, avtiotolya, €10t wote 1o S = LUR va anotedel éva
KUPTO OUVOAO N ONUei®v, Kat £0T® P, elvat éva onueio tou S. To mpo6Anpa TepLOPIOUEVNG AVED Y OUED-
NgG EMITEONG eUPUTEVONG Yia X WPIOUOEG OUVIOTWOES pe €ioodo G, S Kai p, UTOPEL va anoPavdel o
xoeovo O(b(r)|Gl). Zmv katagpatikr Tepintwon, Uia térola EUPUTEVON UTOPEL va UTOAOYIOTEL OE XPOVO
O(b(r)IG)).

Anodedn:

'Eotww G, pe mv pida otnv r, 0nwg neptypddinke oto mpoBAnpa meplopiopévng ePPuUIEUoNS X®Pi-
{ouoag ouviotwoag. Oupidoupe ot 1 r npérnet va Ppioketal oe IPoraBoplopévo onpeio pr. Xwpig
BAAGBN tng yevikotntag, unobétoupe o6t pr € L kat Y€toupe 10 p, va eivat 1o ky-0t0 onueio tou
L. To ypapnpa G €xel 10 IOAU éva PAok, B, mou €xel v r og pia miayta kopugn tou. Eotw
Gp eivat 10 mAdyo urnoypdapnpa tou G mou nepiéxet 10 B (BA. Ewova 2:29). Anod ug arat-
oe1g tou mpoBAnpatog, o1 Kopugpég tou Gp, TpErnel va Ppiokovial oe ouvexopeva onpeia tou S,
otV TAeUpd ToU S S1aPOPETIKY] ATIO AUTHV TIOU TIEPIEXEL TNV Kopudpr r. Oupiloupe o1l 6Aeg o1
KOPUPEG €VOG POVAdIKOU 0plakou umnoypaprjpatog 1ou G mpérnet va Bpiokovial oe ouveXopeva
onpeia g povadiky mAeupdag S. ‘Apd, CUHIEPAIVOUPE OTL Ol KOPUPEG Tou lower(G) Tipémet va
Bpioxkovtatl oe urtoowUvoAo tou S rou aroteAeital arnod e8§rg urtoouvola tou S: 6Aa ta onpeia tou L
KAT® aro 10 pr, dnladr) to ovvodo onpeiov Ly i, kat ta [lower(G)| — k, xapnidtepa onpeia tou
R, 6nAadn ta onpeia R jlower(G)-k, (BA. Ewova [2.30). Ot xopugég tou G mpérnet va Ppiokovrat
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oto {p,} U Ritower(G)|-l, +1..|lower(G)| -k, +Gp|- TEAOG, 01 KOPUPEG Tou upper(G) mpénet va Bpiokoviat oto
OUVOAO onpeiV Lic,..L) Y Riower(G)|~k,+/Ggl+1..|R|- YupBoAioupe 10 ouvolo Lic,.\L) pe L', 1o ovvolo
Riiower(G)-k, +|Ggl+1.R| BE R’ KA1 10 0UVOAO Riower(G)-k,+1. [lower(G)|-k, +/Gg| 1€ R”. TIpata Sa deioune
MG UIOPOUPE va Aro(aoicoUpE yla v UTapdn Hiag IMEPLOPoPEvng epgUTeuong Xwpidouoag
OUVIOT®OAG POVO yia to uroypadnua upper(G) oto avtiotoiyd tou ouvodo onpeiov L' U R'. Tlapa-
povpe Ot ) anodaor) yila to lower(G) Kat 1o aviiototd Tou 6UVOAO onpeiov Ly i, URL.jlower(G)l-,
elvatl OUPPETPIKY.

®a Kataokeudaooupe éva 8&vipo Typper(). TO OVORA{OPEVO avepxOusvo okefletd tou upper(G),
kat 9a arnodeioupe o1, 10 ypadpnua upper(G) €xel pia meploplopévr) epPUTeucTt) Xwpilouoag
ouviot®woag oto ouvodo L' U R, e v Kopu®r) r va Bpioketal oto py, av Kat povo av 10 Typper(c)
£xel pa meploplopévn epguteuon oto L' U R, pe tv kopupn) r va Bpioketatl pr (yia tov opiopo
MEPIOPIOPEVNG ePPUTEUONG yia Ta dévipa BA. Evounrta 2.3.4.9). 'Eote G’f, cee G{;,(r) etvat ta o-
plakd vrioypagnuata tou upper(G), BA. Ewova 2.3Tla. To 8évipo Typper(c) 9a arotedeitat ano
mv pida r Kat ta vrddevipa T, . . ., T[)ﬂ(r), HE TG pideg OTIG KOPUPEG T1, . . ., Tp+(r), AVIIOTOLXA, TIOU
elval ouvbedepéveg pe v Kopudr| r péow v akpev (1, 1;), 1 < i < b*(r), avtictoa (BA. Ewko-
va 2.3118). ®swpoupe 10 G[‘ Kat oupBoAidoupe pe B; 10 0plaKO PITAOK TOU T TIOU TIEPIEXETAL OTO
Glh. [Mapatnpoupe ot 10 B; priopet va eivat éva teIptppévo PImlok, opeg B; eival anapaitnta éva
HOVOTAgUpPO UIMAOK, AOY® g ouvOrKng Tou Anppatog. Apa n r KAt np kataBoOpa tou B; mpéret
va etvat yertovikég kopudés. 'Eote v elvat nf kopudr tou B;, YEITOVIKY Pe TV I, S1apOpeTIKY| Ao
v kataBobpa tou B;, €dv urtdpyxel, dapopetika I€toupe v v va eivat n kataBobpa tou B;. Ocw-
poupe 10 ypapnua GM(v) (BA. Ewoéva 23Tla, G'(v) oupBoliletat pe pride kaprudn). To Sévipo
Ti)Ll aroteAeital ano v pida tou 1y, £va POVOTOVO POVOTTATL PUHKOG |lower(Gih(v))| — 1, ou €xet v
r; ®g povadikn Tou kataBdOpa kat éva Povetovo povortatt prkoug |Gl — [lower(GM(v))| — 1, mou
EXEL TNV I} ®G TNV LOVADIKI] TOU TINYT).

(@) (B)

Ewkéva 2.31: (a) To ypadpnua upper(G), ta oplaxkd tou unoypapnpata Gt
Kat 1o unoypagpnpa Gl(v). (B) O avepxdnpevog oxedetdg tou upper(G).
To unoypd¢nua lower(Gl(v)) avukaBiotatatl pe éva PovATOVO HOVOTTIATL
HKOUG |lower(Gih(v))| - 1.

Anppa 19. To efweninebo ypapnua upper(G) ue pila otnu r emibéxetal pia mePIOPLoUEVT] avepyOUe-
vn eu@PUTEVON X wPIOUOWY CUVIOT@OWMY 010 ouvoido L' UR' ue v r oto onueio p, av kat Lovo av Kade
optaxo vnoypagnua tou upper(G), ue mu pila oto r, givar LOVOTLAEUPO KAl O AVEPXOUEVOG OKEAETOG
Tyupper(c) ToU upper(G) emdéxetal pia neplopiopévn avepxousvn eugutevon oto L' U R’ pe mu r oto
ONuUEIo Py

Anodegn: Yrobetoupe ot 1o upper(G), pe pida owv r, erdEXETAl P TIEPIOPIOPEVI] AVEPXOHEVT)

EPQUTEUOT] X®Piouomv ouviotwonv oto L' U R’ pe v Kopugn r va Bpioketat oto onpeio p,. 'Eotw
I' etvatr pua t€rowa epgutevon. Oa TPOMOMOU|OOUPE TNV EPPUIEUOT AUTY], KATAOKEUAovIag v
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TEPLOPLOPEVI EPPUTEVUOT] TOU BEVIPOU Typper(cy OTO oUVOAO L' U R'. @ewpovpe ta unoypadpnpata
Glh, i=1,...,b"(r). Enedn n I sival pia neproptopévy sppuTeuot), 10 Uroypapnua Gih (extog
armno v Kopudr] 1) XPnotporoiel ta ouvexdpeva onueia tou L' U R'. 'Eotw v sivatl 1 Kopudr) Tou
B;, yettovikr) pe v r, S1apopetiky amno v kataBobpa tou B;, av unapyet, aAAiog €0t v va eivat
1 KataBobpa tou B;. LUYKEVIP®OVOUAOTE OTO ypddnpa Gih(v). Yto unobevipo Tih 01 KOPUDEG TOU
lower(Gih(v)) £Xouv avukataotabel pe éva Povotovo POVOTIATL PrKoug |lower(Gih(v))| — 1. Zxeba-
Joupe 10 povordtt autd oe onpeia mou Bploketatl 1o lower(Gih(v)), Xpnotponowwviag ta onpeia
autd otV avgouoa KAtd TV Yy-Ouvietaypévn oelpd. Ot Urnoloirneg Kopugeg tou Tih aneikovido-
viat og onpeia 6rou Ppiokoviatl ot KOPUPEG TOU upper(Gih). Topa SempoUpe NV ATIEIKOVIOT £VOg
povadikou G[‘, i=1,...,b*(r). To unoypapnpua Gih €XeL IV pida Tou otV Kopudr) r KAl N T
Bpioketatl oto onpeio p,. Eotw S; U {p,} sival ta onpeia tou cuvodou L' U R/, o6rou Bpioketat to
ypaonpa Gih. Bcrpoupe £va eaviaotiko onueio p; KAt ano ta onueia tou S; £tot wote o S; U {p;}
va arotelel €va povopepég ouvoAo onpeiov. ToroBetoupe v Kopudr| r oto onpeio p;. IMapatn-
poupe 0Tl 1] Kawvoupyla eppUIEUOT] TOU Gih etval eninedn kat avepyopevrn. Apa 1o ypadpnpa Gih
eivat povortAeupo.

Twpa vrtobétoupe Ot 10 Typper(c) EMOEXETAL P1a MIEPIOPLOPEVD AVEPXOHUEVT] ERPUTEUCT] OTO GUVOAO
L’ U R pe tnv r va Bpioketat oo p,. Eote Tih, i =1,....b"(r) eivat ta vnodevipa 10U Typper(c)
pe g pideg oug i, ..., Ipr(y), avtiotoxa. KdOe éva and ta Tih, i =1,...,b"(r) Bploketat oe
ouvexopeva onpeia tou L' U R/, ovopddoupe to ouvolo autd S;. @swpoupe 1o Glh, i=1,...,b"(r).
®upiloupe 6t 1o G{‘ eivat povorideupo. 'Eotw S; U {p;}, omou p; sivatl éva gaviaotikd onpeio KAato
ané ta onpeia tou S;, £to1 Hote 10 S; U {p;} va eivat povopepég. Epgurtetoune 1o G oto S; U {p;}
£€101 WOTe 1 KOpUPn r va Ppioketal oto xapndotepo onpeio, dndadr oo p;. Metapépoupe v
KOpU®r] r oto onpeio p,. [Mapatnpoupe ot o KABs avepxOpevn epPpUTEUOT] TOU Glh oo S; U {p;i}, n
Kopudn v Bpiloketat Ave ard 0Aeg TG KOPUPEG TOU lower(Gih(v)). ‘Apa, eredn n akpr (r, v) etval
aAVEPYXOPEVN OTNV EPPUTEUCT] TOU Tih etvat ertiong avepxOpevn otnv ePPpUTEUOT] TOU Glh oto S; U {p},
TTOU POALG KATAOKEUAOAE. |

Ao 1o Afppa 10 ypaonpa upper(G) srudéxetatl pia MEPOPIOPEVT] EPPUTEUOT] XDPKOUOHV
OUVIOT®O®V 010 oUvolo L' U R’ av kat poévo av kabe oplaxkd urnoypagnpa tou upper(G), pe pida
otV r eival POVOMAEUPO Katl O avepXOPevog OKEAETOS Typper(c) TOU upper(G) ermdéxetal pia re-
ploplopév avepxopevn gpguteuon oto L' U R/, pe v r va Bpioketat oo p,. To av ta oplakda
unoypagprnpata tou upper(G) eivat povoreupa, propei va anodpaviel oe ypappikod Xpovo, oup-
eova pe 1o Anppa[IZl Tédog, n VTap§n plag Meploptopevng epputeuong toU Typper(c) 010 L' U R’
propet va arogpavOet oe xpovo O(b* (r)|lupper(G)|), xpnowonowwviag Tov Suvapikod Ipoypapua-
topo g Evotnrag[2.3:4] (BA. 0 @chpnpal6).

) ouvéxela eEnyoupe Nwg PItopoupe va eAéysoupe av 1o rmAayo vroypadnpa Gg tou G erudé-
XETAl pia TePloptopév) epguteuon oto {p.} U R, omou n kopugr r Bpioketat oto onpeio p;.
Mapatwpoupe 611 o1 Yoelg TV KOPUPOV Tou PIAOK B eival mpokabopiopéveg amnod ta peyedn tov
OPLAK®V UMOYPAPNHPATOV TV KOPUPoV Tou B. Anlabdr), yia kdbe akpr (v, v') t1ou B, 01 KOPUPEg
tou lower(Gg(v')) xat tou upper(Gg(v)) mpénet va Bpiokovial ota onpeia Mave ano my v Kat
KAt® aro v v, avtiotoixa. 'Eotww ['g givatl n gpgutevon tou prlok B oe onueia tou {p,} U R”,
£tot wote yua kabe axkpn (v, V') tou B, untapyouv |lower(Gg(V'))| + |lupper(Gg(v))| eAevbepa onpeia
petady v onpeiov ota oroia aviiototkibnkav ot Kopupég v kat v'. Av ) ['g eivat avepyxopevn kat
yla kaOe xopuon v € B ta ypapnpata lower(Gg(v)) kat upper(Gg(v)) eivat povordeupa, TOte 1
MEPIOPIOPEVT] avePXOPevT epduteuon tou Gg oto {p,} U R”, éto1 wote i kopugn r va Bpiokestal oto
Pr» AIOpPEi va Kataokevuaotei o xpovo O(Gg) aro to Arppa 17

TéMlog, eneldr] 10 péyebog tou Gp eivatl @paypévo amnd 1o |G|, 1 CUVOAKY] XPOVIKY TTOAUTTAOKOTTA
elvar O(b* (N|G| + b~(N|G] + |G]) = O(b(r)|G]). O
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Mapopowa pe v rnepimworn v évipev, ocupBodiloupe pe L(G, L, R) 1o 0Uvolo twv onpeiov
Pr € LU R, €010V ©OTE UTIAPYEL P1a TIEPIOPIOPEVT] avepXOpevn spguteuon tou G oto L U R, £€tot
wote 1 pida tou G va Bpioketat oto p,. To emopevo Sewpnpa érnetal apeoa arnd o Oswpnpa M1
eAéyxovtag KaOe onpeio 1ou L U R g mmbavo onpeio unodoyxng yia v pida r(G).

Ozopnpa 12. 'Eotw G gival éva e{weminedo Kateypa@nua Ue N KOPUPES Kat pida otnu r, £10L OOTE
av n r lvat wa iayia kopuen yia kanowo urniok B tou G, 10te r givar n povadikn nAayia Kopugn
oe pia ano tug misupeg tou B, emimiéov, 10 umiok B givar 1o uovo umriox tov G mou umopel va
givar dinAeupo. 'Eotw L kat R sivar éva aplotepoucpés Kat eva 6eEIoUgpES KUPTO oUVOAO0 OnUeiov,
avtiotoya, 1ot wote 10 L U R va anoteel éva kupto ouvoAo n onueiov. Tote, 1o ovvoio L(G, L, R)
umopei va unofoyiotei oe ypovo O(b(r)n?). |

2.4.2.2 TIpoBAnpa meplopiopévng ePPUTEUONS Yia TG BACIKEG CUVICTHOOES

Eote radt 6t G gival éva e§pemninedo rateypdpnpa e n KOpudpEg Kat S eivat éva Kuptd ouvoAo
n onpeiwv, Ps; etval 1o povondtt ano v mnyr| s oy kataBébpa t tou G kat éotw Pg, = {s =
wi, ..., Wy = t} eivat to (s, t)-xopilov vropovortatt wou Ps;. 'Eotw Gyy,w,, elvat pua Baoikn)
ouviotwoa Tou G mou opiletat and to Ps;. 'Eotw B; eivat 10 prmAoxk 10U Gy, w,,, TTOU TEPLEXEL
TG KOPUDEG Wy KAl Wip1. Av 10 prmAoxk B; eivat tetpippévo, 6nAadr) pua amdn akpr, TOte 1)
gupuUTeUor] g opietatl povoorjpavia ano TG JEoelg TV KOpuPoV Ww; Kat Wwiyp. Ormodte, oy
MEPIIOOoT TV §Evipav, eixape povo va eAéySOUpe av 1] AKPR IMOU OUVOEEL TIg KOPUPEG W; Kal
Wit €lvat avepXopevn. ZTo UTIOAOUTO PEPOG TG EVOTNTAG AUTHG UTTOBETOUE OTt TO0 PUITAOK B; ev
Lwie, TTOAVOV va éxel mapandve and pa duvatn
€UPUTEUOT] OTO aVTioTo1X0 oUVOAO onpeimv. Lt evotnta autr] cuvoyidoupe nog eivat n doprn pag
T€T01ag EPPUTEUONG KAt divoupe aAyopiBpo avayvoplong yia 1o av Urtdpyet pid.

glvat tetpppévo, 1ote 1 Baokn ouviotwoa Gy,

Bupidoupe mpwta Ot cUPP®vVaA Pe 10 Afppa av 1o ypagnpa G erubéxetal pia avepyopevn
epgutevon I'g oto S pe g Kopudég s kat t va Bplokoviatl ota onpeia b(S) kat t(S), avtiotoa,

ToTe 10XUOUV ta ak6Aouba yia v dopun tou Gy, Kdl Pla avepXopevn elQUIEUOT| TOU Ot €vad

i Wit 1
UITtOOUVOAO TOU S.

1. H xopupn w; (avt. wyy) 10U Prlok B; eite ouprtintel pe tyv ninyn s; (ave. kataboOpa t;) tou
B; eite yettovevet pe auvtrv ([Ipotaon (3)).

2. Av 1 xopuor] w; (avt. wi;1) 10U PAOK B; yettovevestl pe v nnyn s; (avt. katabobpa t;)
10U B;, 101 1 S; (avt. t;) Bpiloketat ownv ['g otnv pepia tou S Srapopetiky amnd ekeivn 10U
Bpioketatl n kopudr] w; (avt. witq) ([Ipodtaon (4)).

3. Ot ropuég 10U Gy wy,,» 1 £ 1< m—1, exT0g ano g w; Kat wiy; Bpilokoviat otnv I'g oe éva
UTIOOUVOAO TOU S, TOU anoteAeital amd U0 CuveXOPEVA UTTOOUVOAd TOU S, €va Otd aplotepn
Kat éva otn 6e€a pepa tou (Ipdraon 7).

4. T raBe KopuUPN U € B;, U # Wy, Wiy1, 01 KOPUPES 10U Gy, oy, , (V) Bpilokovrat oty I'g otnv
161a pepd tou S, omou PBpioketat ) Kopudr) v ota H1adoy KA onpeia YUp® Ao TV KOPUdn v
(ITpotaon 9).

Baoiopevot otig napandve avaykaieg ouvorkeg, opidoupe Kat eMAVOURE T0 akOA0UO0 rpoBAnpa.

Oplopdg 4. 'Eotw G sival éva eweminedo Kateyoagnua n Kopugpwv kat éotw B eivat éva uniok tou
G, ¢otw s kai t elvar pia tnyn kat pia kata6odpa v B. 'Eotw eniong ot ot w, w' eivar 6e50uEveg,
W¢ UEPOC TNC 10060V TOU TPOBANUAtog, Kopupés tou B, £tot wote n w (avt. W') eite va ovumintet
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ue mu s (avt. t) eite va givar yertovikn ue avinu. Ymodétovue ot 1o ypagnua G €xet tu pila otnu
Kopugpn w. 'Eote S eivar éva kKupto ouvoAo n onueiov kat €0t® q, p evar U0 mpokadoplousva
onueia ou S. Zt0 meo6ANUa TEPIOPIOUEVNS EUPUTEUONS LAcIKOV OUVIOTWO®V (yia ouvtouoypapia
RPC-UPSE, amno 1o ayyAwo restricted path components upward point set embedding) {nteitar va
ano@aocioOoUUE AV UTLAPXEL LA AVEPXOUEL ETLiTedN eugpuUteuon tou G OT0 S TETola WOTE :

(1) Ot xopupés w, W va Bpickovial ota onueia q, p, avtiotolya.

() Avn w (avt. W') yettovevel ue mu s (avt. t), Wte n s (avt. t) va Bpioketar otnv ugpid U S
Sragopetucn and avtv wouv PBplokerar n w (avt. w').

() Ta kade kopugn v € B, v # w, W', ot kopupéc tou G(v) va Bpiokovtar o ibla uepia tou S,
omou PBpioketal kat 1 U, 0 OUVEXOUEVA ONUELA YUPG aTo TNV V.

Mia avepyouevn sugutevon tou G 0to S, TOU 1KAVOTOoLEl T TTapanave LO0TNIeg, ovouadlstar pa
MEPLOPLOREVHS EPPUTEVUOT BACIROV GUVIOTOOMV (yia ouvtopoypapia RPC-UPSE).

Anppa 20. 'Eotw éva efweninedo kateypapnua G, éva urjok B tou G, 6vo kopugpég w, w' tou B,
KUptO ovvojlo onueiov S kat 6vo onueia q, p tou S = LU R, 0ntw¢ opiotnke tapandve oto pobinua
TLEPIOPLOUEVNG EUPUTEUONGS Baotkov ouviotwowv. To mpo6anua anopaong g unaplng uag meplop-
LOUEVNG EUPUTEUONG BactK@dV OUVIOT®O®OV Utopel va aropavdel oe xpovo O(|Gl). Zmnv katapatkn
TEPITTWON, UIla TETOLA EUGUTEVON UTIOPEL Va KATaoKeuaotel Uéoa ot idla yeovikn moAuvriloxkotnia.

Anodegn: Av B eivat éva tetpippévo pImlox, tote ) epdpUTeuot| tou oto S kabopiletat amno tig Séoeig
OV W Kal W, Kat apa 1o Povo o MPETet va eAEySoupe eivatl av i akpn {w, w'} eivat avepyopevn,
dapa 1o Anppa oxvet. Yrobetoupe ot 1o prmAok B dev eivar tetpippévo. ®upidoupe o0t otav €xet
niporabopiotei éva prdok B tou G, pe L(G) (avi. R(G)) oupBoAioupe 0Aeg 11§ KOPUPEG ToU L(B)
(avt. R(B)) evopéveg pe Tig Kopudeg Tou G, mou eivat mpooBdaoijieg ano pia Kkopuor) tou L(B) (avr.
R(B)) pe povordtt Tou 8ev mepva aro 11§ Kopugég tou B\ L(B) (avt. B\ R(B)) kat avadepopaote
ot L(G) xat B(G) wg mAisupeg tou G.

A6 tov 0p1opd 10U TPOBANIATOG TIEPIOPIOPEVNG EPPUIEUONG PACIKOV OUVIOT®O®V, Ol KOPUPEG
s, t eite oupriouv pe tg w, w, eite yerrovevouv pe autég, aviiotoixa. Amo v [Mpdtaon 2
(Afjppa [I8), o kdOs avepydpevn epguteuon tou B os kdmola onueia tou S 0Aeg 01 KOPUPEG TOU
L(B) (avt. R(B)) anewkovidovtatl otnv idwa pepia tou S. Emiong, oto mpoBAnpa meploplopévng
EPPUTEUONG BACIKOV OUVIOTOOGOV, GV 1] KOPUPT w (avt. w’) eival yertovikr pe myv s (avt. t), tote
n s (avt. t) péret va Bpioketat otnv pepid tou S, Siapopetikn arnod avthyv g w (avt. w’). Enedr)
yvopiloupe ot mowa peptd tou S Bpiokoviatl 01 Kopugig w Kat w', apa, av TouAdy10tov pia aro 1g
w, w eival S1aPopetikn amo g S, t, aviiototya, TOTe ivatl emiong PoraboplopEvo oe Tola Pepla
tou S Bpiokovtat o1 kopudég tou {L(B), R(B), s, t}.

Baoiopevot og autég tig mapatnprjostg opioupe pua wAsypukn arnekovion yua 1o G. Mia AEUpIKY
anekovion ya 1o G eivat pua ouvdpon M : V(G) — {A, p} €101 wote:

1. T kd&Be kopuepn v € G, M(v) = A (avt. M(v) = p), av n KOPUPN U ATEIKOVileTat amo v M
otnv apotepn (avt. 8e§1d) peptd tou GUVOAOU onpEiGV.

2. Ot upég M(w) xat M(w') eival edopéveg, emedn) amnod v £ioodo tou mpoBArpatog yvopi-
Joupe Ot 01 KOPUPEG W Kal W’ TPErnet va Bpiokovial ota onpeia g kat p, avtiotoa.

3. Av w # s t0te M(w) # M(s). T'a xkabe kopudn v € G OV avnkel oy d61a pe v w mieupd
tou G, 9étoupe M(v) = M(w), yla 0Aeg TG KOpUPEg tng GAAng mAsupag tou G Stoupe
M(v) # M(w).
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4. Av w’ # t, tote M(w') # M(t). Twa xabs v € G mou avrkel oy 6a pe v w misupd
tou, 9étoupe M(v) = M(w'), yia 0Aeg 11§ KOPUPEG g AAAng rmieupdg tou G, 9étoupe M(v) #
M(w').

5. Av w = s kat w’ = t, 1dte opifoupe va urapxouv dUo meupikég anewovioag: (i) yia Kabe
v € L(G) 9¢toupe M) (v) = A xkat yua kabe v € R(G) 9€toupe M;(v) = p. (ii) Ta kdBe v € L(G)
9étoupe My (v) = p Kat yla kabe v € R(G) Sétoupe My (v) = 7.

ZnPe1ovoupe 0Tl fla MAEUPIKY] ATIEIKOVIOT] ToU G andag eKPPadet Tig arnattrjoelg T0U TpoBAatog
TIEPIOPLOPEVG EPPUTEVUOTIS XOPLOUO®V GUVIOT®O®V. [Mad Tnv anmAdtnta g napouciaong e10ayoupe
T0Ug £§1G oUPBOAIOPOUG:

AM) = [Upeg (M(0) = A)|. p(M) := [ Upea (M(0) = p)I.

'Eote® ot M eival pua mAeupikn anewkoviorn 1ou G. Emnedr] o apiBpodg towv kopupov tou G, 10U
arewovi¢etat otnv apotepn (ave. de§1d) peptd tou dedopévou ouvodou onpueiwv mpénet va sivat
toog pe [L| (avt. |R]), éxoupe v mpot) avaykaia ouvOnKr) :

AM) = |LI. p(M) = |R|.

Av 1oyUet 1 apandve ootnta, Sa Aépe Ot n anekovion M eival pia éykupn mAsUpKn anekovion
tou G.

YroB£toupie o011 UTTAPXEL Pa EYKUPT TIAEUPIKI] ATEIKOVION yia 10 G. Amo tnv ouvOnkn (i) tou
TPOBANATOG IEPIOPLIOEVIG ENPUTEUONG BACIKOV OUVIOTOO®V, yia Kabe Kopudr) v € B, 10 ypddn-
pa G(v) npénet va Bpioretat oty idla pe v v Peptd 10U S o€ oUVEYOHEVA ONpeia yUp® Aro TV v.
‘Apa, kat ta 6o unoypapnpata upper(G(v)) kat lower(G(v)) mpérmet va eivat povordeupa. Autr
etvat n devutepn avaykaia ouvOnk).

Télog, Sewpoupe v akoAoubn epgutevon ['p tou B ot0 S: €0te v eival pla kKopudpr tou B.
Avtiotolxoupe v v otnv mMAeupd tou S 1ou pag urnodeikvuel 1 M, agrvoviag |upper(G(v))| kat
[lower(G(v))| eAetiBepa onpeia mave Kat KAt amnod 1o onpeio onou Bpioketat np v. Ovopddoupe I'g
Vv gpPuteuon auty ou B kat Aépe ou 1 I'g énetar and mu arnewcovion M. Eivat §ekabapo 6t n
epgutevon tou B nou énetatl and v M mpénet va eivat avepxopevn, autn ivat n pitn avaykaia
ouvOnkn.

Lt ouvéxela ouvoyidoupe Katl napouctdaloupe Tov alyoplOpo Imou eAéyxel TG TPeElg avaykaieg
OUVONKeG TIOU MEPyPAPaPE KAl KATAOKEUALOUHE TNV MEPIOPIOPEVT epduUtevon tou G oto S, av ot
ouvOnKeg 1kavorolouviat, dnAadr amodeikvuoupe 611 01 CUVONKeg AUTEG €ival KAl IKAVEG.

1. EAéyxoupe av unapyet pla £yKupn MAeUptkn) aneikovion M tou G oto S. Autd priopet va
Yyivel oe Xpovo avaloyo tou peyeboug tou G.

2. 'Eow I'p eivat n epguteuon tou B nov énetar anod v M. EAéyxoupe av n ['p eivat avepyo-
pevn. H kataokeur| tng ['p kat o éAeyxog autdg propet va yivet aAt oe Xpovo availoyo Tou
peyéboug tou G.

3. Ta raBe kopuPn L € B, eAéyxoupe av ta ypadprpata upper(G(v)) kat lower(G(v)) eivat povo-
mieupa. Auto, oupdeva pe 1o Afppa [I7, propet va yivel oe xpovo avadoyo tou peyeboug
ToU ypagpnpatog. H kataokeur) g {ntoupevng Meploplopévng epdpuUteuons PaciK®v GUvioT-
®oV Tou G o010 S propei va oAorAnpwdel kataokevaloviag tig epputevoelg t1ou upper(G(v))
(avt. lower(G(v))) oto povopepég ouvolo 16i0u peyéboug, TTou arnoteleital amo ta ouvexope-
va onpeia mave (avi. KAT®) anod v v, ta oroia £xouv adebel eAeubepa amnod tov oplopod ng



210 Avepyopevn Epgputevon oc £Uvodo Znpeinv

gu@UTEUong ToU B Mou £metatl ano pia £€yKupn epguteuct). Amo to Afppa 7] auto propet
va yivet oe Xpovo O(lupper(G(v))|) (avt. O(llower(G(v))|)).

O

Aedopévou evog ypaprjpatog G, evog prlok B tou G, 8Uo kopupov w, w’ tou B, evdg Kup-
TOU OUVOAOU onpeiev S Katl onpeiov g, p 10U S, 0TI®G 010 TPOBANIA TEPIOPIOPEVNS EPPUTEUOTS
Baowkav ouvictwoav, n dadikacia RPC-UPSE(G, w, w', S, q, p) eruotpégel true av Kat povo av
UTIAPXEL P1d TIEPIOPIOHREVT] EPPUTEUOT] BAOIKOV CUVIOTOO®MY TOU G 010 S Jie 1§ KopudEig w, w’ ota
onpeia g, p, aviiotorya.

2.4.3 AAyop19pog eA€yxou yua ta efwenineda ypapnpata

Eoww G eivat éva e§wemninedo rateypdpnpa kat s, t eivar pua nnyn kat pa kataBébpa twvu G,
avtiotoxa. 'Eote S eivat éva xuptd oUuvoAlo onpeiov. Linv rapouoa evotnta rnapouotaloupe Evav
MOAU®VUNIKO adyopiOpo rmou eAéyxetl av 1o G ermbExetatl pia avepxopevn) erinedn eppuIeuon oto
S, €101 wote 01 S Katl t va Bpiokoviat ota b(S) kat t(S), avriotoka.

'Eote Ps; eivat éva povordtt ano v s oy t kat éot Pg; = {s = wi,...,wy, = t} eivat 10
(s, t)-x@pilov urtopovortdtt 0U Ps;. Eotw Gy, 1 < i < m, kat Gy w,,» 1 <1< m~—1, elvat ot
Xwpilouoeg ouviotdoeg Kat 01 BACIKEG OUVIOTOOEG ITOU opidovial arod to povortdtt Psy, aviiotoiKa.
TéAog, €0t® Gsy, 1 < i < m, eivat ta unoypagnpata tou G nouv opidovtat and 10 P kat v wy.
Mapoépowa pe v mepinmiwon v dEvipmv, 0 duvapikog mpoypappatiopog tou AAyopibpou
Sratnpet pa Alota onpeiwv P(a, b, k), 0 <a <|L|, 0<b<|R|, 1<k < m, £étot Gote:

Gs,w, EXEL P1A aVePXOLIEVH] EPPUTIEUCT] OTO0 Sy _q1..h HE

peP(a b k)
TIG KOPUPES S, Wy va Bpiokoviat ota onpeia b(S), p.

IMa g oplakég ouvOrKkeg TOU HUVAPIKOU Pag TIPOYPAPHATIONOoU dE€Toupe
P(a.b, 1) = L(Gwly Li.a.Ri.p), 6OV a + b = |Gw1|-

[Mapatnpoupe 6 enedr] i wy elvatl pa iyr), 1 upn P(a, b, 1) eivar eite {b(s)} ite 0.
YrioBétoupe 6t to uroypddpnpa G, , €XEL YA AvePXOHEVI] EHPUTEUCT] OTO OUVOAO Onpeimv
S1..a-a;-ag,1..b-b,~b, HE TNV KOPUPI w;—; va Ppioketal oto onpeio g (PA. Ewkova paupo
ypdonpa). Yrobétoupe erniong ot 10 Gy, €XEL Pla MEPLOPIOPEVI] EPPUTEUOT] XDP1LOUO®Y CUVIOT-
WOWV OT0 Lg—g, +1..a YRb—b, +1..p» HE TNV W; Va amelkovidetat oto onueio p (KOkKwvo ypapnpa otny Et-
kova[2.32). Tédog, urobetoupe Ot 10 ypddpnpa Gy, w, EXEL PA TTEPLOPIOREVT EPPUTEUOT] BACIKGOV
OUVIOT®O®V OTO0 OUVOAO ONPEIOV Lo—q,—ay+1..a-a; Y Rb—b—by+1..b-b, U {P. q} (RITAE UTIOYpAPNIpQ TG
Ewo6vag2.32). Tdte priopoupe va ouvbudooupe autég TG EPPUTEVOES TV Gs w,_,» Gu, Kat Gu,_,.w,
ywa va dnuioupynooupe pa epputevon tou G, OT0 GUVOAO ONpPEioV S g 1..p. HE TIG KOPUPES S
Katl w; va Bpioxkovtat ota b(S) kat p, avtiotorxa. H Siadikaoia avtn pag emrpénet va mpoobetoupe
onpeia oto P(a, b, i) KAt EPypAPETAL TUITIKA ATtd TV akOAoubn avadpopikr) oxéon :

Pla.b,i)={p | dai.by €Z:a; + by =|Gy,l
3a29 b2 € Z . a2 + b2 = |Gwi_1,wi| - 2
Katp € -[:(Gwi’ La—a1+1..a’ Rb—b1+1..b)
kat dgeP(a—a; —ag.b—by — by, i— 1)
kat JRPC-UPSE of Gy, ,,u, OT0
La7a17a2+1..a7a1 ) Rb*b1*b2+1..b*b1 U {p’ q}
OIToU 01 Wj;—1 Kat w; Bpiokovtat ota
g Kat p, avtiotoixa}

(2.6)
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Ewova 2.32: H kataokeur] piag avepXopevng epdutevong tou G, At pia ave-
pXopevn epguteuon 10U Gy, , » P10 TIEPLOPLOPEVT] ERPUTEUOT] BACIKOV CUVIOTOOOV
yia 10 Gy, KAU P10 TIEEPLOPIOPEVH] EPPUTEUOT] XOPIOUOKV CUVIOTROOV Yid TO
Gy - To unoypdonpa Gs ., , oUpBoAidetat pe pavpo, n Pacikr) cuviot®od Gy, | uy
pe prmAe kat 1 xepi¢ovoa ouviotwoa Gy, Pe KOKKIVO.

Afppa 21. '‘Ecw G civatl éva efweninedo kateyoagnua n Kopupwv, S eival éva Kupto ouvofo n
onueiov. 'Eotw s kai t givar wa nnyn kat pia katabodpa wou G, avtiotoyya, €otw Ps, givar éva
povorat mov ovvdéel ug s kat t oto G, éotw Pg, = (s = wy, ..., wy = t) gvar 10 (s, t)-xwpifov
unopovorat v Ps; kat €0t Gg . 1 < i < m eivar ta vnoypagnuata tov G, mou opifovtar ano 1o
Ps; kat wy. Ymapyet pua avepyousvn eugutevon tou G oto S €10t wote ot s kat t va fpiokovtal ota
b(S) kat t(S), avtiotoya, av kar povo av n wun P(IL|. |R|, m), vrofoyiousvn and v avadpoutkn
oxéon [2.6), sivar un rxevn. |

H anddeign tou naparndve Appatog yivetal pe enayoyrn Kat akoAoubel v ypappn g anode§ng
10U avriotolou Afjppatog yia ta évipa, BA. Afppa 13

O AMy6p1Bpog Bl (BA. oediba urnodoyilet ug tpég (LI IR|, i), yia 1 < i < m.

To akdAoubo Sewmpnpa 0AORANP®VEL TNV evOTNTA KAl armodelkvueTal napopola pe 1o Osopnpa
Kat 10 ®swpnpa

Ocwpnpa 13. 'Eotw G cival éva efweninedo Kateypoddpnua n Kopupwov, S eival éva Kupto oUuvoo
n onueiov. ‘Eotw s kai t sivar pia nnyn kat wwa karta6odpa tou G, avtiotoya. Mmopovus va
amopaciooupe o xpovo O(n®) av 1o yodagnua G éxel wa avepxdusvn eugiteuon oto S. Emmaéov, av
Uia TETola EUPUTEVON UTLAP)XEL UTIOPEL Va Kataokeuaotel uéoa oty idia xpovikn ntoAvrfokomnia. O
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Algorithm 6: OUTERPLANAR-UPSE(G, S, s, t)

Eicodog: 'Eva efwerninedo kateypapnpa G, éva ouvodo onpeiov S = LU R, pia rinyn S Kat
pa kataBobpa t tou G, éva povonatt Py ;. To povorat Py, = (s = w1, ..., Wy, = t)
Xpnotwporoteitat yia va Xtiooupe npoodsutikd 1o ypdonpa G ano ta vnoypadnpata

Gu w22 i<mxrat Gy, 1 <i<m.

Eico80g: NAI’ av 1o G erudéxetatl pia avepyopevn sp@puUIEuct) oto S e Vv S va Bpioketal oto
b(S) kat v t va Bpioxketat oto t(S), ‘OXI’ Srapopetikd.

1. Fora=0...|L|

2. For b=0...|R|

3. P(a.b. 1) = L(Gw,. L1 .q.Ri.p)

4. Fork=2...m //@expoupe 10 ypapnpa Gy,

5. P(a,.b, k) =0

6. Fori=0...|Gy,l / /0t i xopupég Tou Gy,

Bpiokovtatl otnv apiotepn PePd tou S

7. if (a—i>0) rat (b — (|Gy, | — 1) > 0)

8. ‘Eoww L = L(Guy. La-i+1..a: Ro~(Gyy |-i)+1..b)

9. //®swpoupe 6Aeg TG Huvatég tomoOeToelg tng
10. / /ROpUPNS Wi
11. For each p oto £
12. 'Eot® M eivat pla mAeupikn aretkoviorn tou
13. Guy_, wyer OTAV 1] Wy Pploketat oto p
14. Kal wy_; Pploketat oe KAmoo onpeio tou L.
15. //®empoupe 0Aeg T1g duvatég TOmOOEeOEIS TNG
16. KOPUQI|G Wy OV APLlOTEPT] PEPLA TOU OUVOAOU
17. For each g oto
18. Pla—i— AM). b~ (|IGy, | — 1) —pM),lk—1)NL
19. if RPC—UPSE[wk,l, Wi, Lafifﬁ(M)Jrl..afiU
20. Rb—(Gypy l-1)-p(M)+1..b=(1Guy I-)) Y P- G} G. D)
21. then rpoobeoe p oto P(a, b, k).
22. 'Eot® M eivat pla mAeUupikn arneikoviorn tou
23. Guy_ywye» OTAV 1] Wy Pploketatl oto p
24. Kal n wy—; Pploketatl oe éva onpeio tou R.
25. // BOewpouvpe OAeg Tig Suvateg TOOOET OIS NG
26. KOPUQPNS Wy—1 otnv He81d mAeupd tou GUVOAOU
27. For each g oto
28. Pla—i—AM),b— |Gyl - 1) —pM), k- 1)NR
29. if RPC-UPSE(wyc-1, Wy, La—i—pany+1..a-iY
30. Rb(1Guy |- 1)-p(M)+1..b~(Guy |-0) Y {P. G}, Q. D)
31. then nipoobeoe 10 p oto P(a, b, k).
32. if P(|L]. |R|, m) eivat kevr) then return(‘OXI);

33. return(NAI);
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2.5 Epnd¢uteuon IIpoocavatoAiopiévou Movonatiol oc 'eviko ZuvoAo
Znpeiov

2.5.1 T'voota anotesAéopata KAl MPOOITTIKEG

H napouoa evotnta eivat aplep®@pévn) oe YeVIKA oUvola onpeiov Kat pia ‘armdn’ olkoyévela Kate-
ypapnpatev, ovopaldpevav mpooavatofiopévov puovornatwv (oriented paths). IMapddo mou 1
o1 TV IIPOCAVATOAIOPEV®OV POVOTIATIOV £ival armdr), eddayiota yveopifoupe yla v avepXOpevn
EPPUTEUOIIOTNTA TOUG O YEVIKA OUVOAa onpeiwv. [T ouykekpipéva, SEPOUPE OTL O1 TAPAKATR
O1KOYEVELEG HOVOTIATI®OV TTAvia ermdEXOVIal Pia avepXOPevr) e1pUIEUOT] O OIMO0OIITOTE YEVIKO
oUvolo onpeiav:

(a) (b)

Ewkéva 2.33: (a) 'Eva mpooavatoAlopévo povortdtt e 10 oAU 5 Siakorteg £1ot
®OTe TOUAAXI0TOV HU0 arod Ta PovOTOvVa UTIOPOVOITATia TOU £X0UV PUfKog 6uo. (b)
IMpooavatoAiopévo povortatt P = (vy, ..., Uy), TETO0 @WOTE 1] AV KOpuPn v; eivat
KataBobpa, tdte 1 KOPUPr| Uiy elvat rnymn.

(1) MpooavatoAiopéva povordtia pe 1o oAU 5 Siakorteg Kat T€Tola ®ote TOUAAX10Tov HU0 arod
Ta povotova UMOPOVOITdTia Toug arotedovvial and pa akpn (BA. yua napadetypa Ewko-

va 233.q) [4].

(ii) 'OAa 1a pooavatoAiopéva povortdtia P pe 3 Sarormteg. YroBétoupe 611 1o P riepiéxet k rat
[ KOPUPEG OTa POVOTOVA UTTIOPOVOTTATIA TOU KAl OTL 1] KOV KOPUQH] TV POVOIIATIOV AUTOV
elvat inyr). Mia avepxopevn epgUTeuot Tou povortatioy P propel va rapayBei pe tov €8rg
ardo poro: dewpoupe pia eubeia mou mepvd amod 1o YnAdiepo onpeio tou S, Tou Xwpiet
10 S oe HU0 UMoOoUVoAq, €va pe k — 1 onpeia kat 1o dAdo pe [ — 1 onueia. Anewkovidoupe
Ta povAotova POVOTTATia OTd UTOOUVOAd auTd XPrOTHOIIOIOVIAS Ta Onpeia Katd v avgouoa
Y-OUVIETAYHEVT).

(iit) Ta ipooavatoAiopéva povortatia P = (vy, . .., Uy), £101 ®OTE AV 1] KOPUPT v; eivat pia katabo-
9pa (avt. inyn), 1dte n KOPUGT) vi4; €lval pia Ny (ave. kataBobpa) (BA. Ewoval2.3316) ].

A6 TV aAAn pepid, dev yvopidoupe Kavéva rpooavatoAlopévo povordtt P kat ouvolo onpeiov S,
€101 ®ote 10 P va unv epgutevetal oto S.

[Tpoogata oxedidoape éva meipapa oe yevikd ouvola onpeiov, mou rnapdyoviat arno opdoyeva
mAéypata. 'Etot, yua kaBe yevikd ouvolo onpeiov S, mou amnotedeital and n onpeia kat ivat
UTTIOOUVOAO €vOg N X 1 0pBOy®VvVoU IMALYHATOg Kat yla KaBe mpooavatoAiopévo povordtt P pe n
KOPUQEG, eAéySape av to P erudéxetal pia avepxopevn erirnedn ep@uteuor oto S, eAéyxoviag Odeg
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TG dUVATEG ATIEKOVIOEIS ATIO TO GUVOAO TV KOPUudpoV Tou P 010 oUvolo tewv onpeiov tou S. To
neipapd pag £6e§e ot Sev unapyet kavéva avurapddeypa ya n < 9.

Ztn ouvéxela Sa elodayoupe £vav 1006Uvapo oplopd autou tou rnpoBAnpatog. Kataokeudaloupe éva
YEOUETPKO TANIpeg Kateubuvopevo ypdagpnua (geometric tournament) T and 1o ouvolo onpeiov
S wg £€ng: To T mepiéxet |S| kopupég, mou avarnapiotaviat ano ta onpeta tou S xat n(n — 1)/2
aKpEG, Tou ouvoéouv Kabe {euyog onpeiov. Ot KateubBuvoelg 1oV akpev elvat ekeiveg tou divouv
avepyxopeveg akpég. Ovopdaloupe autd 10 VEMHEIPIKO YPAPNA QUEOXOUEVO YEDUETOUKO TATOES
yoagnua (upward geometric tournament). LUVenwg, £X0Viag T0 IIPOCAVATOAIOHEVO povortdtt P, 1o
EPOINHIA pag yivetat: Ymapyet éva emninedo aviiypagpo tou P péoa oto ypapnpa T

Ot pn-kateubuvopevr Katl Pn-srnedn ekO0YEG TOU TIPOBANPATOG AUTOU £XOUV peAetnOel apketd
oy dewpia ypapnpatov. ‘Etor oo Newborn kat Moser | anédeav ot KAOs arekovion
T0U TAfPOUg (pr-Kateubuvopevou) ypapnpatog K, mepiéxet touddyiotov 3/20 - 101/3] enineda
povortatia Xapdtov. To anotédeopa autd BedAtddnke ano tov Hayward I@] otnv upr k3.2684",
orou k eivat pa otaBepd.

Amo6 v aAAn mAeupd, n pn-eninedn, addda kateubuvopevn ekdoxr) TOU MPOBANIATOG AUTOU &i-
vatl 1o akoAoubo: dedopévou evog TANpeg Kateubuvopevou ypaprnpatog (directed tournament)
T xat evog rateubuvopevou povoratiou P kat ta dUo pe n Kopugeg, va Ppebet av 1o T mepté-
Xel @G unoypdadpnpa 1o P. Z10 npdBAnpa apiepmdnkav moAAEG EPEVUVNTIKEG EPYAOIES KAl Yid TG
avapopEg TIAPATIEPITOUHE TOV AVAYVQOOTI OtV E]. To mpdBAnpa auvto eival yvootd og 1 Ewaoia
tou M.Rosenfeld kat anavindnke katapatuka and tov Thomason [98] yia 11 peyaldeg Tipég tou n.
Ta éva transitive tournament T, eivat etkodo va Seifel kaveig 6t rdvia nepiExel éva avilypado
tou P.

Ta napandve pag odrynoav otnv akoAoubn ekaoia.

Ewkaoia 1. Kdde avepyousvo yeouetpikd minpeg ypapnua (upward geometric tournament) pe n
KOPUPES TIEPLEXEL WG EMIMESO UTIOYPAPNIUA KADE TPOoAVATOAIOUEVO UOVOTLATL L KOPUPDU.

2.5.2 ZUvolAo onpeicv pPEyalutepo TOU Ypadpnpatog

Ly evotnta aut] aVIPETOITOUNE TO TIPOBAN A ePPUTEUOTG EVOG TIPOCAVATOAIOPEVOU PLOVOTIATIOU
HE N KOPUPEG 0 OUVOAQ Onpeimv e aparndve amno n Kopupég. Ilpota amodeikvuoupe OtL €va
povoratt pe 10 oAU k Siakortteg ermbEXETAl TIAVIOTE Pl AvePXOUev] ertinedrn ePpuUIeuon os Eva
ouvolo n2F2 onpeiov. Yotepa, XProtpomnowviag pia S1apopetiky Pooéyyor, KateBaloupe 10
mAn0og oV anapaittov onueiov oto O(n?).

2.5.2.1 2dvodo n2" 2 onpeicov

Lt ouvéxela anodelkvuoupe 1o ak6Aoubo:

Ocwpnpa 14. Kade mpooavatoAlouévo Hovomatt n kopu@wv P ue k dtarxomieg emibeyetal pta ave-
OXOUeVN EVOUYPaUUN EUPUTEUON O £va yeviko ouvoflo onueiov S, ue |S| > n2k2,

Anoddedn: Oa arodeifoupe v npotaon pe enaywyr otov apldpo twv dakorttmv. H enayoyikr)
pag utobeon sivat 6t pia anod 1§ AKPeg TOU POVOTTIATIOU £ival ATIEIKOVIOUEVT eite oto b(S) eite oto
t(S), egaptwvtag aro 1o av n Kopudr] autr) givat rinyn 1 kataBobpa. H mpdtaon eivar tetpippévn
yia ke = 2, ene1dn) otny nepintoon avtrn 1o P eivatl povotovo Kat dpa PItopouHe va T0 ePQUIEUC0UNE
o€ €va OUVOAO N Onpeinv.

YroB¢toupe ont k > 2. 'Eow a; sivat n pia drpn tou P. Ymobétoupe o1 n @; eivat nnyn, 1
nepimoon otav eivatr kataBobpa eivatr ouppetpiky). 'Eoww P, = (a;, ag, ..., ) sivat 1o pEyioto
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P\{ay,...,a11}
it]151] > |5

P\{ai,..., a1}
if [S1] < [Sa]

B(S)

Ewéva 2.34: H anode§n tou Afjppatog T4l

HOVOTOVO UTIOPOVOTTATt ToU P Tou miepiéxetl v a;. [Mapatnpoupe o6t l > 2. Anewkovidoupe P \ {ay}
otwa |P;| — 1 onpeia tou ouvodou S pe v PKPOTEPn Yy-ouvietaypévr. ZupBoAiloupe 10 0UvoAo
auto pe S,. Amewkovidoupe tnv Kopugn q; oto onueio t(S). 'Eotw S; kat Sy eival ta urmoouvola
rmou artotedovviat aro to t(S) kat ta onpeia ou S\ S, ota apotepd kat ota He&1d g eubeiag
TOU Ttepva amod ta qu—; KAt q;, avtiotoxa. Av [Si| = [Sq| (av |Sz| > [S1), kataoksudloupe pia
avepxopevn erminedn epgutevon tou P\ {a;. as, ..., a;-1} oto Sy (avt. oto Sp) pe Vv q; o010 onpeio
t(Sy) = t(S) (avt. oto t(Sz) = t(S)).

Eivat eukolo va 6t kaveig 6Tt 1 TPoKUIIouod ePPUTEUOT Elvat avepxopevn) Kat ertinedrn. Anodeikvu-
oupe 6T 10 Péyebog TV UTIOoUVOA®VY S; KAt Sy eival APKETO yid va XP1|O1HI0IT0I|00UE ertaywyT). To
IMAN00g TV onuEei®v 0To peyadutepo anod ta Sy kat Sy eivat touddyiotov (|S|—(1-1)) /2. ErmutAéov, to

P\{ai.ay. ..., a1} éxet n—(1—1) Kopugég Kat k— 1 Staxérmreg. Emedn [S| > n2k2, 1o peyadutepo
ané ta S; kat Sy nepiéxet tovddyiotov (n2F2 —(1-1))/2 = n2F3 - (1-1)/2 > n23 —(1-1)2k3
onpeia, apa, emnedn k > 2, 1o Afjppa €retat. |

2.5.2.2 Zovoldo tev O(n?) onpeicov

Zinv tapouoda evotnta BEATIOVOUE TO ATIOTEAECHA TG TTPONYOUHEVIG EVOTNTAG KAt ATIOSeIKvVUoUE
6t O(n?) onpeia eival apKeTd yia va eppuIeUooUlE £va TIPOOAVATOAIGHEVO HOVOTIATL N ONIEi®V.
®a XP1O0Io0UHE TOV OUPBOAIONO Y(p) OTav avadepOPaoTte Otr| Y-OUVIETAYHEVT TOU ONHEiou p.
Mze p(v) 9a oupBoAiloupie 10 ONPEIO OTIOU £XE1 ATIEIKOVIOTEL 1 KOpudn v. 'Eva onpeio Sa ovopadetat
€AevBepo onpieio Tou S av kapia Kopudr) Tou povoratioy P Sev €xel aneikoviotel og auto.
®erPoUE TO OUVOAO Oonuei®v S Kal 10 Kuptd tou nepiBAnpa H(S). 'Eow Ly = S\ H(S), L, =
Ly \H(Sy), ..., Ly = Lp—1 \ H(Sim—1). Av m+ 1 gival o pirpotepog akeéPaiog tétoiog Oote Ly, = 0,
Aépe Ot 1o S elvalt m-kypto ovvofo onueiov. Ta ovvola Ly, . .., L, ovopddovial otpopata tou S.
Ta otpopata L; kat Ly, ovopdloviat tadoyika orpapata tou S. 'Eote p kat g etvat ta onpeia tov
L; xat Li; 1, avtiototxa. Aépe 611 to onpeio p etvat oparo and 1o g (1] aviiotpopag) av 1o eubuypappo
npa p, g ev tépvel 1o MoAUymvo pe Tig Kopugég ota onpeia Ly (BA. Ewova 2.35).

To akéloubo armdo Afjppa arotedei v Baoikn 16éa tng anddegng.

Afupa 22. 'Eote S eival éva yevikd ovvoio n? — n onueiov. Av 10 S Sev mepiéyel kavéva Kupto
UTtOOUVOS10 N ONUEI®V, TOTE TO S TEPLEXEL TOUAGXIOTOV N OTPOUATA. |

To ak6loubo Afjppa arnotedel epyaldeio yua tv anddeln tou Sewprpatog.

Afjppa 23. 'Eotw S eivar éva yevikd ovvodo ue m owpwouata Ly, ..., L,. 'Eote p;, q; gvar 6vo
Swadoyuka onueia ou opwuarog L; kat piy1, qi+1 €lvat 6vo dtadoyika onueia tov orpwuarog Liyy,
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Ewodva 2.35: Ta onpeia p; — ps 6ev eivat opatd aro 1o g, eve 10 onpeio py eivat
oparto.

etor wote Y(qi) < (qir1) < Y(pi+1) < y(pi). Emiong, ta onueia p;, qi kat pic1, Giv1 Bpiorkovtar oty
6e€la pepta tou L; kat tou Ly, avtiotorya. Tote oxUel TOUAAXIOTOV pia amo TG ETOUEVES TPOTAOELS :
(a) to onueio p; ivar opatod ano 1o qiy1. (b) 10 onueio q; eivat opard and 10 Pi4 1.

Anédedn: H Ewova [2.36la meprypapet tnv anoddedn. Eig atono anaywyr), urobétoupe Otl Kat
o1 6vo mpotaoeig (a) kat (b) sivat Aavbaopéveg, dndadrn oute 1o onpeio p; eivat opatd amod 10 G+,
oUTe 10 @; eival opatd amo 10 pi+1- lleprotpépoupe pia eubeia | KAtd v Qopd T®V SEIKTIOV TOU
POAOY10U yUP® artd 1o onueio pir 1, Eexkvoviag amno v opdviia 9éon, PA. Ewkova[2Z.366. H subeia
[ evtortidet 10 onpeio g+ TPV 10 onpeio q;, enedr] 10 q; Hev eivatl opato aro 10 p;+1. [lapopoua,
nePloTPEPoOUPE pia eubeia f, aviiotpopa g Popdg TV SEIKIOV TOU POAOYI0U YUP® ATO 1O (41,
Eervoviag amno v opgovua Séorn. H eubeia f eviortidel to onpeio p; petd to onpeio pirq1. Auto
onpaivel 611 ta onpeia gi+q KAt pi+1 Pplokoviat oto Kuptod ouvodo L;, dtoro. |

~

(a) (b)

Ewodva 2.36: (a) To onpeio p; eivat opatod arod 10 g1, EVO TO ONpeio g; dev eivat
0patod and 1 pi;. (b) Arddegn tou Afppatog 23l Ta onpeia g Kat pyy; etvat
OTO KUPTO GUVOAO L;.

@cdpnpa 15. 'Eotw S sival éva yevikd ovvofo n? — n onueiov kat éotw P eival éva mpooava-
toA1o0pgvo povoratt n kopu@wv. To P emibéxetal pia avepyOuevn eninedn eu@uUteuon ota onueia tou
S.
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Andden: Av 10 S mepiéxel €va KUPTO UMOOUVOAO n onueiov S, tote ano 10 Osopnua 7 tev
Binucci et. al. ] (BA. eriong @scdpnual2), to povondn P embéxetatl pia avepXOHevn ERPUTEUOT)
OTO UTIOOUVOAO S’ Kat dpa oto oUvolo S. Atadpopetikd, ano to Afpual22l to S nepiéxetl tovddyiotov
n orpopata. XupBoldidoupe ta n anod ta ortpopata auvtd pe Ly, Ly, . . ., Ly, €101 oote L va givat 1o
eCHTEPIKO OTpOPA, evw ta L;, Liyq va eivatr vo dwadoyxwkda opopata i = 1,...,n— 1. 'Eow
V(P) = {v1, ..., vy} €lval 1o oUVOAO TV KOPUP®V TOU P, OTIOU 01 KOPUPEG Hivoviatl pe tnv os1pd tng
EPPAviong Toug oto povortatt P.

Oa arnodei§oupe v POTAOT Pe enayoyn. Av n ipotn) akpn ou P sivat (v, vg) torobetovpe tnv
v; oto t(L,) kat v v oto t(L, 7). Mapatnpoupe 6t 1o onueio t(L, 1) eivat mavia opatd arnod 1o
t(L,). H nepimwon otav n arpr (vg, v1) eival pépog tou P eivat cuppetpikr). Andadn torobstovpe
Vv v; oto b(L,) xat v vg oto b(L,—1). Katd v didpkela g anoddei§ng, av ) kopudr| v; Ppioketat
otn 8e81a (apiotepry) pepid ou Lj, 161e poornaboupe va Torobet)ooupe TV KOpuer) Vi1 otn degia
(apiotepn) pepia tou Lj .

YroBétoupe 61 petd ano ta i mpota Prijpata £€X0UpEe TOMOOETOeL TNV KOPUPr| U; OTO0 OTpOPd j,
Jj < n—i+ 1 katvrobtoupe 611 10XVOUV ta akoAouba :

(R 1) T'a xdBe k < i, eav (Vk_1, Uk) elvat akpr] tou P kat o1 800 KOpuPEG Vye—1, U Ppiokoviat oto
610 otpwpa Ly, 161 6Aa ta onpeia 1ou Ly_j, ta omnoia eivat mave amno 1o p(ve_1). dev eivat
opatd arto 10 p(vj-1).

(R 2) Twa xabe k < i, av (U, Uk-1) €lvat n akpr 1ou P Kat ot KOPupEG V-1, Uk Ppiokoviatl oto
610 otpopa Ly, 161e 6Aa ta onpeia tou Ly_; mou eival kate and to onpeio p(ve-1) dev eivai
opatd arto 10 p(vj-1).

(R 3) H epgUteuo) Tou UTIOPOVOTIATIOU OTI§ KOPUPEG {v1, . . ., U3} elvar eminedn kat avepxopevr).

Lj—l

Vi+1

(a) B

Ewéva 2.37: Anddeiln tou Osopnpatog[I5 Mepimtwon 1.

ToroBstoUpe TV KOPUPH Vir1. YTIOOETOUPE OTL (U4, Vyy1) €ival 1 akpr Tou P, 1 mepimoon tng
axpng (vir1. vy) elvar ouppetpikn. Gupidoupe Ot N KOPUPT| V; £XEL AMEIKOVIOTEL 010 otpwpa L.
Xopig BAABN g yevikotntag uobétoupe 6T n v; €xel aneikoviotei otnv 6e81d peptd tou L.

Mepintwon 1: H Kopudr) vi—; £XEL AMEKOVIOTeL 0t éva onpeio tou otpopatog Liy (Ewdva [2.37).
Xopig BAGBN g yevikotntag, UrtobEtoupe OTL 1) Vi—1 €XEL ATEIKOVIOTEL Oty 8e§1d pepa tou
Lis1. 'Eowe g eivatl 1o onpeio oty §e§ia pepa tou Lo mou eival ap£omg mo nave arnd 1o
p(v;). Av 1o g eivat opato ard 1o p(v;), aneikovidoupe oto g v Kopudn vy (Ewxdva [2:37.a).
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Edv 10 onpeio g ev eivat opaté and 10 p(v;), Tomobetovpe tnv vy OO0 onpeio tou L,
rmou etval apéong mo nave anod 10 p(v;) oto 1610 orpopa (Ewova 2.3716). T'vepiloupe ot
unapxet éva tétoo onueio, dapopeuka p(v;) = (L) kat apa 1o t(L;1) eival opatd ano o
t(Lj). Tvepidoupe emiong, 6tl 10 onpeio autod sivat eAevbepo, enedn n KOpuPH v;—1 EXEL
aneikoviotet oe onpeto tou Ly ;. Tapatnpoupe emiong ot av to g dev eival opatd and to
p(v;), téte Kavéva ano ta onpeia tou L mou eival mave and 1o p(v;) dev eival opatod anod
autd. Apa kat oug Vo neputtdoelg ot ouvinkeg R 1, R 2 10x00Uv KAl 1] Arekovion eivat
avepyopevn kat erminedn (loxvel n ouvdnkn R 3).

Lj 4 j—1
Vit+1

Vi+1

g

(@) (B)

Ewodva 2.38: Anddeidn tou Oswprpatog[I5} Mepintoon 2.

IMepintwon 2: H kopugr) vi—; €xel aneikoviotei oe éva onpeio tou orpopatog Lj (Ewova 2.38).

[Mepintowon 2.a: (vi—1, v;) €ivar n akpn ou P, BA. Ewova 2.38la. H mepimoon autn
arodeikvuetal tavtdonpa pe v Iepimtoon 1.

[Mepimtwon 2.8: (v;, v;—1) eivat n akpn U P, BA. Ewova 2.38l68. And v enayoyikn
unobeon, 1o onpeio g tou L 1, 1o onoio eivat apéowg mo kate anod 1o p(v;1), dev etvat
opatd ano 1o p(v;-1). 'Eotw g elvat 10 apéowg mo nave onpeio ano to g oto L ;. To
onueio g eivatl mave amnd 1 p(v;-1). Apa, and 1o Afppa 10 onpeio g eivatl opatd
aro 1o p(v;). Anewkovidoupe 10 Vi1 010 q. Ot ouvOrreg R 1 — R 3 1oxvouv.

2.6 To IIpoBAnpa Avepxopevng Epgputeuopotntag o Z0voda Inpet-
ov givat NP — complete

Zinv mapouoa evotrnta eGetdloupie TV XPOVIKT] MTOAUTTAOKOTITA TOU TPOBANATOg €AEYXOU yia TO av
10 Bedopévo eminedo avepxopevo ypapnpa G ermdexetatl pia avepXopevn epduteuon oto dedopévo
oUvoAO onueiav S. Arodeikvuoupe Ot o rpoBAnua eivar NP-complete akopa kat ya ypadprjpata
P& povadik) mnyn Kat PEyoto pn-Kateubuvopevo KUKAO priroug téooepa. To arotédeopa auvto i-
vat BEATIOTO yia ypadrpata pe pn-Kkateubuvopevoug KUKAoUG, eretdr) oty [4] eixape arodeifel ot
KAOe ypdonpa pe povadikr Inyn Kat PEYoTto Nn-Kateubuvopevo KUKAO prkoug tpia, ermdéyetat
TIAVIA P AVEPYXOPEVT] EPPUTEUOT] O VA YEVIKO OUVOAO Onpeinv.
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t(S)

b(S)

b(S)
(@) (b) (©)

Ewkdva 2.39: (a) To ypapnpa G mou kataokeualoupe yia myv anodeln. (b) To
O0UVOAO onpeiev S Mou Kataokeudaoupe yua v anodeln. (¢) Mwa avepxopevn
eminedn epduteucn tou G oto ouvodo S. (d) H kataokeun g Mpotaong Bl

Osopnpa 16. 'Eotw G cival éva eminedo avepyOUeVo yodgnua Ue N KOPUPEC Kal S eival gva
YEVIKO oUvojlo n onueiov, 10 TPo6Anua aropaong yia 1 av 10 G emdéxetal pa avepxopusvn ninedn
euputevon oto S eivat NP-complete. To mpo6inua mapapéver NP-complete yia yoaprjpata ue
uovadikn Tnyn Kat UEYLOTO UnN-KarteudUVOUEVO KUKFO UNKOUG TE00Epa Kat M-Kupta ouvojla onueion,
ya kamoto m > 0.

Anoden: Eival {exdBapo 6t 10 mpdBAnpa eival oty kAdaon NP. Ta va anodeifoupe tnv NP-
completeness Sa avayoupe 10 yvootd NP-complete poBAnpa 3-Partition oto 610 pag ripoBAnpa.

Ipo6inua: 3-Partition

Eioodoc: Eva 6po B € Z*, xat éva ouvodo A = {ay, ..., asm) pe a; € Z*, B < a; < g.
‘E§odog: m §va neta§y tou ouvoda Ay,...,Anp CApe |A] = 3 Rat Y aep,a =B, 1<
i<m.

Xprnowporolovpe 1o yeyovog ot to 3-Partition eivat éva strongly NP-hard mpdBAnpa, dndadr eivat
NP-hard akdpa Kat oty nepintoon mnou to B eival gpaypévo pe éva roAuovupo tou m [44].
'Eotw A kat B eivat 10 oUvolo 3m 9KV aKepainv Kat 10 0plo, ou divovial ¥g pia eKO0XI)
(instance) (A, B) tou mipoBArjpatog 3-Partition. Baowopevot ota A kat B, Sa 6si§oupe nog propet
Va Kataokeuaotel éva avepxopeva eminedo ypapnpa G kat €va oUvolo onpeiov S €101 OOote 1O
G va €xel pua avepyopevn erinedn epputevuon oto S av KAt Povo av n ekdoyr) tou 3-Partition
nipoBAnpatog (A, B) €xel pa Avor).

Asixvoupe mpota Mg kataokeuadetal 1o G (BA. Ewkova [2:391a). Eekivape pe U0 Kopupég s Kat t
tou G. H xopu@n s eivat n povadikr) rmnyrn tou teAikou ypaprpatog. [poobétoupe m Séva petadu
TOUG POVOTIATIA ATlo TNV S otV t, pe U0 akpég 10 Kabe éva. Me u;, i = 1,..., m oupBoAidoupe
TG KOpudEg Babpou 6Uo tewv dnpioupynOéviey povoratidv. I'a kabe a € A, kataokeudoupe eva
povotovo povortdtt P; pe a véeg KOPUPEG TTOU €XEL TNV KOPUQT| S @G TNV INyr) Tou. ZUVoAo, €Xoupe
3m t€towa povortdta Py, ..., Psy,.
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L ouvéxela kataokeuddoupe 1o S. 'Eotw b(S) kat t(S) eivat 1o xapnddiepo kat 1o ynAdtepo
onueio 1ou S (BA. Ewodva 2.39.8). Extog amod ta b(S), t(S), 10 S mepiéxel m Povopepr] oUVOAd
Ci,...,Cn, 10 kaBéva pe B + 1 onpeia, €101 ®OTE va 1KAVOIIO10UVIAL 01 AKOAOUOEG OUVONKEG :

To C; U {b(S), t(S)} eivat éva apiotepopepég ouvolo onpeinv, i € {1,...,m}.

e Ta onpeia tou Ciy eival mave ano ta onpeia tou C;, i € {1,..., m— 1}.

e 'Eotww [; eival n subeia mou riepva and ta b(S) kat t(C;), i € {1, ..., m}. Ta ouvoda Cq,...,C;
Bpiokoviat ota apiotepd tng eubeiag ; kat ta ovvoda Citq, . .., Cy ota 6e81a g eubeiag .

e Eotw f; eivatl n eubeia nou mepva and ta t(S) xat (Cy), i € {1,...,m}. Ta ocvvoda Cj, j > i,

Bpiokovtatl ota apotepd g f;.

e To ouvolo {t(C;) : i =1,...,m} eivat apiotePOPEPES.

H akéAoubn npotaon emnetatl and tg 1610tteg t1ou ouvolou S.

IIpotaon 5. 'Eotw C; gival éva ano ta aplotepouspn ovvoda mou anoteAouv 10 S kKat £0tw X € C;,
j > i. Tote 10 ovvofo C; U {b(S), x} eivar emiong apiotepouspes ue ta onueia b(S) kar x va sivat
Swadoyuka tou onueia. |

IIpdtaon 6. Ymdoyet cva oUvoA0 ONUEI®V S TOU UKAVOTOLEL Ti¢ TTAPAnave tS10TNIeg Kat 10 euGadov
0V gival ToAUVUUIKO ©¢ Tipo¢ Ta B kat m.

Anobealn g Mpotaonel@: Ta xabe i € {0, ..., m — 1} Sétoupe Cpy_; va etval 1o cuvodo v B + 1
onpeiov
Coi={(mi—iB+2).2 - ((B+2)) | j=1.2,... . B+1|

@étoupe 1o onpueio b(S) va eivat 1o (=(B + 1)% + (m = 1)(B + 2))2, (B + 1)?2 — (m(B + 2))?) xat 10
t(S) va eivat 1o (0, (Mm(B + 2))?).

Eivat evkodo va eraAnBevoet Kaveig 611 ot anattoupeveg 1910TNTeg yla 10 S 10XU0UV Kal OTL TO
HIKPOTEPO 0POOYMOVIO TOU TIEPIPPALEL TO OUVOAO £XE1 TIOAUDGVUHIKO ®G TIPog Ta B kat m epBadov. O

IIpétaon 7. |S| = |[V(G)| = m(B+ 1) + 2. O

i ouvéxela da Seifoupe nwg arnd tnv Avorn tou 3-Partition priopovpe va Kataokeudooupe pia
AUon yua 1o mPoBAnpa avepopevng PPUIEUONS O OUVOAO onpeiov. YToOEtoupe OTL UMAP)EL
pa Adon yua 1o npoBAnpa 3-Partition, ¢otw A; = {a},a?,a’}, i = 1...m. Tlapatnpotpe 6Tt
1-3:1 a{ = B. Antewkovidoupe nipota ta s kat t ota b(S) kat t(S), avtiototxa. Yotepa, aneikovidoupe
Vv Kopudn u; oto t(C;), i = 1...m. IlapatnpouUpe OTL TO POVOTIATL ATIO TNV S OtV t PEO® NG
u; elvat avepyxopevo kat ta ouvoda Ci,. .., C; Bpiokoviatl e§ 0AOKAPOU OTa aPlOTtepd AUTOU TOU
povortatioy, eve ta Ciq, ..., Cpn Pplokovial ota §g§1d autoy tou povoratioy. Ze Kabe éva arod
ta C; éxouv amopeivel B eAevBepa onpeia. Aneikovidoupe Tig Kopugég Tou povortatev P, P2 kat
Pis, IOV AVTIoTO1X0UV ota ail, 01-2, ais, ota eAeuBepa onpeia tou C;, €101 MGOTE Ta POVOITATIA va givatl
avepyopeva (BA. Ewova [2.391c). Etvat eukodo va emadnOsuost Kaveig O0tt 0An n epguteuon sivat
avepxoOpevn Kat erinedn.
YroB&toupe tOpa Ot urtdpxel pa avepxopevr epguteuor) tou G oto S. @a deifoupe Ot urndpyet
Ha Avon yia 1o aviiotoiko nipoBAnpa 3-Partition. H anodeln Baoiletat otig akdAoubeg mpotaoceig
TIOU artode1KvUoUV 1910t TeG Plag avepxopevng epputeuong tou G oto S.

IIpotaon 8. Ze kade avepyouevn eninedn eugutevon tou G oto S n kopu@n s Lpioketat oto b(S). O
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t(S)

b(s) b(s) bs)
@ (b) (©)

Ewkdva 2.40: Aneikdvion 1mou xpnotporolsitat oty anédein g Mpotaong Ol

IIpdtaon 9. Ze rkade avepyouevn eminedn eupuievon ou G o010 S povo pia amd TG KOPUPES
{wy, ... uwn} Boioketat oto onueioov Ci, i =1...m.

Anodeiln mg Ipotaong[F Eig droro araywyr), unobEtoupe ott §U0 S1aPOPETIKEG KOPUPES U KAl
uy. Bpiokovrat os 8Yo Srapopetika onueia tou ouvodou C; (BA. Ewova [2.40). Xwpig BAd6N g
YEVIKOTNTAg UTobEtoupe Ot 1 Uy Ppioketal mave and v u;. Efetdloupe tpeig neputiooelg pe
Bdaon tnv tonobeoia tng Kopupng t.

IIepintoon 1: H xopugn) t Bpioketat oe éva onueio tou C; (Ewova [2.40la). Eival eukodo va et
Kaveig 6t 1 akpn (s, u) épvel v akun (w;, ), aviipaon pe v emuedotnta g epPUIEUOTG.
Iepintwon 2: H xopuor t Bpioxketatl oto t(S) (Ewova 2.40.6). TTapopola pe tnv IPONyoUnEevn
niepimaon, enedr] 1o ouvodo C; U {b(S), t(S)} eivatl povouepsg.

IIepintwon 3: H xopugr) t Bpioketatl oto onpeio tou C,, p > i, 10 cupBoAiloupe pe p; (Ewo-
va [2.40lc). A6 v Ipotaon Bl to ouvodro C; U {b(S), pi} sival kuptod kat ta onueia py, b(S) sivat
dradoxika onpeia tou C; U {b(S), p¢}. Apa, n arpn (s, we) epvet tnv akpn (y;, t), atoro. O

Ao v Ipodtaon [9 €xoupe 61 kabe ovvoro Ci, i = 1...m, mepEXel akpBmG pia armo TG KOPUPESg
{ug, ... un}. Xeopig PAGBN ng yevikotntag UTOBETOUNE OTL 1] KOPUPT U; PpioKetal o €va onpeio
wou C;.

IIpotaon 10. Ze kade avepyouevn emninedn eupuievon tou G oto S 1 Kopuen t Ppioketal gite 010
onueio tou Cp, eite oto t(S).

Anodeln g IMpotaong[I0: H vopugr t mpénet va Bpioketat os éva onpeio nmave amnd rabe u;, i =
1...m, xat dpa ave amnod myv uU,, n ornoia Bpioketat oto ouvolo C,. |

IIpotaon 11. Ze¢ kade avepyouevn eninedn eugputevon touv G oto S n Kopuen u; Lioketat oto t(C;),
1<i<m-1, emnriéov, dev unapyer arxun (v, W) €10t Wote N L va Ppioketal o gva onueio ou C;
Kain w og éva onueio tov Cj, j > i.

Anodeién g Hpotaong LIl ®a arodeifoupe v npdtaon pe enayoyrn otv i, i =1...m— 1. Ta
Vv Baon g enaymyng, unobitoupe ot n u; Bpioketal oe onpeio p; dSapopetiko aro 1o t(Cq)
(BA. Ewova 2.41la). 'Eote p; sival 1o onueio drou Bpioketal n kopupn t. Ano v [Ipotaon
10 p; etvat eite t(S) eite éva onpeio tou C,. Kat otg §Uo meputtwoetg, 1o ouvodo Cy U {b(S), pt}
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glvatl Kuptd arnod v KAtaokeur tou S kat v Ipotaor ErmuAéov, ta onpeia b(S) kat p; eivat
Sradoyikd oto kuptd mepiBAnpa tou Cy U {b(S), py}.

Tupbodidoupe pe p 10 onpeio tou Cp 10U Bpioketal akPBwg MAVE aro 10 p;. Ané v IIpdtaon Bl
yvepidoupe 6t kapia and ug u;, j # 1 6ev Bpioketat oto p. Ané v [pdraon 1 t dev propet va
etvat oto p. Apa, untapyet povortdtt Py, 1 < k < 3m, €101 ®Ote pia amno tig Kopudeg Tou Ppiorkoviat
oto p. Ovopddoupe v KOPUPT AUty U. Itr ouvexela egetadoupe §U0 MePUTIOOELg BAOT TOU av 1)
u etvat n mp®tn Kopudn tou Py 1 oxtL.

IMepintwon 1: Yrobitoupe o1l UTAPXEL Pla KOPUPY] v T0U Pj, €101 wote urndpyxet arkun (v, uw).
Emne1dn n epgutevon tou G oto S eivat avepyopevn, 1 v BPlOKETAl OTO ONHEI0 KAT® ATIO T0 P KAl
KAt arod 1o p;. Enedn C; U {b(S), p} cival éva kuptd ouvoro, n arpr] (v, U) TEQVEL TV AKUT)
(uy, t). ‘Atoro.

IMepintwon 2: 'Eowe u civatl i mpotn) Kopudr] 1ou Pe. Tote n akpn (s, u) tépvet v akprn (U, t)
erte1dn) Sava 1o ouvodo C; U {b(S), p;} eivat kuptd, drtorro.

Tuvenog, éxoupe on 1 Kopudr] u; Bpioxketatl oto onpeio t(Cy), BA. Ewova 2.4116. TMapatnpouue
TOpa o1t KABe arpr (v, w), €101 wote 1) L eivat oto C; KAt n w eivat og éva onpueio x € CoU---UC, U
{t(S)}, tepver v akpn (s, uy), enedn Cy U {b(S), x} eival kupto ouvodo. Apa 1) ripdtaorn 0xVeL yia
i=1.

['a 1o Prjpa g enaynyng, unobétoupe 6T 1) mpotaon woxvet yia Cy Kat ug, g < i — 1, éndadn n
Kopudn Uy Bpioketal oto t(Cy) kal dev undpxel Kapia akpn mov cuvbéet 1o onueio tou Cy pe éva
onpeio ou Cy, k > g kat autd 1oxvel yia kabe g < i — 1. Oa deifoupe 611 autd woyvet kat yia 1o C;
Kat v u;. Eig dtomno anayeyr, uvrodétoupe o1l 1) Kopudn u; Ppioretat oto onpeio p; S1apopetiro
aro o t(C;) (BA. Ewova 2 4Tlc).

Pt o ¢

b(S) b(s)

b(s)
(@) (b) (© (d)

b(S)

Ewéva 2.41: Anodedn g IMpotaong[TI1

TupboAidoupe pe g 1o onpueio ou C; nou Bpioketal akpBOg MAve ano 1o p;. Ano v Mpdtaon B}
yvepidoupe 6t kapia kopudn uy, L # i, dev Bpioketat oto onpeio q. Ao v [pdtaon 10l n kopuen
t 6ev propet va Bpioketat oto q. Apa, vntdpxet éva povortdt Py, £101 dote pia arno g KopudEg Tou
va Bpioketat oto q. Ovopadoupe v Kopudn auvty uy. Efetdaloupe otn ouvéxela §Uo nepumtmoetg
Bdon tou av n uy etvat n PN KOpUPM tou Pr 1) oL
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b(S) b(s)

@ (b)

Ewkéva 2.42: (a-B) Ot drekovioelg mou Xpnotponodnkav oty anodeign g
Mpotaong I3l

IMepintwon 1: YrobEtoupe dtl untapyet pia Kopudr) vy 1ou P étota @ote urtdpxet akun (vy, uy).
Ao v enaywyikr) unobeon, n kopupn vy dev Bpioketat oe Kavéva ouvodo Cp, L < i. Apa, emneldn
n epgutevon tou G oo S eival avepxopevn, n Kopudr) Uy Bpioketal oe onpeio xapnAdtepo touU q
Kat 1ou p;. Emeidn to ouvodo C; U {b(S). p} eival kuptd, n axpr (vr, uyp) épvel v akpr (u;, t).
‘Atorto.

IMepintwon 2: ‘Eote uy eival n mpotn Kopudr) 1ou P, Téte n akpn (s, uy) épvet v (1, t), emeidn)
10 ouvoAo C; U {b(S), p;} eival kupto, atorro.

Tuvenwg, £xoupe arodeifet 6t n Kopudn u; Ppioketat oto t(C;), BA. Ewova 2.41ld. ITapatnpoupe
ot kabe axkpr (v, w), €101 OOte 1 L €lval oe KATO10 onpeio tou C; KAt 1 W 0g KAMO10 Onueio Tou
X € Ciy1 U -+ U Cpry U {t(S)}, tépver v akpyn (s, 1), emedr] 1o C; U {b(S), x} eivat kupto. Apa, 1
npotaon Woxvel yd i. |

Mua tetpippévn OUVEIELA TG TIPOIYOUHEVIG TIPOTAOTG £lvat 1) €E1g:

Ipotaon 12. Xe kades avepyousvn eninedn euputevon v G oto S, kade povorat P; tou G ue mu
myn oto s, j € {1,...,3m}, Bpioketar e§" ofokAnpou oto C;, yrai€ {1,..., m}. O

H axoAoubr) ripdtaon oAokAnpavet tnyv anodeiln tou @enprpatog.

IIpotaon 13. Ze kade avepyouevn eninedn euputevon ou G oto S, n kopuen t fpioketatl oto onueio
t(S).

Anobealn g Mpotaong I3k Eig dtono anaywyr), unobétoupe Ot 1 Kopugn t dev Bpioketat oto
t(S). Ao v [podtaon yvepidoupe 6t n Kopudr| t mpénet va Bpioketal oto onpeio ou Cp,.
YroBétoupe mipota 6T n Kopugn) t Bpioketat oto onpeio t(Cy) (BA. Eikdva2.42la). Oupiloupe 6Tt
N Upn o KAl N Uy, Bpiokoviat ota t(C,, o) kat t(Cy,_1), avtiotoixa, kat o6t 1o {t(C;) : i =1...m}
eivat éva aplotepopepég oUvolo onpeiav. Apa, ta onpeia {t(Cp-s), t(Cn-1). t(Cy), b(S)} amotedouv
éva Kuptd ouvoAo. Auto onpaivel ot ta eubuypappa tpnpata (((Cp-2), t(Cr)) xkat (t(Cm-1), b(S))
TEPVOVIAL, KAl OUVETI®G Ol AKPEG (S, Um—1), (Um—2, t) TEPVOVIAL £TTIONG, ATIOTEAGVIAG AVIIPAOT 0TV
eruredotnta g ePPUTEVONG.

Bempoupe Twpa IV nepintoorn otav n) t Bpioketat oto onpeio t1ou Cpp,, €0t® p, H1APOPETIKO aTtd 10
t(Cn) (BA. Ewoval[2.4216). Ereidr to onpeio p dev Bpioketat oto tpiywvo t(Cr o), t(Cm1), b(S) xat
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10 onueio t(Cp-1) Sev Bpioketat oto tpiywvo t(Cp9), p, b(S), ta onpeia {t(Cyp—2), t(Cmn-1), p. b(S)}
aroteAouv éva Kupto oUvoAo onpeiov. Apa, ta tpipatda (t(Cp-g), p) rat (t(Cmn—-1), b(S)) tépvovtat,
OUVETIOG Ol AKPEG (S, Um—1), (Um—2, t) TEPVOVIAL €TTIONG, ATOTIO. |

®a ouvdudooupe ot ouveEXela OAEG TIG TIPOTAOELS VA VA KATAOKEUAOOUHE TV AUOT] yid 10 TIpOBAn-
pa 3-Partition, 6tav divetal pla avepyxopevn eminedn spgutevon tou G oto S. Ano v IIpo-
taon [§ kat TTpotaon o1 KOpudEg s kat t PBpiokoviat ota b(S) kat t(S), aviiotoxa. Ano v
[Mpoétaon ya kabe i = 1...m, 10 oUvodo onpueiwv C; mepiExel akpBOG Pa Kopudr) aro 1o
ouvodo {uy, ..., Uy}, €0t® y; KAt apa ta unolowna onpeia tou C; unobExovial TI§ KOPUPEG TV
povortatiov P, P2, ..., Pf. Anéd v [pdtaon ta povortatia P, P2, ..
Afjpou oto C;. Emedn 10 C; éxel B + 1 onpeia, oto ynlotepo ard ta ornoia Bpioketat np Kopuer] u;,
OUUITEPAIVOUPE OTL Td POVOTIATIA Pil, Pi2 ..., Pf mepieéxouv ouvodika akpBog B kopupés. @toupe
A ={al.a?,.... af}, érou d) eivat 1o TARB0G TV KOPUPGOY oto P, 1 <j < c. Eneidn B < al < B
ouprnepaivoupe 6t ¢ = 3. Ta urtoouvolda A; sivat &Eva petadl Toug Kat 1) £veor) TOUg Tapayet o A.

., Pf Bpiokovtat €§ oAok-

TéAog, nmapatnpovupe 6t 1o G €xel Pia POVadiKki MNyr S Kat 0 PAaKpUIepog PI-Kateubuvopevog
KUKAOG t0U G é€xel pnKog 4, erurmiéov 10 oUvoAo S eivatl éva m-kuptd ouvodo yia m > 1. Ed®
OAOKRANP®VOUNE TNV anddei§n tou Sewprpartog. |



Kepaiawo 3

Avepyopevn Tonodoyikn Epgputeuvon oe
B16Aio

3.1 Opiopog xat I'voota AntoteAéopata

'Eva k-oéiibo Bi6Aio sivar pua Sopr) mou anotedeitat and pua eubesia, avadpepopevn 0§ paxn tou
Bi6Aiou, kat anod k nuienineda, avadpepopeva wg oefideg tou Bi6iou, TIOU £XOUV TNV PAXI ©G
KOWwo toug ouvopo. Mia eugutevon oto Bi6Aio evog ypapnpatog G, sival pua anewkovion tou G
TETO10 ®WOTE Ol KOPUPeG ToU G va ameikovidovial nmave otnv payrn tou PBiBAiou, eve kabe arpr
va Tapouotdadetal @g KAPITUAnN TMOU aviKel OAOKRANp®G oe pia oedida tou BiBAiou, Katl ot arkpég
IOU avAKouv Ot pia 0gAida va punv épvoviatl petady tug. v Ewova [B] anewkovietat pa
epguUteUon evog ypaprpatog oe 3-0éAbo PBAio. I[Iayog 1) oediboapduog evog ypapnpatog G
opidetal wg 0 eAdy1otog arepalog k €101 wote 10 G va €xel (ermbexetal) pa epduteuon o k-oeAdo
BBAio.

Ewkdva 3.1: Mua epgutevon ypapnpatog oe éva 3-0éAdo BiBAio. Ot tpelg
0eAibeg Tou B1BAiou elval AMeEIKOVIOPEVeEG Pe S1adopeTIKA XpoOUatd.

'Oneg 116n avagépape otnv Ewoayeyn (BA. Evotntall3), ot epgurtevosig o BiBAio Bpiokouv rmoddég
K1 TTOWKIAEg ePaPPOYES.

'‘Ocavagopd 1ov aplOpd 1ov oedidov, o lavvakdakng I@] arede§e o6ul kAOe eminedo ypapnpa
erudExeTal pa epguteuon oe 4-0éA160 BBAio Kat 611 unapyouv ermineda ypaprjpata mou anattouv
4 oe)ibeg. ZUveEn®G, OTNV YEVIKN MePIMI®OT 01 epdutevoelg oe BBAio eivatl tpiobdidotateg dopég.
Ly €psuva pag evdlapepopaote poévo yua tg Sopég U0 daotaoewmv, omote meplopidpacte o
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2-0¢Mda BBAia. Emedn opwg evdiapepopacte yia v Yevikn KAGOT OV emMnedov ypapnpdatov
Kal OIg avapépape naparnave dev aprouv ol 2 oedideg yla kabe eminedo ypapnpa, npénet va
ETUTPEWYOUE 0TI AKHEG VA TEPVOUV TV pdxn. Zinv BBAoypadia, ot epdutevoelg oe B1BAio, 6rou
ETUITPETIOVIAL TOPEG PE TNV paxr, ovopaloviat tomoAoyikeg supuievoelg o Bi6lio I, BA. yu
napadstypa Ewova B.2la. Eivat yveotd, ot kdbe eminedo ypapnpa srmdéxeral pia TOMOAOYIKY)
epguteuon oe 2-B18Aio, 610U KGO akr) TEPVEL TV pAYXn TO TTOAU Pa @opd l.

(a) (b)

Ewkéva 3.2: (a) Mia tomoloyikn eputeuon) oe 2-BiBAio. (b) Mia avepxo-
HEVI TOTIOAOYIKI] EPPUTEUOT] EVOG KATEYPAPH}L1ATOG.

'Onwg avapépape oty e10ay®yr), otav aneikovi¢oupe kateubuvopeva ypagpnpata ouvrBwng 9édoupe
va doooupe Epgaocn ot KATeUOUVon TOV AKPQV, €101 TIPOTIHOUHE TI§ ATIEIKOVIOELG, OTTOU OAEG Ol
AKPEG TTIapouotadovial @G PovoTova augouceg ot pia ermAeypévn kateubuvor kaprudeg. Ot aret-
Kovioelg autég ovopaloviatl avepyoueveg. 'Etol, yia avepxdpeva emineda ypadrpata opiotnKe 1
avepyouevn euputsuon oe Bi6iio. Linv avepyopevn epduteuon oe BBAio, o1 KOpupEg Tou ypadr)-
patog epgavidovial dve otnv paxrn oupdeva PE Pid ToToAOYIKY apifpunon tou ypapnpatog (BA.
Ewova [3.2].8).
O1 avepyOueves euputevoelg o PiGAI0 €xouv pedenBel yia pepkég Sataelg (posets) oug | . @
g)%z O oeAboapiBpdg yla ta arUkAKA enineda ypadrpata eivatr pn avog
eved 0 oeAdidoapiBpdg yia ta avepxopeva emineda ypadpnpata ival ayvootog IE ﬁé‘} Ao v
etk mAeupd, ot Alzohairi kat Rival .] arédei§av 6t kaBe avepyopevo series-parallel poset €xet
pla avepxopevn epduteuon oe 2-0éAdo BBAio. e 60poug ypadnpdim®v autd onpaivel ott Kabe
avepyopevo series-parallel ypaenpa xopig petabatikég (transitive) akpég €xet pia avepxopevn
epgutevon o 2-0éA160 BBAio. To amotédeopa autd BeAtwdnke and toug Giacomo et al. ]. O1
ouyypageilg mapouciacayv Evav ypappikou Xpovou aAyopldpo, TToU KATaOKeUAddel pia eppuUIeEuoT)
oe 2-0¢A1d0 PBBAio yia éva avepxdpevo series-parallel ypaenpa. Tautdypova, o Alzohairi [1]
dnpooieuoe évav ypappiko alyopiOpo mou epgutevet oe 2-0€A160 BiBAio kdBe N-free planar lattice.
[Mapatnpoupe 611, cupgpmva pe toug Habib kat Jerou [53] n kAdorn tov N-free planar ordered sets
arotelel enéktaon v series-parallel ordered sets.

Ot Giordano et al. ] peAénoav TG avepXOUEVES TOTTOAOYIKEG EPPUTEVOELS O BBAI0 TOV epdu-
TeUpEVRV avepyopeva erminedwv ypapnuateov. Ebe§av neg ya ta péyiota emineda st-ypapnpata,
KATAOKeUAdovial ot avepXOHeVeG TOITOAOYIKEG eppuTeUoelg o 2-0£€A160 B18A10 pie TO TTOAU pa Topr)
HE Vv pAxn avd akpr oe YPApHPIKo Xpovo. Asdopévou ott: (i) kabe avepxopevo sminedo ypapn-
pa etvat vnoypdonpa evog erinedou st-ypaprjiatog , [70] kan (ii) éva ep@uteupévo avepXop-
eva eminedo ypapnpa prnopet va ouprinpebet £mg péyloto erinedo st-ypdpnpa o YPaAppiKo
Xpovo ], ouventayetat 611 KAOe epputeupévo avepxopevo eminedo ypadpnpa ermdeyerat pia ave-
PXOHEVI TOTIOAOYIKY] EPPUTEUOT] Ot 2-06A160 B1BAI0 pie TO TIOAU pia Topn Pe v pdxn avd akyr.
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Ta anoteAéopata rmou epgavidoviat otnv BBAoypapia CUYKEVIPOVOVIAL OTOV AP1OPO TOV TOP®V PE
NV paxn Iou eival anapaitnieg yia v KAtaoKeUn Piag avepXopevng epduteuong o BiBAio. Av
mpoosyyiooupe v epputevopodtnta o BBAio g poBAnpa BeAtiotonoinong, amnokid vonpa va
avadntrooupe avepyXOPeveg TOITOAOYIKEG eppuTevoelg oe BiBAio pe tov eAdax1oto aplOpo 1@V Topov
pe my paxn.

Ia va armlomnour)ooupe Katl va TUTIOTIO)00UE TNV PEAETN] TOU MTPOBATNATOg €AAX10TOTIONONG TRV
TOP®V PE TNV PAxn OTlg avepXOUEVES TOTIOAOYIKEG eputevoelg oe BiBAio, opiloupe 10 TIPOBAN-
pa AxukAweng [Anpwong kata Xauitov pue Efayotoroinon tov Touwv (Acyclic Hamiltonian Path
Completion with Crossing Minimization, Acyclic-HPCCM vy1a cuvtopia). AtaioBnukd, to mpoBAn-
pa Acyclic-HPCCM {nta va Bpebouv kdroleg akpég, ol oroieg, otav rnpootebouv oto dedopévo
avepxopevo epputeupévo ypadpnpa G, Sa Snpioupyrjoouv Eva avepXOPeVo Ypdpnpa PE POVOTTaTt
XapAtov, dnpioupyvviag 600 10 duvatov Ayotepeg TOPEG PE TG ApXIKEG aKPEG Tou G.

®a TeKWVNOOUPE e TOV OPLOPO TOU MPOBANIATOG MATP®ONG KAtd XAPATOV, OIwg auto eival yvooto
otn BBAoypadia.

Atvetat éva ypaenpa G = (V, E), kateubuvopevo 1 |n, évag pn-apvnuikog akepatog k < |V| kat
6U0 kopudeg s, t € V, 10 mpobanua tinpwong kata Xauiiltov (hamiltonian path completion) potd
av urapyet éva urepouvolo E’ tou E £totl ote |E'\ E| < Ik, xat 1o ypagpnpa G' = (V, E’) €xet
éva povortatt XauAtov armo v Kopuen S otnyv kopudr] t. Ovopdaloupe G’ 10 ouumAnpwusvo Katd
XauiAtov ypdenpa, kat 1o ouvodo E’ \ E ovvoao mAnpwong Xauatov 1ou ypaprpuatos.
YroB£toupie 6T1 0Aeg 01 AKPEG EVOG OUVOAOU TAT|P®O1G XAPATOV, ATTOTEAOUV AKHEG TOU POVOTIATIOU
Xdapidtov tou G/, Slapopetikd propouv va daypapouv arnd 1o ovvodlo autd. ‘Otav G eivat éva
KATteubuvopevo aKUKAKO ypddnpa HUIopoUHe va {nirfjooupe €va oUvoAlo TANp®ong XAapAtov 1o
ortoio Ya Swatnprioet v ©W6OINTa avty, dnAadr 1o cuprnAnpopévo katd Xapdtov ypapnpa va
etvat emiong akUkAKO. Avagpepdpaocte oto TIPOBANPa autd g akuklkny TAnpwon kata Xautitov.
To npoBAnua minpwong katda Xaptov eivat NP-complete ]. IMa akurAIKA Kateypapnpata to
npOBANpa tng MAnpwong Katd XApAtov AUvetal o€ MOAUGVIIIKO XPOVO l. Kat o1 6Uo ekdoyeg
TOU TIPOBANIATOG, KATEUOUVOPEV Kal [, PIopouv va avabewpndouv étav padl pe 10 ypaenpa
Sivetat kat pia gp@utevor) tou. Tote avii va eAax10toroloupe tov aplfpod 1oV POcOETEDV AKPWVY,
ATIOKTA VONHd va IPooTiafrjooupe va eAa)10TOTIO|00UHE TOV apiBpid TV Top®V Iou Snpioupyouv
01 TIpooBeTéEg AKPEG HE TIg 1101 UTIAPX0UOoEeg. X1 OUVEXELA TUTIOTIOI0UHE autnV Vv 15¢a.

Eoww G = (V,E) eivar éva gpguteupévo ypdonpa, £oto E’ elvat éva urnepouvolo tou ouvolou
akpov E, kat ['(G') eivar n anewoévion tou G© = (V,E’). 'Otav n Suaypadr] v akpov E' \ E
aro mv ['(G’) pag divel 10 epputeupévo ypapnua G, Aéue oul n anewovion [(G') Satnpel v
eugputevon tou G.

Oplopdg 5. Acdoucvou evog eninedov euputeupevou yoagnuarog G = (V, E), Kateuduvouevou 1 un,
UN-apunTKou axespalou c, kat dUo Kopugov s, t € V, 10 mpobinua minpwong kata XauAwov ue
eAayotonoinon twv touwv (Hamiltonian Path Completion with Crossing Minimization, yia ovviouia
HPCCM) pota eav unapyet eva ungpouvofo E' tou E kair wa anewcovion I'(G') tou ypagriparog
G = (V,E) étor wote: (i) 10 yoagpnua G’ éxet éva povoran XauiAtov amd mv Kopugn S otnu
Kopuen t, (ii) n aneucovion I'(G") va éyet 1o moAU ¢ tousg petalt 1ov axuwv tou, kai tefog (iii) ['(G')
va dtatnpet v eugutevon touv ypagnuarog G.

Ly epyaoia aut] pag eviagpépetl n ekdoxr] tou mPoBANIATog, O1ou og 10080 £€xoupe €va ep-
(PUTEUPEVO aVEPXOMEVO €IIedo ypadpnpa Kat pag evdlapepel va Ppoupe éva oUVOAO IMANP®ONG
Katd XAapiAtov, ou datnpel 10 ypadpnpa akurAko. Autr) i) ekdoyxr) tou rpoBArpatog ovopadetat
axukin tAnpoon kata Xautitwov ue efayiotonoinon tv touov (acyclic-HPCCM).

To oUvVoAO TV AKPGOV TIOU AUvel 10 TPOBANPA TMANP®OonNg Katd XAPAtov pe eAax10Tomnoinon tov
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Topwv ovopadetat ovvoio mAnpwong Xauiatov efdayiotov touov. INapatnpodpe Ot €va OUVOAO
mANp®ong XAapAtov e eAax1oto apdpo tov akpov, dev anotedel anapaitnta €va oUVoAOo TIAN)POONG
Xaptov edayiotov topov. Eva napddeypa sppavidetat otnv Ewova 3.3 Tha 1o efwentinedo st-
ypaenua tng Ewovag[3:3la, kdbe akurAikr mAfpoon katd XapiAtov pe pia akpr dnuouvpyei pa
topn (BA. Ewkova[3:3lb), eve urtdpyxet akukAiky nAnpwon katd XaptAtov rou arnotelsitat and §uo
akpég kat dev dnpouvpyel kapia topr) (BA. Ewkdva B.3lc).

[Ma ta akukrAKA Kateypadpnpata, 1o poBAnpa g aKUKAIKNG TMANP®ONG Katd XAapAtov, eppavide-
tat otv BBAoypadia pe toug 0poug TV HEPIKOV Sratd§ewv (posets) kat ovopaletatl Ipappuxn
Enéxtaon (Linear Extensions) 11 Apwduog Aduatov (Jump Number). KdBe akukAiko kateypdpnpa
G propei va avarnapaotabei wg pia pepikr) didtain P. Tpauuikn enéktaon pmag pepikng Siatagng
P eivai pua oflikry 6tataén L = {x; ... X,} 1oV otoixeiov ng P €101 dote, otnv L 10xvel X; < Xj, ROVO
otav oxvel x; < X otnv P. Me L(P) cupBolidoupe 10 0UVOAO OA®V IOV YPAPPIKOV EMEKTACEDV
tou P. To {guyog (X, Xi+1) 0V S1adoyikov otokelwv tng L ovopddetatr adua touv L, av 10 x; dev
elvat ouykpioyio pe 10 xi1 oty P. ZupBolAidoupe pe s(P, L) tov apibpod teov alpatev tou L. Tote
apduoe aiuarwv tng P, s(P), opidetat g s(P) = min{s(P,L) : L € L(P)}. Mia ypappiKn €néKtaon
L € L(P) ing P ovopaletar BéAtiom eav s(P, L) = s(P). To mpoBAnpa apduov aiudiov anotedet
Vv avadninorn 10U aptdpol aApdteov s(P) Kat Ty Kataokeur) plag BEATIONG YPAPPIIKAG EMEKTAONG
tou P.

Ar6 toug napandve oplopoug, £retal 0Tl pia BEATION YPAPMIKY EMEKTAOT TG HEPKTG datadng
P (n tou avtiototyou akurAIKOU ypadpnpatog G), eival 10oduvapo pe 1o pdbAnpa avalring evog
OKUKAIKOU OUVOAOU MANP®Oong Katd XdapAtov ehayiotou peyeboug yia to ypadpnpa G. To mipoBAn-
pa autd pedeOnke eUpémg AOY® NG £PAPPOYNS TOU OT0 MPOGANUa Teoypauuatiopoy pyaotov
(scheduling). To mpdBAnpa arodeixOnke NP-hard akopa kat yua Sipepeig pepikég Satagerg @]
K1 yla v KAdon tev interval orders ]. Amo 60a yvopiloupie, 1 UMTOAOYI0TIKI] TTOAUTIAOKOTTA
Tou eival ayveotn yia lattices. ITapoAa autd, undpyxouv oAvenvipikol adydpiOpot yia 1g apakdite
KAdoelg: series-parallel orders ], N-free orders I@], cycle-free orders ], orders of width
two |, orders of bounded width @], bipartite orders of dimension two |I§1|1 kai K-free order-
s @]. Ot Brightwell ka1 Winkler ] arédei§av ot 10 PdBANpa anapidunong v ypappikov
enektdoewv eivat fP-complete.

O1 Colbourn, Pulleyblank ] Kat apyotepa Ceroi ] peAétnoav 1o poBAnpa apibpou aApdtev
oe ypapnpaata pe Bapn. Ztnv IIE] 1O IPOBAN LA AUTO avadEpetal Wg mPoGAnua pUuduIong mpoypa-
uatiopov gpyaociwv (minimum setup scheduling) (ywa ouviopia, MSS). To MSS eivat éva mipoBAn-
Pa MPoypappatiopou epyaot®v pe 8edopéveg Ipotepaldotnieg OV eKTEAEOT] TOV €PYAOLI®OV, ITOU
arnotedel éva amo ta Ayotepa peAetnpéva mpoBAnpata autou Tou nediou 1. Ot ouyypageig
mg IIE] napouciaoav £vav MOAUGVIPIKG adyopiBpo rmou Auvet 1o rpdBAnpa MSS yia ta aruKAKA
ypagnpata reploptopévou maatoug (bounded width). ITapatnpouv emiong ot 1o pdBAnpa tou ap-
1OpoU aApdtev avayetat oto rpdBAnpa MSS. Ao tnv dAAn pepid, to poBAnpa MSS arnodeixOnke
NP-complete yia v kAdon tov Sidtaotatev datd§ewv (two-dimensional orders) 19].

Av pia torodoyikn apibpnon o twv Kopudpov Tou ypadprjpatog divetal g pépog g e10680u ToU
IPOBANATOG, TOTE EVOIAPEPOPAOTE VA KATAOKEUAOOUHE P1d avepXopevn epguteuor) os BiBAio, €101
@OTE 1] O£1Pd PE TNV Oroia 01 KOPUPEG va epdavidovial mave otnv paxn tou BiBAiou va ocuppwvel
pe v apibpnon p. AUTEG Ol EPPUTEVOELS OVORALOVIAL O-TTEPIOPIOUEVES AVEPYOUEVES TOTLOAOYIKES
suputevoieg oe Li67io. Or Giordano, Liotta kat Whitesides | avérttugav évav alyopiOpo, mou
6edopévou evog epuUIEUPEVOU SE-YPadPnATOS KAl Pag TOTIOAOYIKNG apifpnong o tov Kopudpov
ToU, uTtoAoyidel oe xpévo O(n?) pia p-Teploplopévn avepXdevn TOMOAOYIKTY epUTeuoT) oe B1BAio
M€ 10 TIOAU 2n—4 oG pe v pdxn avd akpr). O apldpog tov IopeV pe v pdxn £ival ACUPIIOTIKA
BéAtiotog.
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@ (b) ©

Ewodva 3.3: 'Eva avepXOpevo eminedo ypdpnpa mou £xet €va 6UVOAO AKUKAIKNG
nAfpeong XapAtov mou arnote)eitat ano dUo akpég kat dev dnpiovpyel kapia
topr). I[Mapatnpouvpe eriong, 6Tt KABe 0UVOAO AKUKAIKNG MANP®ONG XAPATOV TI0U
aroteAeitatl ano pia akprn dnplovpyet piia topn.

3.1.1 H 81k1 pag ocuveloPpopd: £Aax1OTONOLNOT TOV TORMV HE TV paxn

Zto kedpdldaio autd pedetdape 1o poBANPa eAax10Tonoinong I®V IOPQOV IOV AKPOV e TNV pax1 otg
AVEPXOUEVEG TOTIOAOYIKEG epdpuTeVoelg o BBAlo. [Ma va Tumomow|ooupe Vv PeAETn pag, EKPET-
alleuodpaote 10 VEO-0p10BEV TIPOBANIA aKUKAIKLG TAYpOong Katd XAPAtov pe eAayiotornoinon
TRV TOP®V.

1. T v KAdon 1oV erinedov st-ypadpnpdiev, arnodelkvUuoupe v 100duvapia tou poBAnpa-
10§ AKUKAIKNG MANpwong katd Xaputov pe elayiotornoinon tev topov (Acyclic-HPCCM),
Kal TOU TPOBANIATOG €AAXI0TOTIONONG TOH®V TOV AKH®V HPE TNV PAXI OTS AVEPXOHEVES
TOTOAOY1KEG epQUTEUoelg ot B1BAio (Héom plag avaywyrg ypappikou xpovou ) (Evotnta [B323).

2. Avartucooupe pia avaykaia Katl ikavi] ToIKr ouvOnkn yla ta ernineda st-ypagpnpata va
elvat ypapripata Xaupidtov (Evotnra [3.4).

3. Ermdvoupe 10 nmpoBAnpa Acyclic-HPCCM yia e§oenineda st-ypagprpata. (Evounta [B5).

4. Meletdpe v mepimmoon otav 1o npodbAnpa Acyclic-HPCCM esmidUetal pe pndév topeg,
OnAadr) otav éva epPuUIEUPEVO avepXOpevo ertinedo ypdonpa ermdEXetal pia avepyopevn
epguUtevon oe éva 2-0¢A1do BBAio. Zuykevipavopaote ota N-gdeuBepa (N-free) kateypadn-
Hata Kat Kateypagrpata rneplopiopévou rddatoug (bounded-width digraphs) (Evounta [3.6).

5. Tédog pedetape 11g P-TEPLOPIOPEVEG avePXOHUEVES TOTTOAOYIKEG epputevoelg oe PBAio. Be-
ATtlwvoupe 10 Ave 6p1o yia tov apldpd OV TOP®OV HE TNV paxn mou 800nke otnv ] xat
arode1KvUOUPE OTL T0 OP1d pag sival BEATIOTO otnv Xe1pdtepn nepinmwon (Evotnta [3.7).

Ta anotedéopata 1 — 3 eival Snpootevpéva otnv Iﬂ], 10 arnotédeopa 4 otnv ], EV® TO ATIOTEAE-
opa 5 oy [97].
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3.2 Opiopoi kat Ilporatapkrtika AnotcAéopata

Eotw G = (V, E) eivat éva epguteupévo eminedo ypdonpa, €ote E. eival pua minpeoon Xapitov t1ou
G, rat ¢otw [(G") sivat n aneikovion tou G’ = (V, E U E.) pe ¢ topég mou dlatnpet v epputeuon
tou G. Ao v arewoviorn ['(G') dnuioupyoupe 10 €8¢ ypaepnua Ge: ot KAOe TOPr] TOV AKPOV
€104YOUHE Pld KA1voUpyla Kopudr Kat untodiatpoupe tig 1dn undpyxouoeg akpeg. To ypapnpa Ge
ovopddetatl enektauévo kara Xauitov yoagnua touv G nou rpokuvntet ano v (G’) (BA. Ewoval3.4).
Muwa onpavukr) yia 6Ao 1o Kepddaio sivat 1 §ng rapatrpnorn: otav {wypadidovpe g akpég g
AN P®ONG XAPIATOV £VOG AvEPXOHEVOU erIed0U Ypadprpatog, T0 KAVOUPE £T01 OOTE TO AVIIoTOT 0
EMEKTAPEVO YpAPNPA va artotedel pla avepxopevr erinedn epgutevorn. Atatobnuikd autd priopet
va yivel pe povadikod tporo. Mo turikd da ermotpéyoupe oto epotnpa auvto oty Evomnua [3.71

S

@

Ewodva 3.4: (a) Eva eminedo epguteupévo ypagnua G. (b) Mua aneikovion ['(G')
eVOg ouprAnpwpévou katd Xapldtov kateypadrpatog G tou G. Ot akpég tou
povortatiou Xdapdtov tou G’ epgavidoviat pe €viovr Ypapprn, £ve Ol aKPEG TG
nAfpwong katda XapAtov eivat Stakekoppéveg. (c) To emektapévo katd XapAtov
ypdpnpa G” tou G nov rpokurttet ard v [(G’). Ot veorpooBetéeg KOpudEg eivat
TETPAYDVEG.

Oupiloupe o éva st-ypagnua eivat éva kateubuvopevo ypdpnpa, Xepig Kateubuvopevo KUKAO
Kal pe akpiBog pia nnyrn Kat pla kataBobpa. 'Eva st-ypagpnpa to oroio eivat eminedo rat ep-
@UTEUPEVO OTO ertinedo, £101 OOte 1 KOPUPr] Kal 1 kataBobpa tou va Ppilokovial oty eSOTEPIKT)
oy, avadépetal andd g eninedo st-yoapnua. Ze éva eminedo st-ypdonpa G kabe oyn f eivat
@paypévn ano SUo kateubuvopeva POVOTIATIA TTOU £€X0UV U0 KOwEG Kopudeg. H kowvn minyr (avr.
KataBobpa) tov povoratiwv aute®v ocupBoAiloviat pe source(f) (avt. sink(f)). To povorndtt mou
Bpiloketatl ota apotepd (avt. He§id) ovopddetat 1o apiotepo oUvopo (avt. &€l oUVoPO) tng Owng f.
H ratw-apiotepn (avt. kartw-6eiia) akun piag oyng f, eival n mpwtn akprn tou aplotepou (avr.
8e&10U) g ouvopou. TMapopoia, opioupe NV TAVW-AOLOTEPT KAl NV Tavw-6e€ld akpur] piag ogng.
To apiotepod (avt. 6e&i) oUvopo evdg St-ypadriatog ivat 1o aplotepotepo (5e§10tePO) POVOTTaTt aro
Vv Nyt T0u, S, oty Katadodpa tou, t.

M véa arprn e mou ewodyetal oe pa oyn f evog erinedou st-ypapnpatog G ovopddetar deé
100TP0PN, av 1 TNy NG e BPioketal oto aplotepd oUvopo ot f, eved 1 kataBobpa tng e Bpioketat
oto 6e§l ouvopo g f. Mapdpola opidoupe pia aplotePO0TPOPN AKNT).

Eivat yvooto 1o yeyovog ot yla KaBe Kopudr) v evog ertinedou st-ypadrjpatog, OAeg o1 e10epXOPEVES
(e§epxOpeveg) akpég tng epgavidoviat 1adoyikda yupo arod v v ]. Ta kdBe kopuPr v, oup-
BoAidoupe pe left(v) (avt. right(v)) v own ota apotepd (avt. ota 8e§d) g aplotepotepng (avt.
8e€101epng) el0epxOpEVNG KAt eGepXOPevnS akunVv g v. [a kabe akyn e = (u, v), cupBoAiloupe
pe left(e) (avt. right(e)) v o6wn ota apotepd (avt. 8e§1d) g AKUIG € ONWg MPOXWPAHE ATIO TNV
u otnv v. OePOUpPE BTl 1] eEWTEPIKT OYn tou G eival xwplopévn oe duo oyweg s* kat t*. Ebw s*
elvat n Oyn ota aplotepd ToU ApP1oTEPOU oUVOPOU tou G, eve t* eivatl ota 6e§ia tou 6eSlo0u cuvopou
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tou G. AUwo ypdonpa (dual graph) evog st-ypaprpatog G, oupBodiletar pe G*, kat eivatl 1o
KATeypapnpa Iou Kataokeuddetal og eEng: (i) kabe kopupr) tou G* avuotokel oe pia oW T0U
G, (ii) yia xdBe axkpn e # (s, t) ou G, unapxel akun €* = (f,g) oo G*, érou f = left(e) rkat
g = right(e), (iii) n akpn (s*, t*) eivat oto G*. Av 10 KATAOKEUAOPEVO e TOV TPOII0 aUTo ypapnpa
G* mepiéxetl modAardég akpég, g avukadotoupe pe pia. Eival yvootd ot 1o S0k ypapnua evog
st-ypaprjpatog sivat ermiong €va st-ypdgnpa pe rnyr) s¢ kat kataBobpa t*.

To akoAoubo Anppa sivat pa dpeon ouvenewa 1ou Afjppatog 7 tov Tamassia kat Preparata I@].

Afppa 24. 'Eotw 01l U Kat v givat SU0 KOPUPES evog entinedou st-ypagnuarog G, mou Sev ouvdeov-
TaL pe Kavéva katevduvouevo povoratt. Tote, 1o 6Uiko yoagnua G* tou G mepiéyel gite eva Kateu-
Juvouevo povorar ano to right(u) oto left(v), eite éva kKatevduvouevo povomnatt amo to right(v) oto
left(w). |

To akoAoubo Anppa deixvel pia 1810Ta v eninedwv st-ypapnpdiov.

Afppa 25. 'Eotw G eival éva eninedo st-yoagnua mou 6ev mepiéxel kaveva uovornatt Xautatov.
Tote 010 G urapxel éva (EUyog KOPUP@U Tou eV OUVSEETAL UE KATEVOUVOUEVO UOVOTLATL O€ Kauia amo
¢ OUO KatevdUvoelg. |

O1 ak6Aloubot opiopot eixav §o6et otnv ] yia péyiota enineda st-ypaprpata. Oa enexkteivoupe
TOUG OpPlOPOoUg autoug yla ota enineda st-ypagrpata. 'Eotw G = (V, E) eivat éva eninedo st-
ypdpnpa xkat G* eivat 1o 606 ypdpnpa ou G. Eow v] = s%,v;,...,v;, = t* elval 1o ouvodo
TV KOpuPeVv tou G* 1ou divovial cUpPEVA e pia ToroAoyKY apibpunorn tou G*. Ano tov oplopd
10U SuKOU st-ypadripatog, pia kopudr) v tou G* (1 < i < m) avuotoel o pa oy wu G. Iy
ouvéxela, oupBolioupe pe Ui Kat v Kopugr tou duwkou G*, adAd Kat v aviiotoxn oy Tou
G. H oéyn v, ovopdgetat n k-otn oyn tou G. Eote Vi eivatl 1o uroovvodo 1ov Kopupev tou G
OV AVAKEL OUG OYELG V], Uy, ..., Uy. To unmoypdenpa G mou napdyetal ano 1g Kopudég 1ou Vi
ovopadetatl 1o unoypagpnua k oyewov tou G kat oupBodidetat pe Gy.

To axkoédoubBo Anppa neprypdoetl, g dedopévou evog st-ypaprpatog G Katl piag TOIOAOYIKNAG
apidpnong tou UKoV TOU, PITOPOULE VA KATAOKEUACOUNE 10 G arnd ug owelg tou. H anddeln sivat
Tautoonun pe v anodei§n mouv napouvotaetal oty @j yla ta péytota emineda st-ypapnpata.

R

Afppa 26. 'Eotw G sivai éva eninebo st-ypagnua kaiv; = s*, ;.. ... Uy, = t* eivai pia tonojoyikn
2 % ' ’ ' . r sk ’
apidunon tov duucou G* tou G. 'Eotw Gy eivar 1o unoypagnua k opeov tov G kat é0tw vy, , vat
nk+ 1l-omoyn wou G, (1 < k< m). 'E0to Sk &lvar n myn Kat ti1 givar n kata6odpa mg v, ;-
Emiong, £0t® Sict1, ui, ué ooy Ul tier) Elvar To apiotepo, Kat Sy, uy, Uy, ..., U, tiy evat 10

J
6eéi ovvopo g oyng vy, ,. Tote:

a. To Gy givat éva eminebo st-ypagnua.

b. Ot KOPUPES Sicy 1, ui, ué R ull tier1 amoteflovv kopu@ég tou 6elov ouvdpou tou Gy.

c. To ypagnua Gicy1 umopet va xtotetl ano 10 Gy, Ue TNV TPOOOEON VOGS KATEUOUVOUEVOU UOVOTIA-
. r r r
IlOUSk+1,ul,u2,...,uj,tk+1. O

'Onwg 1dn avapépape, kabe own evog eninedou st-ypadprnpatog arnotedeitat and dUo povorndria,
10 6etl kat 1o apotepd g ouvopo. ‘Otav 1o €va arod ta ocuvopa pag owng f, arotedeitat ano pia
akpn), n oyn f ovoupdadetatl yevikeupuévo toiyovo (BA. Ewova[3.6). ‘'Otav 10 éva amné ta cuvopa piag
oyng f, anotedeitat and pila akpr), Kat 1o dAAo and §Uo akpég, 10te n oW f ovopddetal piye@vo
(BA. Ewova35). 'Eva (yevikeupévo) tpiyevo ovopddetat apiotepdnievpo (avt. 6e§i0mieypo), av to
apotepod (avt. 8e&i) ouvopod g replExel TOUAAXIOTOV HU0 AKUEG.
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Ewkéva 3.5: ApiotepOrmAeupo Kat

) ; Ewkova 3.6: AptotepdmAeupo Kat
8eglomieupo tpiywva.

deglomAeupo yevikeupeva tpiyova.

To e§weninedo st-ypapnpa tng Ewovag [B.7] ovopdletat woxvpodg poubog. 'Evag 10xupog popBog
aroteAeitat ano Yo yevikeupéva tpiyova (Eva apiotepormdeupo Kat éva He§10rmAeupo) mou mepié-
Xouv Vv akprn (vs, ¢) aro rowvou. H arpn (vs, vy) TOU 10XUPOU PoPBou ovopddetatl Siaywviog
KAl TMAvia ePQUIEVETAL OT0 e0WTEPKO Tou. To edwertinedo st-ypapnpa rnou AapBavoupe pe v
dlaypadn tng dtaymviou armod éva 1oxupd popBo, ovopddetal acdevng poubog. Evallakukd, évag
aoBevr)g popBog eival éva e§wertinedo st-ypadpnpa rou arotedeital arnd povadikr e0RTEPIKT] O
Kat TouAdax1otov U0 akpég os kaOe ouvopod g (BA. Ewova [3.8). Xpnopomnoloupe tov 6po pou6o¢
yla va avapepopaote o €va 10XUp0 1) aobevry popbo.
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Ewkova 3.7: 'Evag 1oxupog pop6og. Ewkodva 3.8: Evag aoBeviig popBog.

AxoAoubwviag tnv opodoyia tov pepkav Satdiewv, ovopddoupe to kateypagpnpa Gy = (Vy, Ey),
orou Vy = {a, b, c,d} xat Ey = {(a, b),(c, b), (¢, d)} éva N-kateypapnua. Tote, kGOe rateypadpn-
pa 1ou dev nepieyxel Gy ©g vrnoypadpnpa tou, ovopadetat N-eAevbepo (N-free) kateypapnpa. O
0P1OP0OG autdg propel va enektabel oe epduteupéva emineda ypadrpata EMpEvoviag o€ pid ouy-
RERPIPEVT] EPPUTIEUOT TOU N-Rateypaprpatog. Bempoupe v epguteuon tng Eikévag B9la. kai
ovopdadoupe to ypagnua autd euguteupcvo N-kateypagnua eve, 1 epgutevor g Eikovag [3.9b.
avapépetal oG suputevpévo I -kateypagnua. Tote, éva epguteupevo erminedo kateypapnpa G
ovopdletat N-eAetBepo (7-eAetbepo) av Hev Mepiéyel g UMOYPAPN A Kavéva eppuieupévo N-
rateypapnpa (I-rateypagnpa). H Ewkéva [B9.c anewkovidet éva epguteupévo N-gdeubepo Kate-
ypaopnpa. 'Opwg, av ayvornooupe v epputeuor, 1o ypadpnpa dev eivar N-eAeubepo, emeidr) ot
Kopudeg a, b, ¢, d amotedouv éva N-rateypadpnpa.

3.3 HIocoduvapia tov Acyclic-HPCCM kat IIpoBAnjpatog AvepXOpeV-
ng Ep¢gutevong oc BiBAio

Ziv napovoa evotnta, arnodelkvuoupe OTL, yla v KAdon tev erinedov st-ypadpnpdiev, 1o
POBANPA TG AKUKAIKIG AN PO KAatd XAPATOV pe eAayiotonoinon tov topav (Acyclic-HPCCM),
K1 TO IIPOBATILATOG €AaX10TOIT0IN0NG TOP®V TOV AKP®V HE TNV PAX! OIS AVEPXOHEVEG TOTTOAOYIKEG
epgutevoelg ot PBAio eival wwoduvapa. H arnodedn yivetal péom avaywyng ypappikou xpovou. H
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Ewova 3.9: (a) Epguteupévo N-rateypdgpnpa. (b) Epguteupévo -
rateypdopnpa. (c) Avepxopevo erminedo ypagnpa mou eivar N-gdeubepo av 1o
AVIIPETROIIOUPE ®G €va ePPUIEUPREVO ypadnpa, addda dev eivar N-eAeubepo g
erinedo kateypadpnpa xopig dedopévn epgutevon. (d) Eva epguteupévo N-
eAeubepo emtinedo st-ypdpnua G;.

@ (b) (©

Ewodva 3.10: (a) Mia ameikovion evog emeKTapévou Katd XAPATOV ertinedou
st-ypagrpatog G. Ta Stakekoppéva THAPATA AVIIOTOLXOUV 08 POVASIKI] AKWr
(02, v3) NG TMANPwonNG tou G. (b) Mia avepXOpevr TOMOAOYIKY eP@UTEUOT] O 2-
0€A160 B1BAio tou G, Pe Tig KOPUDES TOU va epdavidovial mave otV paxn arpiBog
HE Vv oe1pd mou epgavidoviat oto povordt XAapAtov tou Ge. (¢) Mia avepyxopevn
TOMOAOY1KY] epdutevoTt) oe 2-0éA6o BiBAio tou G.

ooduvapia autr] Xprolpornoieital Eppeca o 0Ao 10 Kepdaldato, eneldn avukabiotoupe v Pedétn
TV epPpuUTeloe®V ot B1BA10, pe TV PEALT TOV AKURAK®OV MANpooe®Vv Katd Xapidtov. [Tapatnpoupe
ot 1 woduvapia mou Sa arodei§oupe, amotedei tnv avepxOpevn ekBOXT TOU €8¢ ATIOTEAEONATOG
«¢va eminedo ypapnpa €xel pia epputeuon oe éva 2-0éA160 BBAio avv arotedel uroypapnpa evog
ertinedou ypagprpatog Xapitow [9].

Ocwpnpa 17. 'Eoww ou G = (V,E) civar éva eninebo st-yoapnua n kopupwv. To G éyel pia
axvkiuen ninpwon XauAdrov E. ue to povorat XauAtov P = (S = vy, Vg, ..., Uy = t) €101 @d0te
n BéAuom aneucovion I'(G') tou G = (V, E U E,) &xet ovvoiika ¢ toues uetall tov akuov av xat
uovo av G emibéyerar pia 1omofoyucn eupuieuon os 2-0éfi60 BIGAIO Ue C TOUES Ue TNV PAXT], OTIOU OL
KOPUPES eupavidovtal Tave ot paxn ue v ocpall = (s = vy, vy, ..., Uy = 1).

Anodedn: Oa dei§oupe nwg dedopévou piag mMAfpwong katd Xapdtov mou dSnuioupyet ¢ topég
KATAOKEUALeTal P avepyOPevn TOITOAOYIKY epduUteuot) oe 2-0¢A180 B18Aio pe ¢ Topég pe v paxn
Kal avuotpoPpug.

‘=’  YmoBétoupe 6t pag diveral pla akukrAKn mAnpeorn katd Xaputov E., 1ou kavorotet tig
unoBéoeig tou Sewpnpatog. 'Eotw ['(G’) sivatl n avtiotoikn anewovion tou G' = (V, E U E.) 1ou
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dnpoupyel ¢ topég kat éotw Ge = (VU V., E' U E)) givat 1o enektapévo katd Xapitov ypdepnpa
tou G mou npokurttet and v I'(G’). To V. cupBoAilel 10 0UVOAO TV VEOIIPOCHETOV KOPUP®V
oug topég. To E’ kat 1o E. eivat ta ovvoda akp®v rou Aapbdvoupe and ta ovvoda E kat E,
avtiotolya, PETd arod v Urnodlaipeon 1oV aKPoV IoU CUPHEIEXOUV Ot TOPEG, dlatnpoviag tov
ripooavatodopo toug. (BA. Ewoval[3.10(a) ). Mapatnpoupe ot to G, stvat ermiong éva st-ypdpnpa.
[Mapatnpoupe ertiong 6t otnv ['(G’), Hev untdpyxouv topég petady 1wV akp®v tou G. AlaQOpETIKA, 1|
I'(G’) 6ev 9a Buatnpovoe Vv epgputeuon tou G. Mapopoia, oty ['(G’), dev untdpyouv touég petadu
TOV AKPOV NG MANpeong E.. Atapopetikd, 10 erektapévo ypaenpa Ge, Sa rmepieixe évav KUkAo.
To povortatt Xaptov P oto G/, mapdayet éva povortdtt XapAtov P T0U eMEKTAPEVOU YpAPTIATOG
G.. Auto oupBaiver emedry: (i) oAeg ol akpég tou E. xpnowonolovviatl og povoratt P kau (if)
O0Aeg 01 KOPUQEG TOU V. aviiototKouv oTig TOPEG ITOU Snpiioupyouviatl anod 1§ akpég tou E.. BOa
XPNOPOIo)ooUpe TOo povortdatt XapAtov Py, yiad va KATAOKEUAOOUHE Pid avepXOHEVT] TOTTIOAOYKT)
epgutevon o 2-0€A160 B1BAio yia 1o ypapnpa G, pe akpiBog ¢ topég. Tormobetovpe Tig KOPUPESG TOU
G, otnv paxn, Pe v oe1pd Pe v ornoia epgavidovral oto povortdatt Pe, pe tv XapnAoteprn Kopuor)
mv s = v;. Enedr) 1o enektapévo ypdenpa Ge eivat eva eminedo st-ypadpnpa pe Tig KOPUPES S Kat
t va Bpiokoviat otny e§mtepikn 0w, kKabe akpr tou G, epgavietal eite ota apotepd eite ota dedia
tou povortatioy P.. ToroBetoupe g akpég tou G otnv aplotepn (ave. de§1d) oediba tou BiBAiou av
autég epgavidovial ota aptotepa (ave. Hg&§1d) tou povortatiou P.. Ot akpég tou P, amewkovidoviat
nave otnv paxn (BA. Ewova [BI0(b) ). Yotepa, o1 akpég tng pAXNg KI0PpoUV va petarivnouv os
pia and tig 6Uo oeAideg.

Eotw pua kopudr] ve € V.. H v, avuotoiel oe pua topn petady puag akpng tou ouvolou E kat
pag akpng g mirnpeoong E.. Me v napandve Swadwkaocia ot akpég tou E., MPOOIINTIOUceg
OtNV U, £X0UV ATIEIKOVIOTEL TIAV® OTNV PAxn, Kat ot U0 UMOAOUTEG AKHEG, TIPOOTUITIOU0EG OtV
V¢, TIOU avrikouv oto E’ katl aviiotoiouv o pia akpr e € E, €Xouv arelkoviotei oe S1apopetikég
o0elibeg Tou BBAiou. Alaypdgoviag tnv KOPUQr| U, Kal EveVoviag Tig dU0 TPOOTUITIOU0ES AKHIEG
v E’ Snpioupyolpe pia topr] tng e pe v pdxrn. Apa 1 KaTaOKEUAoPEVH PE aUToV TOV TPOI0
ePQUTEUOT £Xel AKPIBOG TO0EG TOPEG PE TNV PAXT 00eg KOPUPEG €xel 10 V. 1] O0EG TOPEG €XEL TO
ouprAnpepévo ypagnpa G’ (BA. Ewova [BI0(c)).

Aropévet va arnodeifoupe 61 1 epduteuon oe PBAI0 10U Kataokeudoape, eivat avepyopevn. Eivat
apkretd va arodeifoupe ot n epputeuon oto BiBAio tou G, eival avepyopevr. Eig atorno anaywyr),
uroBEtoupe 6Tl udapxetl pa akpr) (w, w) € E., kateuBuvopevn mpog ta KATt®. Ao TV KATAOKEU,
10 yeyovog Ot 1 Kopudrn w Ppiloketat oty pdaxn KAt and v u, onpaivetl Oti, UMApXel €va
povortatt oto G, arnd v w oy u. To povortdtt autd, padi pe v akpr (U, w) anotedel KUKAO
oto G, atoro, eredn) 1o ypadpnpa Ge eival avepyXOpevo Katl apa aAKUKAKO.

‘=’ YmoBtétoupe O €xoupe pia avepXOpevn TOMOAOYKY epduteuon oe 2-0éA1do BiBAio Tou st-
ypapnpatog G, Orou ot akpEG TEPVOUV TNV pAxT € QOPEG, Kal 01 KOPUQPEG eppaviloviatl mave otny
paxn pe v oepd [ = (s = v, vg, . . ., Uy = t). Tote, Kataokevdaloupe Pia MAN PO KATAd XAPIATOV
E.yia 10 G, wg e&ng: E. = {(v;, vi41) | 1 < i< nxat (v, vir1) € E}, €101, 10 ouvodo E, nepiéxet pua
arpn yua kabe {euyog H1a80X1KOV KOPUP®OV TAVe otV pdxn, ot oroieg ev ouvdéovial pe akyr)
oto G. TIpooBitoviag 1§ aKkpEG autég oty eputeuoT) oto BiBAio, maipvoupe pa aneikovion ['(G)
tou G’ = (V,EU E,) 1ou €xel ¢ Topég TV arpmv. Avuxkadiotoviag kabe topny tng ['(G') pe pa
Kawvoupyla KOpuQr| Katl Unodlalpoviag Tig aKpPEG ITOU CUPHETIEXOUV OTIS TOPEG, dlatnpaviag tov
IPOCAVATOAIOHO TOUG, £XOUHE éva eMeKTapEvo Katd Xdapdtov ypagpnua G.. Arnopével va Seioupe
ott G, elvat arkukAko. Eig dromo anaywyr, uvnobétoupe 6t 10 G. mepiExel KUKA0. Emedn 1o
ypaopnpa G eivat akukAkO KOs KUKAOG ToU G, ITPETIEL va TTEPIEXEL TOUAAX10TOV Pid KM arnd 1o
ouvolo E.. Agbopévou ot 0deg o1 kopugég otnv ['(G') eival aneikoviopéveg mave otnv paxrn, Kat
Kal apa 0Aeg o1 akpeg tou E. eival avepyOpeveg, TIPETIEL va UTIAPYEL €va TPNHA NG akung ou G,
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TOU KATeubuveTal TIPog td KAt Kat KAeivel tov KUKAO. ‘Atorto, eneidr] uniofeoape 6t pag divetat
pla avepxopevn) epguteuor) oe BiBAio. |

3.4 Emnineda st-T'papnpata pe Movonatt XaptAtov

Ziv napovoa evotnta, avartuooouple pia avaykaia kat ikavy ouvOrnkn oote éva erinedo st-
ypagnpa va mepiexel €va povordtt XapAtov (amo v s oy t). H ouvOrkn autr eivat tormkr, Kat
9a ypnowornonBel apydiepa oty KAtaokeun MARpeong Xapltov yua s§eertineda st-ypagprpata.

Ocwpnpa 18. 'Eotw G eival éva eninedo st-ypapnua. To yoapnua G gxet povorart XauAtov av
Kat uovo av 10 G 6V TEPIEXEL WG EUPUTEUUEVO UTIOYPAPNUA KAvEvav pOU6o (loxupo 17 acdevn).

Anodedn: (=) Yrobétoupe 6l o ypdgpnpa G repiéxet éva povortdtn Xaptov kat Sa dei§oupe
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Ewodva 3.11: To uroypdpnpa mou Teptéxel popBo Kat Xpnotporoleital oty
amnédeiin 1ou OswpnpatogI8l Stnv nmepimeon evég acOevoug popBou, To ypddnua
Bev mepiéxel v akpn (s, t).

ot dev mepiExel Ravévav popBo (1oxupo 1 acBevr)) og epduteupévo uroypdpnpa. Eig dtoro a-
naywoyr), urobitoupe Ot 10 ypadnua G mepiéxel évav 1oxupo popBo pe tig Kopudeg s’ (rnyr) tou
popBou), t’ (kataBobpa tou popBou), a (pia KopuPpr oty aplotepr] MAEUPA) Kat b (pia Kopuer) otnv
6e81d mAeupd) (BA. Ewodva [BI1T). Tote, o1 Kopugég a kat b 1ou 10xupou popBou Sev cuvdioviat
P& Kavéva Kateubuvopevo povoratt. Ala@popetikd, €va Kateubuvopevo POVOIIdTt Petady Tov a Kat
b Sa Bprorotav £§m aro tov popBo. Omodte Sa tepvotav eite pe éva KAteubuvopevo POVOTTATL ATto
mv t’ oty t 0g KAOW KOPUPH U, £ite pe éva Povordt ano v S oty s’ 08 KAmoa Kopugn v. Ze
KaOe mepimmon, Sa urrpxe KUKAoG oto G, datoro, eretdr) 10 G eival aKURAKO.

la v nepimoon evog aoBevoug popBou eival apKeTd va MApATnPrjoouUPe OTl KATEUOUVOPEVO
povordat 1iou ouvdeet TI§ KOpudpeg a Kat b, Hev prnopet va Bpioketal péoa otov popBo, ereidr], amno
Tov oplopd €vag aobevng popBog arnotedeital ano pa owr).

Orote, éxoupe arodeiet, OT1 01 KOPUPEG a Katl b tou popBou (aoBevoug 1) 1oxupov), Sev cuvdEéov-
Tal pe kateubuvopevo povordt oe Kapia kateubuvon, dpa 1o ypapnpa G dev mepiéxel Kaveva
povortatt XaptAtov, dtoro.

(&) YroBetoupe ot 1o ypapnpa G dev mepiéxel kavévav popBo (1oxupo 1) acBevr)) kat Sa deiSoupe
ot 1o G mepiExet €va povortatt Xaptov. Eig dtomno anaywyr), uniobétoupe ot 10 ypdenpa G dev
meptEXel Kavéva povortatt Xapidtov. Tote and 1o Afppa EMETAl OTL UTIApXouv U0 KOPUPES
u xat v oto G mou dev ouvdéoviatl pe Kateubuvopevo POVOIIATL O Kapia kateubuvon. Ao 10
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(d) () ®

Ewrdva 3.12: [Teputt®woel§ OtV KATAOKEUT] TOU POVOItatiou P, ,,, 0r®g meptypdde-
1at oty anodeign tou Oewpruatog I8l

Afppa 24 éxoupe ot oto §Uk6 ypapnpa G* tou G umndpyetl éva Kateubuvopevo povoratt eite
ané v right(u) oty left(v), eite and wmyv right(v) oy left(w). Xwpig BAGBN TG yevikotntag,
uroBEToupE 6T TO UMAPYXOV povordtt eivat and v right(u) oy left(v), Py, (BA. Ewova [B.12la)
Kal €010 fo, f1, ..., fk €lval o1 oYelg (KOPUPEG ToU HUIKOU) ATIO TIG OTOIdEG TIEPVAEL TO POVOTTATL
auto, omou fy = Right(u) vat fie = left(v). Iapatnpoupe 6t KGOs own tou G, KAl dpa 10U
P, ., elvatl éva yevikeupévo tpilymvo, emedn umobeécape ot 1o G dev mepiéxel Kavévav popbo.
[Mapatnpoupe eriong Ot T0 povordtt Py, Propei va egépxetat anod mv oyn fo POvo PEor pag
axpng (BA. Ewxova[312la). Yotepa, 10 povortdu e10épyetat o pia aAAn own kat otn cuvéxea Sa
KATAOKeUAOOUE v akoAouBia amnd tig éyelg tig oroieg drarepva.

H 6yn f1 tou povoratioy, meplEXel pia KOWr) Ak Pe Vv fo Kat KATIOEG akopd akpég. Yrdpxouv
6uU0 mbaveég nepuTI®Ooelg yla v oyn fi.

IMepintwon 1: H oyn f; sival aplotepdrrevpn. Tote to povondu Py, €10épxetat oy fi, amo
Hla akprn oto apiotepd tng ouvopo (BA. Ewdva 31216, BI2lc kat [BI2ld yia oAeg tig duvatég
reputtwoetg). [apatnpoupe o1, enedn 1 f1 ival apiotepOnAeuprn), MEPEXEL POVO H1a e§ePXOHEVT)
akpn oo G*. ‘Apa, 0 Povog TPOTog Mou T0 povordtt Py, propei va @uyet arno v fi, eivat va
Sraoyioet ) povadikn migupd tou He§10U CUVOPOU TOU fi.

IMepintwon 2: H oyn fi eival §e§iomidevprn. Tote ) povrn akprn péow g onoiag to povorat Py,
uropet va €10éA0et otny f sivat n povadikn akpn thg aplotepng g msupdg (BA. Ewkova [312]e).
Zinv meplimeon autr] ot OYelg fo Kat f; amnotedouv évav 1oxXupo popBo. ‘Apa 1 TMEPUTIOON AUTH)
arnokAeietal, Adywm g vrodeong ya o G.

H 16101tta rou oty nipdtn mepintoon mnapandve pag enetpeye va ouveyioouvpe va xti¢oupe o Py,
givat ott, urndpyel povadikn axkur] mou egepyetat amno v owr fi. 'Etot ouveyiloupe va ytidoupe
10 povortdtut P, ,, PBpilokoviag povoonpavia tg owes fo. fi, -... fie1 ano ug omnoieg repvd 1o
povoratt. I[Mapatnpoupe 611 OAeg AUTEG O1 OYPELG €ival aplotePOITAeupeg (drapopetikd, 10 G TePIEXEL
£€vav 10xupo poubo).

TéAog, 1o povortatt P, IIPETEL va eyKatadeipet tv aplotepOrAeupn oy fi—1 Kat va e10¢AOet oty
degiomieupn oyn fi.. Emedn o povog 1porog ya va yivel autod eivat va repdoet and v povadikn
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rmeupd g 6edag mAeupdg g fi—1 Kat v povadikr mAeupd g apilotepng miepdg g fi, Ot
ortoieg ouvenmg tauvtidoviat, dnpioupywmviag évav 1oxupod popbo (BA. Ewova [3.1211), atoro. |

3.5 Efwenineda st-T'pajprpata

Zuv rapouoa evotntd, rapouctddoupe £vav Ypappiko alyopiOpo rou dedopévou evog e§wertirne-
6ou st-ypaonpartog G, Kataokeuddel pia avepXOpevn TOIOAOYIKY epduteuon tou G oe 2-0¢A160
BBAi0 pe TOV £EAGX10TO apOpo v Topdv pe v paxn. Eow G = (VLU VT U {s, t},E) eivat éva
etwertinedo st-ypapnpa, Orou s kat t eivat n mnyr] Kat n KataBoBpa tou KAl 01 KOPUPEG OTO
Vi (avt. V,) Bpiokovtat oto apotepd (avt. 8e&) ovvopo tou G. @ftoupe V! = {vll, ...,v,l(} Kat
V' = {v], ..., vy}, orou ot beikteg pavepwvouv Ty oelpd OtV Omoia o1 Kopudég epdavigovrat
ota ouvopa tou G. @ewpoupe OTL 1 TNYI Kal 1 KataBobpa, avrirouv kat ota dvo ouvopa. [la-
patnpoupe 6t Kabe pia oyn tou G arnotedei ermiong éva efwerinedo st-ypdpnpa. Mwa akpr rou
€XEL KAl TG HUO KOPUPEG NG O €va oUvopo 10U G, Ovopdadetal otr OUVEXEWM UOVOTLEUPN aKPT).
'OAeg o1 untodotrieg akpeg ovopaloviat dimAsypeg. Ot AKPEG TIOU TIPOOTIITIOUV OTNV MNyT) KAl OtV
KataBoBpa Sewpouvial POVOTIAEUPES.

To aroAoubo Afjppia Iapouotadel pia ONPAVIIKL) 1910TNTaA TOV AKUKATK®OV MANPOOEOV XAPATOV yia
eCwertineda st-ypaprjparta.

Anppa 27. Kade akvriucn ninpwon kara Xauwdwov yia éva efweninedo st-ypapnua G = (Vtu
V" U {s, t},E) onuouvpyei éva povoratt XauAtov mou emoKENTeTal 1S Kopupés tou V (avt. V) ue
™MV oglpa ToU auteg sugavidovtat oto aptotepo (avt. 6eéi) ovvopo tou G.

Anodedn: Eow E, eival pia akurAKn mAfpmon katd Xaptov yua 1o G kat €0t G givat 1o
TeA KO, OUPIMANPOPEVO KATA XAPIATOV, AKURAKO ypadnpa. Oewnpoupe U0 KOPUPEG U] KAl Uy ITOU
epgavidovial, pe autn v oepd, oto 610 ouvopo (apiotepo 1 6ei) tou G. Tote oto G urtapyet
povondtt Py, ,,, amo v v; otnv v2. Eig atono anayeyr), uvnobitoupe ot 1 vg epdavidetatl oto
povortdtt XapAtov mptv amno v v;. Tote 10 povomdrtt auto mepiéxet éva unopovondrtt Py, ,, ano
v vg otnv v;. Apa, ta povordua Py, ., Kat Py, ,, anotedovv KUKAo oto G.. ‘Atorto, eredn Ge
eival aKUKAKO. O

3.5.1 st-moAvywva

"Eva e§werntinedo st-ypdpnpa ovopddetat 1oyupo st-mtoAvywvo av kat ta §U0 oUvopd Tou, MEPIEXOUV
TOUAQYX10TOV P1d KOPUQT| Kat 1 akpr) (Us, V) TIOU 0UvOEEL TV TNy TOU Vs PE TNV KatdBobpa tou vy,
eivat mapovoa (BA. Ewova [B13). H axuny (vs, vy) avapépetal og iay@viog Kat mavia Bpioretat
OTO £0MTEPIKO TNG ATIEIKOVIONG. G OUVETTELd, OE £va 10XUPO St-TIOAUY®VO, §ev UTIdPXOoUV HirAeupeg
akpég. To e§werinedo st-ypddria mou mPOKUITIEL ATTO £va 10XUPO St-TI0AUY®VO pe v Siaypadr)
ng Saywviou tou ovopddetal acdevég st-moAvywvo (BA. Ewodva [B.14). Xpnowornowovpe tov 6po
st-moAvywvo otav avapepdpaocte oe éva acBeveg 1) oe €va 10XUPO st-roAuywvo. Ilapatnpoupe Ot
€va St-TIoAUY®VO £Xe1 TOUAAY10TOV 4 KOPUPEG.

Eotw éva st-ypapnua G xat éva unoypagpnud tou G, Tou anotedei éva epPUIEUNEVO St-TIOAUYOVO
(loxupo 1 acbevég). To G, ovopadetal uéyloto st-mtoAvywvo av 6ev pIOPOUNE va MPooHEcoupe 010
Gp adAeg KOpUPEG Tou G, KAl auto va rapapévet st-rmodvymvo. Ly Ewova 315 to st-rodvywvo
Gaa Pe 1§ Kopudég a (rnyn), b, ¢, d (kataBobpa), e, kat f oto oUvopd tou, dev eival pgyioto,
erte1dr) npooHEToVIag TV Kopudn Yy Kat Tig IIPOCTUITIOU0Eg AKHPEG, £XOUHE KAl ITAAL éva St-TIOAUY®VO
G, 4- 'Opag 10 st-moAvyavo Gy, 4 eivat péyioro.
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Ewkéva 3.13: 'Eva 10XUp0 St-ToAUY®GVO. Ewoéva 3.14: Eva aoBevég st-TIOAUYGVO.

Ewodva 3.15: st-TtoAUyovo pe 10 ouvopo a (rinyn), b, ¢, d (kataBobpa), e, f. katy
etvat péyoto.

[Mapatnpoupe 6Tt éva St-TIOAUY®VO, g UTIOYPAPnHa evog eswertinedou st-ypaprpatog G, arnotelet
pa Awpida’ 10U, TIOU EPACOETAl Ao U0 dirmeupeg akpég (n pia mPOOTUITIouoa OtV TNy Kat
N daAAn oty kataBoBpa tou st-roAuywvou). Ot akpég autég avadEPovial WG OPLaKeS aKUEG TOU
st-moAuyovou. Ilapatnpoupe emiong, OTL 01 OPLAKEG AKHEG €1val APKETEG Yid va Opiooupe €va St-
MOAUY®VO péoa ot éva st-ypapnpa. Zinv Ewkova 315 10 péyloto st-moAvyemvo pe v mnyr a Kat
Vv KataBobpa d, £xel g oplakeg akpeg (a, y) kat (¢, d).

Anppa 28. 'Eva st-moAvyovo mepiéxel akpibog vav pouso.

Anodedn: Eow Gy, eival éva st-mioAvyovo. Amd tov oplopd tou cupriepdvoupe ot Gy, Tieptéxet
évav popBo. Yrobétoupe 6t autog Sev eivat o povog popBog mou niepiéxetat oto G, kat Hétoupe R
va eivat évag addog popBog. Eneidn) G, eivat éva e§oemtinedo ypapnpa kat Sev riepiéxet dimdeupeg
AKPEG, £Xoupe OTL OAEG O1 01 KOPUPEG TOU R TipEretl va Pplokovial armokAe1otikd os €va aro da §uo
ouvopa tou G,. ‘Apa 10 £éva anod Ta ouvopa tou R anoteAeital ano poAlg pia akpr], atono emneidr)
KAOs popBog €xet touddyiotov SUo axuég oe KGO oUvopd tou (BA. Ewdva [3.16). |

Ta akoAouba Afjppata €xouv va KAVOUV PE Pld AKUKAIKN TANP®@orn XAPAtov eAaxiotov tTopov
yla éva povadiko st-rtoAuyovo. AmodelkvUouv 0Tl UITAPXEL Pld AKUKAIKY MANP®OnN KAatd XAapAtov
eAayiotov Top®V rou anotedeital arod 10 MOAU U0 aKEG.

Afppa 29. ‘Eoctw R = (VLU V" U (s, t},E) sival éva st-nofvyovo. 'Eotw P eival pia axvkiikn
nAnpwon kara Xauitov yia 10 R ot wote |P| = 2u+ 1, p € N. TOte, vndpyel pa akukimen
nAnpwon kata Xauitov P’ yia 10 R étot wote |P'| = 1 kat n axun tou P’ énuiovpyel tov 610 apduo
TOU®V UE TIG aKuES TOU R 0oo kat ot akuég tou P. Emimiéov, ta povorartia Xautiltov mov dnuioupyouv
o1 tAnpwoeig P kat P’ éxouv tu ibia mpwtn Kkat tefevtaia axun.
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Ewodva 3.16: Avo Suvatoi tporotl epduteuong devtepou popBou oe éva st-
TIOAUY®VO.

(b)

Ewodva 3.17: Mia arUKAIKY TAHPOON Katd XAPATOV MePITIou pey£houg yla éva
St-TIOAUY®VO KAl 1] AVILOTOXI] AKUKALKI MANP®OT Katd XApAtov peyeboug va.

Anodegn: Ano to Anppa Hla aKUKAIKY TTANP®Oor Katd XApAtov yua 1o R dev mepiéxel kapia
povoriAeupn akpr]. Apa, 0Aeg ot 2u + 1 akpég ou P eival dimdeupeg. Emumdéov, emnedn to P
TEPIEXEL TIEPITTO ap1OPo TV AKP®V, 1] IIPAOTH KAl 1] tedeutaia akur tou P €xouv tov 1610 rpooava-
to)ucp(ﬂ. Xopig BAGBN g yevikotntag, £0t® 0T 1 XapnAdtepr akyr] tou P eivat e§iootpogn (BA.
Ewova [B17(a) ). Ano 1o Afjppa 27, cuvendyetat ot n kataBobpa tng akurg autng sivat i mpet
Kopu@n oto 8e§i ouvopo tou R (6nAadr), n Kopudn v]), eved 1 MNyn Ing tedevtaiag akpng tou P
elvatl n tedevtaia KOpUPn TOU aploTEPOU oUVOPOU 10U R (6nAadn), n Kopudn v,lc).

[Mapatnpoupe Ot 10 oUVoAo P’ = {(v,l{, v;)} arotelel pia aKUKAKY TAnpeon Xaptdtov yia 10 R. To
povortdtt Xap1Atov mou IPOKUITIEL ATtd TV MANP®OT auty] eivat 1o (s --» vi{ — v] -» t). Ta va
OAOKRANP®OOUNE TV anddeln Seixvope Ot 1 akyr) (vi, v]) Bev TépVel IEPLOOGTEPEG AKPEG TOU R amo
00gg TEPVOUV o1 akpég tou P. H akpn (vi{, v]) Tépvel 6Aeg g akpég oto ouvodo {(s, v) 1 v € V' \{v]}}
KaOOg Kal 6Aeg Tig akpég tou ouvodou {(vt) : v € VI {vl}}, av autég ot akpég undpyouv oto
ypaenpa (BA. Ewova BI7IB) ). Ot akpég tov OUvOA@V autov TERVOVIAl ard v MP@Tn Kat v
tedeutaia akpr] tou P, aviiototya. Apa, 1 akpr (v,l{, v]) dnuioupyei 10 TOAY TOV 1610 AP1ONO TRV
TOP®V PE TI§ aKPEG Tou R 000 kat ot akpeég tou P. ITapatnpoupe emiong 6t ta povortdtia XApAtov
mou Snpoupyouv ot mAnpnoelg P kat P éxouv v iia mpotn Kat tedevutaia akyr). |

IAépe 6T 8Uo akpég Eyour Tov i6io mpooavatofioud av Kat o1 SU0 eival aplotepdoTPoPeg 1) KAl 01 §U0 Se§lO0TPOPES.
Alapopetird, Aépe OTL O1 AKPEG EXOUV avTideTo mpooavatoiouo.
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Ewkdva 3.18: Mia arurAiky mArpeon katd Xaptov dptiou peyéboug yua éva
St-TIOAUY®VO KAl 1 avIioTotyl] AKUKALKT] TIANp®on Katd XapiAtov peyéboug 5U0.

Afppa 30. ‘Eoww R = (VLU V" U (s, t}.E) sival éva st-noAvyovo. 'Eotw P eival pia axvkiikn
nAnpwon Xauiitov yia 1 R €tot wote |P| = 2u, p € N, p > 1. Tote, undpyet pia akurAmeny wirpwoon
rata XauAtov P’ yia 10 R €10t dote |P'| = 2 kat ot axueg tou P’ dnpioupyouv 1o moAv tov ibio apduo
TV TOUOV ue 10 R 0oo kat o1 akueg tou P. EmimAgov, ta povoratia XauAtov mou dnuiovpyouv ot
nAnpaoeig P kait P’ gxouv tu ibia mpwtn kai tefevtaia axun.

Anoden: 'Onwg oty MePIt®oT) TOU MePtttou apdpou v akpev (Afpua29), o1 21 akpég tou P
etvat dimeupeg. Eme1dn n mAnpwon P miepiéxetl dptio apiOpod akpev, 1 mp@tn Kal tTeAevtaia akyr)
tou P €xouv avtiBeto mpooavatodiopod. Xwpig BAGBnN tng yevikotntag, UMOBETOUPE OTL 1] TIPWIN
akpn stvat 6e§1ootpon (BA. Ewova [B I8 a). Ano to Afjppa 27 ouvendyestat 6t 1) mpotn akyn
tou P gival £10epXOpevn) OtV MPot) Kopudr] tou 6e5lou ouvopou tou R (6ndadr), otnv kopugn
v]), eve n tedevtaia akun tou P, e§épxetal anod v tedevtaia Kopudr tou &e§lou cuvopou Tou
R (6nAadrn), amo v vy,). ZupBoAiloupe tnv xapndotepn axkpr tou P pe (vIlD, vy). Toéte, amo 10
Anppa 271 ouvenayetat ou n mnpworn P nepiéxet v akpn (v, v}l) +1) yia karow 1 < i <m. Av
i = m, 1ot 1 P miepiéxel arpiBog U0 arpéG Kat 1o {NTOUPEVO ETIETAL. LT OUVEXELA UTIODETOUPE OTL
i< m.

[Mapatnpoupe o1, yla v mepintwon [Pl > 3, to ouvolo v akpwv P’ = {(v;,, vy, (V. ULH)}
amnoteAel Pa aKUKAKY TANP®orn Katd Xaptov yua 10 R (BA. Ewova [3.1818). To mapayopevo
povortatt XapAtov eivat 1o (s --» vIlD - v] >, o Ullu+1 - t).

. , , . 1 .r ol . , ,
Z1n ovveéxela Sa deioupe 6T o1 axkpeg (v, vy) Kat (v, v, +1) BEV TEPVOUV MEP1000TEPEG AKNEG TOU
R amé 6t tépvouv ot akpég g mAnpwong P. Ot akpég tou E mou tépvoviatl anod tig 6U0 akpEg Tou
P’ eivat ot akoAoubeg:

(a) Axuéc mou xouv TV TNYN TOUS KAT® Ao TNL akun (vIlD, v]), Kkai v kara6odpa 1oUg TAv® amno
mv axun (U, v; +1)- ‘OlAeg o1 akpég autég tépvoviat Kat ano g 8vo akpég tou P, 'Opag,

1 4 4 1, ! 1 r rool
otV Iepinteon u P, tépvoviat TouAaxiotov arnd TG akpég (vy,. vh) kat (v;, v, 1)

(b) Axuég mou €youv ™V TNyn TOUG KAT® amo Inv (vll,, v]) kar mv kKara6odpa toug uetadl Twv

1 r r l ' " " " | . ! l r /
(vp,. v]) Kat (vy,. v, +1)- 'OAeg autég ot akpég Tépvoviat Hovo arno v akpr (v, v)) tou P

AMG, 1) akun (vIlD, v]) avnxkel eniong otn MAnpwon P.

() Axuég mou éyouv v mnyn toug uetall IOV aKU©U (vll,, vy) Kar (vp,, vIlD +1) KaL ug Kara6odpeg

r

ToU¢ TAve and mv akun (v, v; +1)- ‘Oleg autég ot akpég tépvoviat povo amod IV akyn

m:?

r ] / ’ r ' , r 1
(v v, +1) 010 P’. AAAG, tépvoviat touddaxiotov ano my (vp,, vq) oto P.
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"Eott, ot akpég tou P’ Snpuioupyouv 10 ToAU 1oV 810 aptfpd tev Topev pe Tig akpég tou R 000 kat
o1 akpég tou P. Tédog, nmapatnpoupe Ott, ta povoratia XAaptAtov rmou dnpioupyouv ot MANPOOoelg
P xai P’ ¢xouv v 161a mipwtn Kat v tedevutaia akyr. |

To ak6Aoubo Sewpnua énetat dueoa and o Afppa 29 kat o Afppa 30l

Ocwpnpa 19. Kade st-moAvywvo éxel pia BEATION wg TPOC TOV apldUO TV TOUGV akKUKALKN TANow-
on kata XauAtov mou arnotefleitat ano 10 oAU SU0 aKuUES. |

3.5.2 AmnoouvOeon efweninedwv st-ypapnpdatev oe st-moAvywva

Afppa 31. ‘Eotw G = (VLU V" U{s, t},E) eivai éva eoenico st-ypagpnua kaire = (s', t') € E sivar
wa axun ou. ZuuboAifoupe pe V 10 oUvoAo 0w tov kopugpav tou G. Av dtadéooupe O(V) xpovo
yia mpoenelepyaoia ou G, umopovus va aropaocioovue os xpovo O(1) av n arxun e sivar S1ayodviog
gvog woxupou st-mofuydvou. Emmigov, ot optakés akueg tou st-moAuy@uou autoU UTopoU ETIONG
va fpedovv ot xpovo O(1).

An6de1§n : MropoUpie va IPoere§epyaoctoUpe 10 ypagnpa G og ypappiko Xpovo £101 QOTE yia Kabe
Hla amno 11§ KOPUPEG TOU va YvepIifoupe v mpoin KAt v tedevtaia (Katd v eopd tov SelKtdv
TOU POAOY10U) £10epXOPEVT] Kal e§epXOpevn akpn. [Mapatnpoupe o6t pia povordeupr akpr (u, v)

Ewodva 3.19: st-moduyova pe povorieupn kat Simieupn diayovio. H diayoviog
KOl 01 OPLAKEG AKPEG TOU St-TI0AUY®OVOU, epgavidovial pe éviovn ypappn.

elvatl Siaywviog evog 10XUPOU St-TIOAUY®MVOU av Katl povo av 1oxuouv ta ££1g (BA. Ewova [3.19a):

(a) Ot u rat v dev eivat ouvexopeveg Kopudpeg oto 1610 ouvopo tou G.

(b) H u €xe1 pa Sirmdevpn, egepxopevn akpn.

(c) H v éxer pa direupr), e10epXOPEVI AKUT).
[Mapdpoa, mapatnpovpe 6t pa dirdevpn akpn (., v) pe u € VR (avt. u € VI eiva daywviog
£VOG 10XUPOU St-TIOAUY®VOU av Kat Jovo av 1oxuouy ta arddouba (BA. Ewova [3.196):

(a) H u éxer ma dirdeupn e§epxOpevn akyr) 1ou pvoYlaKdH nponyettat (avt. énetat

) v (u, v).

(b) H v €xet pa dirmAeupn) e10epXOevn aKr) ITOU poAOylaKda rponyeitat (avt. €metat)
mv (u, v).

2Katd MV POpa TV BEIKTOV TOU POAOY10U
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'‘OAeg 01 mapandve ouvlrkeg PIopouv va eleyxbouv tetpippéva oe xpovo O(1). Apa o1 0plareg
OK}I£G TOU St-TIoAUymVOoU pe Srayovio (1, v) propet va Bpebouv va BpeBouv oe xpovo O(1). O

Afppa 32. ‘Eotw G = (VLU V™ U{s, t}.E) eivai éva s€wenicdo st-ypapnua kat f sivai pia oyn wou,
ue mnyn u kat kara6odpa v. Zuubofifovue pue V 10 oUvoio oiev tov kopugwov tou G. Av dtadéoouue
O(V) xpovo yia v mpoeneepyaoia tou G, unopouvue va anopacioouue oc ypovo O(1) av n oyn f
anotelel évav aodevn poubo. Emmicov, o1 0plakeég aKies ToU UEYLOTOU St-TTOAUY©OUOU TTOU TLEPLEXEL
mu f, umopovv va Bpedovv oe ypovo O(1).

Anoédein: Ao tov oplopo, évag aobevrg popBog sivatl pia oW mou £Xel TOUAAX10TOV U0 aKpPEG
oe KAaBe ouvopo tou. Apa propoupe va ghéyioupe oe xpovo O(1) av to f arotedei évav aoBevn
popBo, av Hirabetoupe TG KOPUPEG TTOU ATIOTEAOUV Ta HUO oUVopPdA TOU.

'Oneg napatnprjoape oty Ponyoupevn arodeidr), PIIOpOUHE va TPOEMESEPYAOTOUHE TO YPAPT A
G og YPappikoO XpOvo €101 ®oTe yla KAOe pia aro 1§ KopugEg ToU va yvepiloupe Ty Ip®tn Kat v
tedevtaia (Katd v @opd TV SEIKTIOV TOU POAOYI0U) E10EPXOUEVT] Kal egepXOpevn akpr. Tote ot
uniddotrteg HU0 KOPUPEG ToU padi pe v nnyr) Kat kataBobpa 1ou f arnoteAouv Tig OPLaKEG AKPEG
ToU a0Bevoug St-TIOAUY®VOU TOU TEPIEXEL TOV f ®G UTIoypdadnud, PIopouv va Bpebolv o xpovo
O(1). Ta napdaderypa, oy Ewova OTIOU 01 KOPUPEG U Kat v eivat eivatl oto He&f ouvopo,
Ol OPIAKEG UKHPEG TOU MEYIOTOU St-TIOAUY®OVOU eival 1) mpotn e§epXOUEVI] KU A0 TNV U KAl 1)
Tedeutaia e10epXOPEVI AKT OV L. |

Ewodva 3.20: Evag acBeviig popBog mou £Xel Tig U Kat v ®¢ TiyT) Kat kata8odpa,
avIiotolKa Kat 10 PEYIOTO St-TIOAUY®VO TTOU MEPLEXEL TOV POPBO AUTO.

Eivat eukodo va anodeilel kaveig 10 akdAoubo Arjpua.

Anppa 33. Ta uéyiota st-mroAvyova mou mepigyovial o éva efweminedo st-ypapnua G Sev éxovv
KOLES OWEILG. O

ZupBoAidoupe pe R(G) 10 0UVOAO TV PEYIOTOV St-TIOAUYOVRV £vog edwertinedou st-ypaprpatog G.
Mapatnpoupe 611 UIAPYXOUV KOopUudEg 10U G TTOU SV AvriKOUV 0 Kavéva st-rtoAuywmvo. Ovopddoupe
TG KOPUPEG autég eevidepeg Kopu@ée Kal tig oupBodidoupe pe F(G). Emiong mapatnpoupe ott,
UTIAPXEL Y1 QUOIKI] OE1pd e v oroia ta st-roAuyeva epgavioviat oto G, n omoia Baoiletat
OT1g OPlaKEG TOUg arpég. Ot edevbepeg KOpupég tou G, gpgavidovial petady v Aopidwv tov
St-TIOAUYOVGV.

Afjppa 34. 'Eotw Ry kat Ry givai §Uo Siaboyika uéyiota st-nofivyova evog e€weninedou st-yoapnuarog
G mou Sev Eyouv kown arun, kat éotw Vi C F(G) eival 1o oUvoao twv eAsvdepwv kopu@wv petall
v Ry kat Ry. Zuu6odilouue pe (u, ty) wat (Sg, V) MY TAVE Kal U KAT® 0plakn akun v Ry
Kat Ry, avtiotoyca. I'ia 10 eugutevpsvo vnoypagnua Gy tou G mou mapdayetal ano UG KOPUPES
Vi U{uw, ty, S, v} 10Ul OTL:
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(a) To Gy eivai éva e§weminedo st-ypagnua pe tnyn u kar kara6odpa v.

(b) To Gy éxer povoratn XauAtov.

Anodegn: TMpota Sa dei§otpe 0t aAnBevet i npotaon (a). Xwpig PAABL tng yevikotntag, urobé-
TOUpE OTL 1] OPLAKT) AKWT] (Sg, V), TOU St-TIOAUY®VOU Ry, eivat §etiootpopn. ESetdlouie nepuooesig
Baoidpevol oto av 1o R; KAt 10 Ry £€X0UV KOWY] KOPUOT).

(@)

Ewoéva 3.21: Anddeiln tou Afjpparog 341

Iepintwon 1: R; xat Ry bev éxovv kowrn xopupn. Baoldpevol oTtov mpooavatoAopo g akpng
(u, ty) Eexwpiloupe TG MAPAKAT® TEPUTIOOELG

Mepintwon la: H axun (u, t)) eivar 6e§idotpopn.
BA. Ewoéva 3. 21]a.

Iepintwon 1b: H axun (u, t,) eivar apiotepoorpogn.
BA. Ewxodva [3.2116.

Zug napanave 600 MEPUTIOOELS, Mapatnpoupe 6Tt 10 Gy amnotedei éva SE-MIOAUY®VO MOU £pXETatl
oe avtigpaon pe 1o yeyovog o1l ta Ry Kat Ry eivatl Stadoyikd Kat péytlota st-moAvywva. Apd, 1)
[Mepimiwon 1 dev vpiotatar.

Mepintwon 2: Ta R; kat Ry éxovv pta xotwn xopugn. Ipota pe anayoyr] oto atoro, da Seioupe
ot n akpr (u, t;) ou R; eivat aplotepootpogrn. 'Eotw ou eivat de§idotpoprn. Av 1 Kopupr v
ouprdreet pe myv t (BA. Ewova B27lc) t6te 10 st-moAuyovo R; Sa propouoe va emertadei
(mapapévoviag st-rmoAvywvo), mpocbitoviag 1g owelg petadu v Ry kat Ry, dtoro, ernedn Ry
elvatl péyloto. Av 1 u ouprirntet pe v S (BA. Ewodva B2T1.d) tote Sa propovcape va emnekrei-
VOUHE TO St-TIOAUY®VO Ry, mpooBétovidg tou g oywelg petadu twv Ry kat Ry, dtoro, €reidr) 1o Ry
elvat péyioto. ‘Apa, 1 oplakn arkpyn (u, t;) 1ou R eival apiotepdotpodr KAt 1) Sg CUUITITIEL PE TV
t; (BA. Ewova [3:2Tle). To urnddouro tng anddeng sival pia e1dikn mepintwon tng [Mepintwong 1b
(6tav xapia kopugr tou Vy Bev eivat oto apiotepd ouvopo tou G).

Apa 10 Gy eival éva e§wemtinedo st-ypdenpa pe v nnyn u kat myv kataobpa v. INapatnpou-
pe ertiong 6t to Gy bev mepiExetl popbo, dadopetkd Sa amotedovoe st-rioAvywvo. Apa, ard 1o
Osopnpa ¢netat ot 1o Gy €xet povortatt XapiAtov. |

Anppa 35. 'Eotw R kat Ry gival §vo dradoyuca puéytota st-mofvywva evog eEwemninedou st-ypa@pruatog
G mou popalovtar wa kown akur. 'Eote t) eivar n kata6odpa tou Ry kat sy ivat 1 tnyn ou Ry.
Tote, axurn kown yia ta Ry kat sy givar n (sg, t1).
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Anodedn: Eotw n nave oplakr) akpn tou Ry eivat n (u, t1), Kat n KAT® 0PLaKr aKyr) 1ou Ry eivat
N (S, v). Emeidn autég eivatl o1 péveg arkpéG OU PIopouVv va CUPIHITIOUV, GUPITEPAIVOUPE OTL 1] U
OUMITITIEL PE TV t] KAl 1] U HPE TV Sg. O

Afppa 36. 'Eowwo G sivar éva efweminedo st-yoagnua. 'Eotw Ry kat Ry eival 6vo dadoyika st-
noAvyova oo G kai éotw Vy C F(G) eivar 1o ouvofo 1oV efcvdepv Kopupov petall 1ov Ry kat
Ry. Tote, 1oxvouv ot e§ng mPotaoelg:

(a) I'a kade {evyog KopuPwv U, v € Vr, umdoxel éva HOVOTLATL EiTe ano TV U 0NV L, €ITE amo v
v o U.

(b) Ia kade kopuPn v € Vy, UTdp) el KATEUOUVOUEVO MOVOTLATL ano TV kata6odpa tou Ry otnu v,
Kat éva KateudUVOUEVO UOVOTLATL amo TNV L OTNY TTyn 10U Ry.

(c) Avoyver ou Vy = 0, 101e UmAp)EL povomatt awo mv Tnyn v Ry ot nnyn v Ry.

4 A
@. Q

{7
:

S2
R1 f
c S,

f
Ewrdva 3.22: Awaboyikd st-modvywva oe éva eperinedo st-ypdepnpa, petady v
ortoimv Sev untapyel kapia eAevbepn Kopudr.

@

Anoédedn:

(a) Ao to Afppa 34 éxoupe 6t 1o unoypapnpa Gy ou G (0nwg opiotnke oty anodegn wou
Afppatog[34) éxer povortatt XapiAtov. Apa, 1o {NTOUHEVO £Metat.

(b) Ernctat aneubeiag amno to Afjpua [34]

(c¢) Mapatnpoupe OTL UTIAPYXOUV TPELS OUVATEG TEPUTIWOELS Yid TV dourn ToU ypaprpatog o-
ote petady v §Yo Saboxikov st-ioAByovev va pnv undpyouv edeubepeg Kopupég (BA.
Ewodveg [3:221a-c). TupBodioupe pe s; Kat sy g minyeg v Ry kat Ry, avtiotoixa. Av 1) s;
Katl 1 So Ppiokoviail oto 1610 oUvoAdo tou G 1oTe 10 {NTOUPEVO 10YXUEL. LTI OUVEXELd, UTI00E-
TOUPE OTL 1] S KAl 1] So AVIKOUV 0t Stapopetikd ouvopa tou G. Tote 1) KAT® 0P1aKr) AKUT] TOU
Ry, é0t® (s1, ), KataAnyet 6to oUvopo tou G orou Bpioketat ) Se. Emeldr) undpyet povomatt
Aro TNV C OtV Sg £XOUPE OTL UTTAPXEL POVOTTATL Arto TV S; OV Sy.

O

H rinyn s; ou st-moAuyovou R; € R(G), 1 < i < |R(G)|, ovopddetar aviimpoownog tou R; Kat
oupBoAidetatl pe r(R;). Opidoupe ermiong wg avurpoomro piag eAeubepng kopugng v € 7 (G) va
etvat i6a n v, 6nAadn r(v) = v. Ta kabe 6vo otoxeia x, y € R(G) U F(G) opidoupe v oxéon £,
®G e§NG: X/pY av kat Hovo av undpxel éva povoratt amo mv r(x) omv r(y).
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Afppa 37. 'Eotw G eivai éva e§weninedo st-ypagnua pe n kopugég. Tote, n oxéon L, opilel wa
ofwkn 6rataén twv otoyeiov tou R(G)UF (G). H oflucr Siaraén avtr umopel va umojloyiotel oe xp0vo
o(n).

Anoden: To yeyovog ot £, etvat pia oAwkn) Sidtagn ou R(G) U F(G) énetar ané to Anppa36l H
og1pd 1oV otoxeiwv tou R(G)UF (G) propet evkoda va Bpebet amd pia torodoyikr) apibunon tou G
K1 IO OUYKEKPIPEVA ATIO TOUG ap1Bpioug Tou aviloTolkel 1 apiOpnon auvtr) 0Toug aviipoo)IIoug
v otoxeiov tou R(G) U F(G). Avakalouje eriong, 0Tt 08 £va AKUKIAKO ypd@npa n Kopupov 1
TOMOAOY1KI] TOU apiBunon propet va unoAoyiotet o xpovo O(n). |

Oplopog 6. 'Eotw éva efweminebo st-ypapnua G, n anocuvOeon tou G ot st-moAvywva sivai
n oflikny &raran {0y, ....oa} mov ogpiletar and mv oxéon L, mave ota st-roAvyova D(G) kat g
eflevdepes kopueg tou G, onAadny, o o;, 1 < i < A, eivat gite va st-nofvywvo eite pia efevdepn
Kopu@1 tou G Kat o) UeL Ol 0;/p0i 1, 1 < 1< fl.

To akoloubo Jeodpnua énetat dpeoa and o Afupa B3Il Afppa B2 kat to Afjppa B71

Oczopnpa 20. H anoovvdeon oe st-ntoAvywva evidg e€wemineSou st-ypadpnuarog pe n KOPUPES UTOPEL
va uroAoylotel o ypovo O(n).

3.5.3 O1 16101 TEG TOV ARURAIROV MANPOOEDV Katd XaptAtov

Ztnv rtapovoa evotnta mapouotaloupe Tpelg 1910TNTeg TOV AKUKAIK®OV MANPOOE®V Katd XApiAtov,
ot oroieg 9a xpropornow0ouv otov adydpOps. Eoww G = (VIU VT U{s, t}, E) eivat éva e€oerminedo
st-ypapnpa kat D(G) = {oy, ..., 0z} eivat n artoovvOeor) Tou st-oAvymva. Me 10 G; oupBoAiloupe
10 unoypdadnpa tou G mouv napdyestat ano tg Kopudpeg 1@V og, ..., 0, L < A

Is6tnta 3. 'Eotw G = (VLU V" U{s, t},E) sivai éva efoeminedo st-yoagpnua. Tote, os pia BEATION
®W¢ MPOG TV apdUo TOV TOUWV, akukiikn mAnpwon kata Xauidov ya 10 G, kade akun tov E
Téuveral ano 10 ToAU U0 aKuES NG TANP®ONG.
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(@) (b)

Ewkodva 3.23: An6dei€n g [Sidtrag Bl

Anoden: Eig atono anaynyr], urobitoupe 61110 Poy eivat pia akuxkA ke mAnpeoon katd XaptAtov
vy 10 G, Ol aKkpEg g oroiag T€Pvouv KArola akyr e = (wi, we) tou G tpeig popég. Oa Seioupe
OTL UIApYEL Pla AKUKAKY MANpoorn katd Xdpidtov yia 1o G rou dnpioupyel ouvoAika PikpOtepo
ap1Bpo 1OV TOPV.
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E&etadoupe U0 neputtwoelg pe Baon 1o av n akpn e eivat povortdeupn 1 Sirdeupn.

Mepintwon 1: H axun e givat povonAsupn. Xopig BAAGBN g yevikotntag, umobEtoupe Ot Kat ot
U0 KopuPES NG e eivat oto HeSi ouvopo. 'Eote e eival i) mpmtn arod Tig TPEl§ aKPEG TG MANP®OoNG
Popy, TIOU TEPVOUV NV €. BemPOUlE TIEPUTIOOELS BacI{OPEVOL OTOV ITPOOAVATOAIONO NG €.

Mepintwon la: H axun e, givat apotepéorpopn. Eoww e; = (v1, uy) kat €0te (Us, v2), (U3, U3)
elvat 01 6U0 dAAeg axkpég tou tépvouv v e (BA. Ewova([3:23la). Etval EexdBapo 6t o1 akpég autég
etvat mpooavatoAopéveg evaddda§. To povonatt Py, = (U1 — U > Uy — Uy --> U3 — Ug) arotedet
UTIOPOVOTTIATL TOU TEATKOU PovoTtatioy XAPATov 0T0 CUPTANPOPEVO Ypdenpa. Amo 1o Anppa
1l KOPU®PI] Uy YEITOVEUEL UE TNV Ug OTO APloTEPO CUVOPO ToU G, Kl 1] KOPUQT| Uy YELTOVEUEL PE TNV
v; oto He&i ouvopo tou G.

arno 1o povortdu P/, . = (v —

Z1n ouvéxela, deixvoupe 6T 1] AVIIKATACTAOT TOU povortatiov Py, 4, oy s

Ug --> U3 = U] --» Uy — Ug) P€oa oT0 povortatt XAPATOV T0U CUPTANPOPIEVOU YPAPLATOG, HEIOVEL
TOV GUVOAIKO aplBpo T®V TOP®V TOUAGY10ToV Katda Suo.

Avapotiopaocte moteg akpeg tou G tépvoviat amno v véa akpr (vs, up). Ot akpég autég Ratnyo-
ploroouvial @g €§ng: (i) Ot povortheupeg akpeg, pe g 6U0 Kopupég oto Hegi ouvopo tou G, ou
£€XOUV TNV INy1 TOUG KAT® AItd TV U3 Kat KataBobpa toug rnave ano v vs. Ilapatnpoupe o1l ot
AKPEG AUTEG TEPVOVIAL ETTIONG Ao TNV akpr) (vs, ug). (if) Ot HirmAeupeg aKpPEG TIOU £€X0UV TNV TINYT)
T0UG KAT® NG W oto Hegi ouvopo tou G, Kat tnv KataBdbpa 1oug mave aro ty v, OT0 aplotepd
oUvopo U G. Ot akpég autég TEpvoviatl amo v akpr (v, up) (kat ubavov kat aro tg SUo arkpeg
(ug, v2) rat (vs, ug)). (i) H povomieupeg akpég oto aplotepd oUvopo tou G ToU €X0UV TNV Ty
TOUG KAT® NG U, Katl v KataBoBpa toug rave v u;. Ot akpég autég TEPVOvVIal TOUAAY10TOV aro
mv (vy, Up). (iv) Ot dirAeupeg AKPEG MOV €XOUV TNV MNYI) TOUG KAT® NG Up, OTO APLOTEPO OUVOPO
tou G, Kat v Kata8obpa toug rmave aro Vv we, oto He&i ouvopo tou G. O1 akpEg autég TEpvovat
ertong aro ug (v, Uy), (Ug, v12) kat (vs, uz). Ondte, £xoupe arodeiel 611 avukabotoviag o P,

pe 1o P, €XOUpE 611 0 apiBpog TV TOPOV HEIOVETAL TOUAAXIOTOV Katd 8Uo.

1,03

Nepintwon 1b: H axun e; eivar de§idorpopn. Eotw e; = (u;, v1) Kat (v, ug), (us, v3) eivat
o1 urtddourteg §Uo arpég mou tépvouv v e (BA. Ewodva 323 b). Mapatnpovpe 6t 1o povortdtt
Pyov, = (up — vy - va = ug --» uz — U3) eival éva UMOPOVOIIATL TOU Povortatioy XApAtov
010 ouprAnpepévo ypdenua tu G. Ermiong, ano to Afppa 27, n xopugr Uz sivat yertovikn pe
Vv U; OT0 APloTEPO 0UVOPO Tou G, Kal 1] Vg eival Yetovikry pe v U3 oto 8e&i ouvopo tou G.

Me tov tpéro rapopoio pe v Iepinmwon la, anodeikvuoupe 6t avikabiotdviag to Py, 4, HE TO
Pl,ll,vs = (U} = Ug --» Uz — U] --» Uy — D3) €XOUHPE OTL 0 AP1OPOG TOV TOPAV PEIDVETAL TOUAAX10TOV
Katd duvo.

Iepintoon 2: H akxun e sivar dinfsvpn. Xopig BAGBn tng yevikointag, urnobétoupe Ot eivat
aplotepootpodn. Eexnpidoupe mepumtioslg BAOT TOU POOAVATOAIONOU TG €.

Mepintwon 2a: H axun e; eivat apiotepoorpogn. H arodeiln sivat tautoonun pe v anodeidn
g [epimwong la.

Mepintwon 2b: H axun e; eivar §efidorpogn. H anddeidn sivat tautéonun pe v anddein g
[Mepimwong 1b. ad

I66tnta 4. 'Eotw G = (VLU V" U {s.t}.E) eivar éva s€weninedo st-ypapnua kar ot D(G) =
{o1, ...,o0p} elvar n amoovvdeot) Tou oe st-nofvywva. Tote, urdpyet pia BEATIOTN &S TPOG TOV aptdUo
OV TOUV, akukiky ntAnpwon kata XauAdwov yia 1o G €10l 0ote yla Kade Ueyloto st-moAvywvo
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Ewéva 3.24: Anodein g I6iotnragdl

0; € D(G), i < A, nuinpwon Sev epigxel Kauia akun Tou va xel v tnyn mg oto G; Kat va TEUveL
MU nave oplaky akun tou o;.

An6den: Eow e = (x ;) eival n mdve oplakr akpr] ou 0. Xopig BAABN g yevikotntag
unobétoupe 6T eival apiotepootpodn. Ta amaywyr) oto dtoro, uvrnobitoupe 6Tt n MANP®OT Popy
meptéxel pia akpn & = (1, v), u € Gy, Tou tépvel Vv e. Ao 1o Afjppa 27l oupniepaivoupe ot 1
akpr) € etvat dirmmeuprn, SlaPopetika 01 KOPUPEG evOg ouvopou tou G epavioviatl oto PovoTtatt
XapiAtov, MOU MPOKUITeL artd 10 Pope 08 81apOopetikr| 0£1pd and tnv og1pa 1oug oto G. Alaxwpifoupe
6U0 TEpUTIOOoELG, PE BAot ToV MPOooavatoAlopo g é.

Iepintwon 1: H axun & = (u, v) eivar apiotepdorpogpn. BA. Ewova B.24la. Ano to Afjppa 27
010 povorndatt XAapAtov Mou MPOKUITIEL arnd Vv Py, 1 KOPUPH X EIMOKEMTIETAL PETA TNV KOPUPT
u. 'Etol, o1t0 Imporuntov cuprnpepévo katd XAaptAtov ypadnpa IpErnet va Urapyel Lovortdtt
and my v oV X, 10 onoio padi pe v (x, t;) kat 1o povortdt (t; --» v) oto apotePd ouvopo ng G
dnpioupyei KUKAO. Atoro, ereldn) 10 Pop elval pla akukAKn mAnpeor.

Nepintwon 2: H axun & = (u, v) eivar de§idotpogn. BA. Ewodva [3.24lb. TupBodidoupe pe v/ v
KOPUQI TOU BPIioKETal AP€org o KAT® ard v v (mapatnpoupe Ot r v PIopel va ouprirtet pe
Vv X) Kat pe 1’ v Kopuer) Tovu eival apéowg o nave ard v u (n v’ prnopsi va cuprtirntet pe
mv t;).

Bewpove 10 povortdtt XaptATov Iou MPOKUITIEL artd 10 Poy. Amé to Anppal27Zl cuvendyetat ot, o
povondtt Py, TPV MEPAOEL GTO AP1OTEPO GUVOPO ToU G, PEo® NG arpng (i, v), EMOKEPONKE OAeg
g KOopudEg oto Se§i ouvopo, Tou Bpiokoviat kate and mv v. Apa vntdpxet pia akpn (v, u”’) € Pypy,
orou 1’ gival pia Kopupr KAT® aro v U, oto aplotepd ouvopo tou G. TMapatnpoupe Ot arnod 1o
Afppa n Kopun U’ mpPErnetl va epdavidetal oto Povoratt XApATov Petd tv Kopuen u. Apa
undpxet pia axyn (v, u’) € Popy, orou v’ eivat pia kopugn nave and my v oto 6e§i ouvopo tou
G.

Me sruyeipfjpata mapopola e autd g anodeng mg Idotntag Bl priopoupe va anodeifoupe 6t
1] AVIIKATAoTAon Tou uropovoratoy Py ,» = (v = u” > u — v --» v — u’) pe 10 unopovorat
P, =@ V" - u” - u’) oto povordu Xaptov tou G ev avgdvet tov apidpd tov opev. 1o
ouykekpuéva, otav n v’ Sev ouprirttet pe v x kat/n u’ Sev ouprtirtetl pe v t;, 10 Iapayopevo
povortatt énpoupyet TOUAAX10TOV pla TOHI) IAPArdve, AarnoteAoviag aviipaon oty PeAtiotdtnta
U Py, Zinv nepimeoon mou n v' ouprintet pe my x kat 1 1’ pe my ¢ Kat ta §vo povondtia
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XdapAtov Snpioupyouv tov 1610 aplOpo 1oV TOPGV, KAt 10 VEO Povortatt XAPIATOV X1 Ty erbupnt)
1B10tta, dnAadny kapia and tng akpég tou Sev Eerva aro 1o G; Kat tépvet v (X, ;). |

I6otnta 5. 'Eotw G = (VLU V" U s, t},E) eivai éva eweninsdo st-ypapnua kar o0t D(G) =
{o1, ...,0p} givar n amoovvdeor tou oe st-moflvywva. Tote, oc kade, BEATION WS TPOG TOV APIOUO
TV TOUOV, akukAtkn tAnpwon kata Xauttov yia 1o G, 10 moAv pta axun me tAnewong tEUVEL THY
TAv® oplaKy akun tou o;.

Anodedn: Eoww e = (x t;) elval n mave opakrn akpn ou 0. Xopig BAGBn tng yevikotntag,
uroBEtoupe Ot eivat aplotepdoTPOPT] Kal £0T® U ival pia KOPUPr] apéong MAve aro Ty X oto Heti
oUvopo tou G. ZupBoAifoupe pe U TV KOPUGT MOU BPIloKeTAl APE0KS KAT® ATtd TNV t; OTO aplotepo
ouvopo tou G. Ano v I6iotnta 3l éxoupe 611 o1 akpég pag PEATIONG wG TIPOg TOV apldpuo v
TOH®V, AKUKAIKIG MANP®ONG Katd Xapttov yia 1o G dev tépvouv v e ndve arnd 6U0 QopEg.

E1g atoro anaywyr), urnob£toupe Ot unapyet pia BEATION ®g ITpog ToV aplOpd IOV TOPQOV, AKUKALKT)
MANP®Oon Katd Xapttov Poy yia 1o G rou tépvet v e 600 gopég. 'Eotw e, ep € Py, eivat o1 akpég
mou tépvouv v e. Eival gavepd 611 01 akpég autég €xouv avtibeto mpooavatoAiopd kat dev
tepvoviat. 'Eote n e; elvat n akpr) ou tépvet e kat €xet inyn oo G;. [Mapatnpovpe 6t n e; eivat
mpooavatoAlopévn aviifeta pe v e, dapopetika Sa urr)pxe KUKA0G. Emedn n e; dev tépvet v
€2, 1 akur) e; dev ouprtirel pe v (U, v). 'OpG, ya v MePimon mou e; # (u, v), arnodeifape
otV anodeign tng Idotntag M ([epirtwon 2), Ot1 PIopovpe va XTiooupe pia 81apopEtiKy) AN PWOT)
katd XapiAtov, nou dnpioupyel Atyotepeg topég, ano 6oeg dnpioupyel n Poy, dtomo |

To akéAoubo Sedpnpa 1oxupiletatl OTL MAVIOTE UTTAPXEL Pl BEATION ®G TIPOG TOV ap1OpRo TV TOPGV,
OKUKAKY TANP®OT) KAtd XAPLTov yia éva e§oerminedo st-ypdpnpa rmou Kavortolei CUYKEKPIIEVES
Odtnteg. O aAyopiBpog, mou mapouotaloupie OtV EMOMPEVI] EVOTITA OUYKEVIPMOVETAL OTIS MTANP®-
O€1g TIOU 1KAVOTIO0UV T1§ 1810T1eg aUTEG.

@cdpnpa 21. 'Eotw G = (VLU V" U s, thE) eivai éva sweninedo st-yoapnua kai €0t D(G) =
{o1, ..., 0p} eivar n aroovvdeon ou oe st-moAvywva. Tote utapyel pia BEATIOT WS TPOS TOV apPOUO
TV T0uwV, akukiikn tirpwon kata Xautov Poy yia 1o G mov ikavomnoiel Tig Tapakdie 1610Tnieg:

(a) Kade axur tou E téuvetar amo 10 mojv 600 akuég g Pop.

(b) Kade oprakn axur e; evog uéyotov st-moivyovou o;, i < A, téuvetar ano 1o oAU pa axun
G Popi. Emumiléon, kade axun g Pope, TOU Téuvel v €;, ewoépxetat oto Gy.

Anoden: 'Enctal dpeoa ano ug I610treg [3, @ xai Bl |

3.5.4 O aAyopiBpog

O aldy6p1Opog yia v KataoKeur) pag BEATIONNG ®g ITPog TOV apltdpo TV TOP®V, AKUKAIKE ITAT)P®OT)
ratd Xapuwov yua éva e§wertnedo st-ypapnpa G, sivat aAyopidpog Suvapikou mpoypappatiopou
ou PBaoietat otnv aroouvbeon tou G ot st-moAuywva D(G) = {01, ..., 05}. Ta akoAouba Anppata
ArodekvUoUV OT1 pla TETowa MANP®OT PIropet va PBpebetl vuroloyidoviag 11 MANP®OOeS ya ta St-
MOAUY®VA KAl EVOVOVIAG Ta Pl RatdAAndo tporo.

Eoww G eivar éva edwerinedo st-ypagpnpa. ZupBodiloupe pe S(G) to povortdtt Xapltov oto
ouprnAnpepévo katda Xapdtov ypdonpa tou G, rmou AapBdavoupe petd v npoodeor) v MANp®ong

3H anodeiln eivat evieAodg tavtdéonun kat Sev ermavadapBaverat.



3.5 E§wenineda st-T'papripata 249

katda Xaptov oto G. Znpewwvoupe ot 6edopévou poAg tou S(G), PIOPOUPE VA AVAKTIIOOUHE TO
Péyebog Tng MANP®ONG Kat Tov aptdpod tov Iopov. Zupboliloupe pe c¢(G) 1ov apldpo 1oV TOp@V 10U
dnpoupyel n MAnpwon tou povortatiou S(G). Av MePOPIOTOVUPE OTA POVOIIATIA TIOU £10£PYO0VIAL
otnv KataBoBpa tou G arod 1o apotepo (avi. 6e8i) ovvopo tou G, t0te 10 (G, L) (avt. (G, R))
oupBoAietl tov ap1Opo v dnuioupyndéviey topov. Eivat gavepo ot ¢(G) = min{c(G, L), c(G, R)}.
Enexteivoupe 1ov oupBoAlopd autd, oupBoldiloviag pe (G, L) (c/(G. R)) tov api®po tov Topov
H1ag aKUKAKIG TANPp®ONG KAtd XAPATOV, TIoU TeptEXel arkpBog i akpég. Amo 1o @sopnpa
yvepiloupe o1t 1o péyebog prag BEATIONG ®G ITPOG TOV aAplOpo TV TOP®V, AKUKAIKNG IMANPOONG
katda Xdpov yia €éva st-rmoAuywevo eivat 1o moAu §uvo. O oupBoliopdg autdg Sa xpnopornowOet
POV yla st-roAuyeva, Kat dpa 9a xpnoaononouv povo ot 6pot ¢ (G, L), c'(G, R), ¢(G, L) xat
(G, R).

Xprnoworoloupe tov oupBolo @ yia va urodnAwooupe v rpdadn g napdbeong (concatenation)
TV 600 povoratidv. Armodexopaote 611 1o povortdtt XAapAtov piag Kopugng eivat ) idia n kopuor).

Afppa 38. 'Eoto o = (VLU V' U {s, t},E) eivai éva st-mofvywvo n kopupav. Mia BAtiom ¢
TPOG TOV aPIOUO TV TOUOV, akuKAKN Tinpwon Kata Xautov yia 1o 0 Kal 0 avtiotoryog aplduog tov

TOU®OV Umopel va oedei oe xpovo O(n).

Anods¥n: Ano o Anppa Kat 10 Afppa énetat ou yua va Bpoupe pa BEATON @G IPOg

Ewkodva 3.25: Av0 Suvatég arUrAKEG TIANP®OOElg XAPMATOV evOg St-TIOAUYGOVOU
TOU ATIOTEAOUVIAL ATIO P1d AKPT.

oV aplbpod TV TOP®V, AKUKAKY MARP®Oon Katd XApAtov, eivat apketd va egetdooupe OAeg Tig
MANP®OOELS PE Pld KAl HU0 aKPEG.

’ T _ L 1 T _ r r ' ; . .

Eoww V' = {v}, ..., v} xar V' = {v], ..., v}, omou ot deikteg @avepovouv tng oeipa pe v
oroia gpavidoviatl o1 KopupEg oto apotepd Kat He&i ouvopo tou o, avtiotoixa. YroBétoupe ot
I[:V XV — {0, 1} eivar pia ouvaptnon £tot wote I(u, v) = 1 av kat poévo av (u, v) € E.

O1 600 aKUKAIKEG MTANPOOELG KATA XAPIATOV TTOU ATIOTEAOUVIAL Ao Pid aKPn €ivat ot {(v,l{, v{)} Kat
(@ o).

H axkun (vi{, v]) Tépvel 6Aeg TIG AKPEG TTOU EVOVOUV TNV ¢ pe Tig KOpudés Vi \ {v,l{}, Vv dayovio
(av urtapxel), Kat OAEG TG AKEG TTOU EVEOVOUV TV S KAl TG KOPUPES V. \ {v'f} (BA. Ewova([3.25 a).

'Ernctat ott:
m—1

k—1
cl(0,R) = I(s, t) + Z I ) + Z I(s. v)).
i=2

i=2

Mapdpoa, n akpn (vy,, vll) TEPVEL OAEG TIG AKEG TTIOU evayvouy tnv t kat ug V; \ {v],}, v Sayovio
(av urtapyel), Kat 0Aeg 11§ AKPEG TIOU EVEVOUV TV S KAl TG KOPUPES Vp '\ {vll} (BA. Ewova [3.28b).
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Zyuvenayetat oti:

m—1 k-1
cl(o,L) = I(s, t) + Z I 6) + Z I(s. V).
i=2 i=2

Ewkova 3.26: H axurAiky MmAfpmorn katd XAPATovV evog St-TIOAUY®VOU TIOU
artoteAeitatl amo SU0 arkpEg.

Be®POoUE Pld AKUKAIKY TAN)P®OT Katd XAPATov TIou aroteAeitatl anod dUo akpeg. Yrobetoupe
ou  XapnAotepn axpr e§EPXETal ano v Kopudr vy oto defl ouvopo tou st-moduyevou o (BA.
Ewova [3:26la). Tdte, 9a mpémel va £10£pXeTal otnv KOPuQr) vll. ErunAéov, n Oevtepn akun
G MANPWOTG TIPEIEL VA EGEPXETAL TNV KOPUDT v,l{ Kdl va €10£PXETAL OV KOPUPN v(r] +1- Apa,
MANP®oN sivat {(vg, vll), (v,l(, vg +1)} n onota propet va nepypadet anoé my axkpn (v, vg +1) oto Bedi
oUVOpPO TOU St-TIoAUy®OVoU 0. ErmmAéov, napatnpoupe Ot 1o povoratt XAapAtov eloépyetat oty t
aro 1o 6edi ouvopo. [Mapopola avadlUoupe v MePirwon otav n Xapndoteprn akur] g MAHpEong
eCépxetat and v aplotepr) mAsupd tou o (BA. Ewova [3.26]b).

ZupBoAioupe pe cg (0, R) toVv ap1Bpo 1oV TOPoV IoU Snpioupyouvidl and v MAP®or] TTIoU aVilo-
TO1XEl OtV akpm (vg, vg +1)- Avtiotoixa, opidoupe 10 cg(o, L). Huun cg(o, R) propet va urtoAoyiotet
@G €815

_ -1
2(0.R) = 2-I(s.t)+ N I t) + RS, I(s, vf) + 2 B I(0], b+
2- Z?;q+2 I(s, V) + I(vg, t) + I(s, vgﬂ)

Tote 1) BéAtiotn AUon, 6tav T0 POVOITATL E10EPYXETAL OtV KataBobpa tou o aro 1o el tou ouvopo,
propet va Bpebel wg eAax10to mave oe 6Aa ta cg(o, R), 1<g<m-1:

c®(0.R) = min {cX(o.R)}.
1<g<m-1
[Mapopoia, n Tpn cg(o, L) propet va urnodoyiotel og e§Ag:

_ —1
c2(o.L) = 2-Is.t)+ XM IO+ X0, Is.0) + 2 B I0], b+

CEDIIPS (CRTI R (AR (XTI

Toéte n BéAtiotn Avor), 6tav 10 TeAKO povortatt XAapATov e10épxetatl otnv kataBobpa tou o aro 1o
aplotepd ouvopo, propet va Bpedel wg eAdx10T0 TAvVe Ao 6Aa ta cg(o, L), 1<g<k-1:

2 . 2
c“(o,L) = min {c:(o, L)}.
(o,L) Iquk—l{ 7(0. D)}

"Eott, 0 apBpog tewv topav tng BeAtiotng Avong urodoyiletal wg eEng:

c(0) = min{c'(o, L), c' (o0, R), ¢*(o, L), ¢*(0, R)}.
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Algorithm 7: AcycrLic-HPC-CM(G)

Eic060g: Eva fweminedo st-ypapnpa G(VIU V" U {s, t}, E).

‘E§060g: O eAdxi0t0g apBpog tev topav ¢(G) mou ImpoKUITIEL A0 P1d GKUKAIKE MATP®OT)
Katd Xapitov tou G.

1. YmoAodyioe v anoouvBeon tou G ot st-moAvywva, éot® D(G) = {o;, ..., 0x}.

2. Ta xdPe otoixeio o; € D(G), 1 < i < A, unododyoe ct(o;, L), c'(o;, R) xat c2(o;, L), c®(0;, R):
if o; eival pa eAeBepn kopugr), then cl(o;, L) = c'(o;, R) = c?(o;, L) = (0, R) = 0.
if o; eivat éva st-moAvuyevo, then c!(o;, L), c'(o;, R), c%(o;, L), c®(0;, R)
unoAoyidovtat Bdon tou Anupatog 38l

3. if o0, eival pia eAevbepn kopugr), then ¢(Gy, L) = ¢(Gy, R) = 0;
else c(Gy,L) = min{c'(0;1. L), c?(o1, L)} xat
¢(Gy. R) = min{c' (01, R), ¢*(o1. R)};

4. Fori=1...4-1, unodoyi¢oupe c(Gis1, L) kat ¢(Gis1. R) og €§Ag:
if 0;,1 eival pa edevBepn kopugn, then
c(Giy1, L) = c(Giz1, R) = min{c(Gi, L), c(Gi, R)};

else-if o0;,; eivat éva st-moAuywmvo mou popddetatl To MOAU [a Kopudr) pe to G;, then
&(Gi1. L) = min{c(Gy, L), o(Gi, R)} + min{c' (0141, L), ¢*(041. L)}
&(Gis1. B) = min{c(Gy, L), (G, R)} + min{c' (041, R), ¢*(011. R)};
else { 0;;; eival éva st-OAUY@VO 10U €xel AaRP1LBOG 5U0 KOvEG KOPUPES e to Gy b,
if t; € V!, then
c(Gis1, L) = min{e(Gy, L) + ¢' (011, L) + 1, &(Gi, R) + ¢! (041, L),
o(Gi, L) + (0441, L), o(Gi, R) + ¢*(014.1. L)}
c(Gir1. R) = min{e(Gy, L) + ¢'(041. R), «(Gi. R) + ¢ (0441, R),
o(Gi, L) + *(0:1. R) + 1, (G, R) + ¢*(0i1. R)}
else {t; e V"}
(Gisr, L) = min{e(Gy, L) + ¢! (041, L), (G, R) + ¢! (041, L),
o(Gi, L) + (0121, L), (Gi. R) + c*(0g41. L) + 1}
c(Gis1, R) = min{c(Gi, L) + ¢' (0141, R), e(Gi, R) + ¢! (0141, R) + 1,
c(Gi, L) + *(021. R). (G, R) + c*(01:1. R)}

5. return c(G) = min{c(Gp, L), c(Gp, R)}

Ortpég ¢l (o, R) kat ¢l (o, L) priopotv va BpeBotiv oe xpovo O(n). Eivat emiong sukoAo va det kaveig
Ot Kabe cg(o, R) propet va uroloyiotel ano tnv cgfl(o, R) oe otaBepd xpovo, ereidr) n c%(o, R)
propei va urnodoytotei oe xpovo O(n). ‘Apa, n tpn c(o, R), éoo kat 1 ¢*(o, L), urodoyidovrat
0 YPAPHIKO XPOVO. XLUVENM®OG OUHPIEPAIVOUPE OTL Pia BEATIO) @G TPOg Tov apidfpd tov Top®v,
AKRUKA1KI TTANp®Oo1 KAtd XAPATtov yia Kabe st-ioAUymvo o, N KOpupaV, KAt O aviiototXog aptdpog

TV TOP®OV, PITOPOUV Va UMTOAOY10TOUV 0t Xpovo O(1). |
Eow D(G) = {o1,...,03} elvar n aroouvOeon tou G ot St-moAvywva, Orou 1o otoixeio o;, 1 <
i < A, etvat eite éva st-moAuywmvo, eite pia eAevbepn ropugn. Aupiloupe ot pe Gy, 1 < i < A,
oupBoAidoupe 1o untoypadnpa tou G ToU mapdyetatl aro 1§ KOPUPESG TV 01, .. ., 0;. [padpnua G;

elvat ertiong éva efwerinedo st-ypaepnua.

Anppa 39. 'Eoww G sival éva eéweminedo st-ypapnua kat D(G) = {01, ..., o0p} elvar n aroocvvdeon
0U O¢ St-mtoAvyova. Bcwpouus SUo dradoxikad otoryeia o; Kat oyr1 U D(G) mou Eyouv 10 oAU uia
Kown kopu@n. Tote woyvouv ta e{ng:
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Ewéva 3.27: Anédeiln tou Anppatog 39

(i) S(Gir1) = S(Gy) @ S(0+1). kKat
(ii) c(Gir1) = c(Gy) + c(0441).

Anoédeidn: Oa arnodeifoupe mpwta v npotaor (i). Yrapyouv tpeig neputtooelg otav §uo dwado-
XKa otoixeia tou D(G) €Xouv 10 TIOAU Pl KOWwr) Kopudr).

Ilepintwon 1: To otoiyeio 0,1 = U eivar uia efevdspn xopupn (BA. Ewova [3.271a). Amo 10 Anp-
paB6l av 1o o; etvat eite pia eAetBepn Kopu P eite éva St-IIOAUY@VO, UTTAPKEL P1a aKU TTOU sivat
TIPOOTIiITIouoa oty KataBdbpa tou o; Kat oty v. Av 1] Kopugr] v dev ftav 1) tedevtaia KOpuPrn 10U
S(Git1), TOTe 1) AN P®OT) Katd XAPATOV Sa £Mperte va meplEXel P aKpr e5ePXOHEVH] ATTO TV U KAl
€10epXOHEVH O KATIOl KOpudr) tou G;. Autod eivat aduvatov, eneidr) Sa dnpioupyouoe KUKAO.

Iepintwon 2: To otoyyeio 0,41 &ivat éva st-tofvuywvo mov bev €xet kKauia xotwn kKopupn ue 1 G;
(BA. Ewdva [B27b). Xepig BAGBN g yevikottag, urobétoupe ot 1) kataBobpa tou G; eivat oto
aplotepd ouvopo Tou ypapnpatog. Ilapatnpovpe mpota ot n akprn (¢, Si+1) €ivat oto G. Av 1)
Si+1 €lvat oto apiotepd ouvopo oto G éxoupe arodeilel to {nrovpevo. Iapatnpoupe OTL 08 AUTH
Vv Eepinorn dev propel va urdapyel KOPuPr) PETady v t; Kat Siyq, €reldr) tOTe td OTOIXEla o;
Kat 0;41 6ev 9a nrav Siadoyika. Av n Si+1 eivat oto 6e&i oUvopo tou G, CuVEBNTOTIOIUPE OTL 0TIV
MEPLOXT] PETATY TOV SEt-TIOAUY®MVOV 0; KAl O;41 OV PIOpel va pnv urdpxouv akpég, dlapopetkd
9a amnotedovoe éva aobeveg st-moAuywvo. [Mapatnpoupe 6t n akpr (u, a) dev propet va eivat
rapovoa oto G, SlaPopetika 1 MePLOXT] HeTady Toug 0; Kal 0;41 9a arotedovoa évav 1oxupo st-
MOAUY®VO pe Saywvio (U, a). Apa n Teployr] autn Propel va mepiexel povo v arpry (G, Sirr)-
Apa, énwg eatvetal otnv Ewova [3.2718, kdOs xopupr) otny oroia IPOoTIHITIE 1] KAT® 0P1aKY) aKUn
TOU 041 PIOPEl va etvatl i Iy 10U o0i1. Emedn n akpr (¢, Si+1) €lvatl mapovoa n Avon S(0p41)
propet va evebet pe v Avor) 1ou S(G;) Sivovtag éva éykupo povoratt Xaptov ya 10 Giyp. [a-
patnpoupe 6t 010 S(Gi+1) OAeg 01 Kopudpeg Tou G; epavidovial mpv arod TG KOPUPEG TOU Ojt 1.
Alapopetikd 1 mAnpeor Sa £rnpere va repldapBavel pia akpn e§epXOpevn and pia Kopugpn v 10U
Oi+1 KAl E10epXOPEVH O KATIOW KOPUudr U Tou Gi, auto Sa dnpuioupyouos KUKAO.

Iepintwon 3: To otoiyeio 0, eivat éva St-moAUy@vo ToU Exet aKkpiBd¢ uia Kopupr Kown Ue 10
G; (BA. Ewova [3:27)c). Xwpig BAGBN g yevikottag, urobétoupe o 1 iy t; tou G; Bpioketat
010 aplotepd ouvopo Tou ypadpnpatog. Ilpwta, mapatnpovpe 6Tl 1 KOpudr) Kovy yla 1o G; Krat
10 0;+1 TPEmet va eivat 1 t;. Ta va 1o Seifoupe, Sétoupe a va eivat n tedeutaia KopuPr) oto Hedi
ouvopo tou G;. Tote, n akpn (a, t;) elval mapouvoa, smedr) 1 t; eivat pia katabdOpa tou G;. Eig
ATOITO AIAY®YT), £€0T® 1] a €ivatl ) Kowvn Kopudr) tov G; Kat 0;41. Av a eivatl eriong mnyn tou 0]
(BA. Ewova [3.271d) téte 10 0;41 Bev gival péyioto (n akpn (a, t;) Sa £mperne va avrkel Ot0 Opy1).
Av 1 s eivat oto el ouvopo (BA. Ewoéva [B:27]e), 16te Sa urfipxe KUKA0G rou meptAapbavet
TG akpég (), (t1, Si+1) Kat (Si+1. @), 1o omoio eivatr aduvato, emedn) 10 G eivatl akUKAKO. Apa, 1)
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Ko Kopudn teov G; KAt 041 €ivat n t;. Emiong, n kopugn t; mpénet va ouprtintet pe v Si+ (BA.
Ewova [B27c). Av n si1 tautidotav pe v b, 10 st-ioAuyevo o; 6ev Sa ftav péyloto, emnedn 1)
axpn (b, t;) 9a avnke emniong oto 0;. ‘Apa 1 KOPUOT ¢; TavTidetal pe v Sy Kat dpa n Avon S(oz41)
propet va evabel pe v Avon S(G;), divoviag éva éykupo povortdtt Xdapidtov ya 1 Gip. Ta va
0AOKANP®OOUPE TNV arode§n Propoupe va deioupe pe anaywmyr) oto atoro ot oto S(Gi+1) OAeg
01 ROpUPEG 10U G; PO youvial OA®V TV KOPUP®V TOU Oy .

TéAog, mapatnpoupe ot 1 npotaon (ii) eivar aAndng, emeldr] oe OAeG TG TPEIS TIEPUTIINOELS TA
povortatia S(G;) rat S(04+1) evoBnKav Xprotponowwviag T0 oAU pid ermutAéov akur tou G. Enet-
61 1o G eival eminedo, dev dnpoupyovvial véeg TOHEG. |

Anppa 40. 'Eoww G sival éva efweminedo st-ypapnua kat D(G) = {01, ..., o0p} elvar n aroocvvdeon
0V O¢ st-moAvyeva. 'Eote o; kat oy givat dvo dradoyuca otoyeia tou D(G) mou Eyouv pa kown
arxun. Tote woxvovv ta e§ng:

1. t; € V! = (Gisq, L) = min{ (G, L) + c'(0i41. L) + 1, c(Gi, R) + ¢'(0141, L),
o(Gi, L) + c*(0441, L), o(Gi, R) + c*(oi1, L)}

2. t; € V! = ¢(Gis1, R) = min{ c(Gi, L) + c'(0i+1. R), ¢(Gi,R) + c'(0i:1. R),
c(Gi, L) + c*(0i:1. R) + 1, (G, R) + c*(0i1, R)}.

3.t € V' = (G, L) = min{ c(Gi, L) + c' (011, L), ¢(Gi,R) + c' (0441, L),
c(Gi, L) + c*(0i:1. L), ¢(Gi, R) + c*(0+1, L) + 1}.

4.t € V' = ¢(Giz1, R) =min{  ¢(Gi, L) + c'(0i41. R), ¢(Gi,R) + c' (0141, R) + 1,
c(Gi, L) + ¢*(041, R), c(Gi, R) + c*(01:1, R)}.

Ewxéva 3.28: To povordtu Xapidtov yia mv Ipdtaon (1) tou Afjppatogs [0l

Anodedn: Tlpota Sa Seifoupe nwg xtidetar 1o povoriatt XApAtov and 1o Oroio MPOKUITIEL 1
MANP®WOT] TOU OUYKeRP1PEVOU peyéboug. TMa kdBe pia and g napandve mnpotdoelg, dewpoupe
TE00EPIG TIEPUTIOOELS. YOtepd, O eAAX10TOG ap1Bpdg TV TOPMV TIPOKUITIEL Fe®@POVIAG TOV EAAX10TO
aplBpo 1OV TOPEV IOV TEC0AP®V TIEPUTIOOEDV.

t € V! = ¢(Giz1,. L) =min  {c(Gi, L) + ' (0141, L) + 1, ¢(Gi, R) + ¢' (0411, L)

(1) o(Gi. L) + (0531, L), o(Go, R) + (0531, L)}

IIepintowon la. To povordrt XapuAtov ei0épyetat otnu t; and pia Kopu@t oto aplotepd oUvopO TOU
G, kat 10 ugyedog mge nanpwong rkata Xauidtov yia 10 Gip eivar éva. H Eikova [3.28la anewkovidet
10 povortdtt Xaputov yia 10 G; (to KAT® 51aKeKOPPEVO POVOITATY) KAl yid T0 04 (T0 mdve dt-
AKEKOPPEVO POVOTTATY), OM®G KAl T0 TeEAKO povortdtt Xapitov yia 1o Giy (Evtovo povordrty). Amo
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Ewxéva 3.29: To povordtu Xapdtov yia v Ipdtaon (2) tou Afjppatog [0l

v Ewéva BAénioupe ott o(Giy1, L) = o(Gi, L) + ¢} (011, L) + 1. Tia va 10 det Kaveig, akoAouBet tv
axkpn (vy,, w) ou yiverat pépog g rminpeong ya o Giyp. H akpn (v),, w), dnpioupyet 1o moAu
Tov 1610 ap1Opo TV TopoV 600 Kat 1 akpn (vy,, ;) (1 povn akpr oty MARP®OT] TOU 0i41), KAl 000 1)
arpn (Si+1, W) (n arpr tng mMAfpwong tou G;), OUV Pia arOPA TOPT] HeE TV KAT® OPLaKT] aKP T0U

Oit1-

Iepintwon 1b. To povorart Xauiiiov eioépyetar ot t; anod pia kopudn oto Se€i ouvopo tou G;
Kat 1o ueyedog me mAnpwong v Gy evat éva. H Ewova [3.28 b eixvet 1o tehiko povoratt. Amod
mv ekova, ouvpnepaivoupe 6tt ¢(Gip1. L) = o(Gi, R) + c'(041. L), 8ndadn, pia amdr napabeon
(concatenation) tov U0 AUoswV.

Iepintwon lc. To povorartt Xauiiov ei0épyetat ot t; ano pia Kopudr otnuv aplotepn TAgupa 1o
G; xat 1o péyedog g nAnpwong yia 10 Gy givat 6vo. H Ewova [3.28 ¢ beiyvel 10 tedikd povordtt.
Ao v e1ko6va, énetat 6t o(Giy 1. L) = ¢(Gy, L) + ¢2(0i41. L), Tou eivat pia amdr) napdPeon tov §Uo
Avoewv.

Iepintwon 1d. To povorarn XauAtov gwoépyetatl ot t; ano pa kopu@n oto el ovvopo tou Gy,
Kat 1o uéyedo¢ e mnpwong yia 10 Gir1 etvar 6vo. H Ewxova [B.28.d Seiyver 1o tedikd povordt.
Ao v eikova énetat 6t (Gig1. L) = o(Gi, R) + ¢2(0441. L) mou Eavd amotedei pia amn mapdOeon
TV U0 AUcewV.

@) ti € V! = ¢(Gi;1, R) = min {c(Gi, L) + ' (0111, R), c(Gi, R) + c' (011, R)

o(Gi, L) + (041, R) + 1, ¢(Gi. R) + (0441, R)}

IMepintwon 2a. To puovonartt XapuAtov eloépyetal ot t; ano pia Kopugr otnv aplotepn TAeupd Tou
G; ka1 10 ugyedog v Anpwong yia 1 Gy €ivat éva. H Ewodva [3.29.a Seixvel 1o teAkod povordtt.
Ao v ekova éxoupe: o(Gir1. R) = ¢(Gi, L) + ¢! (0i41. R) mou anotelei tapdBeorn tov 510 AVoEmV.

IMepintwon 2b. To povorar XauAdtov eloépyetat ot t; ano ua kopugn otnv 6efla misupda tou
G; ka1 10 ugyedog mv wanpwong yia 1 Gy eivar éva. H Ewova [3.291b Seixvet 10 1Ak povordtt.
AT Vv ekéva énetat ot (Giy1. R) = c(Gi, R) + ¢! (041, R) Tou anotedei pia mapdbeon tov §Uo
Avoewv.

Iepintwon 2c¢. To povorartt Xauiiov ei0épyetat ot t; ano pia Kopudr otnuv aplotepn TAgupad Tou
G; kai 10 ugyedog mv nAnpwong yia 1 Giyq eivat 6vo. H Ewxdva [3.29]c deiyvet 1o 1eAMKO povoratt.
Ao v e1kéva énetat 6t ¢(Giy1. R) = o(Gy, L) + (041, R) + 1.

[Mapatnpovpe ot i poodetn akpr (v, u) dnpiovpyel pia Topn napandve amno 60eg S110UpyouV
ol akpég (v, vll), (Si+1, w). H erumdéov topn dnuioupyeitat Aoyo tng Toung e v KAT® OPlaKr)
AKI) TOU Ojy1.
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Ewodva 3.31: To povornatt Xdupidtov g [Mpdtaong (4) tou Afppatog[E0lL

Mepintwon 2d. To povonart XauAtov eloépyetat ot t; anod pia kopudn oto et ouvopo tou G; Kkat
70 péyedog v minpwong yia 1 Giyg givar 6vo. H Ewova [3.29.d Seiyvel 1o teAdikd povordtt. Amnod
mv ekova, énetat 6t (G, R) = ¢(Gi. R) + ¢(041. R) Tou arotelet apdBeon tov 8U0 AVoEmV.

Ot arodeigelg yia tg mpotdoeig (3) kat (4) eival CUPPETPIKEG PE AUTEG TV IPotacemv (2) kat (1),
avtiotoixa. O1 Ewkoveg xat [3.37] 6eiyvouv neg Kataokeuddoviat ta povorndatia XAapiAtov os
KAOe mepirtwon.

Ia va 0AoRANP®ooUPE Vv anodein mpérnet va deifoupe Ot Ta POVOIATIa IOV KATAOKEUATA e
dnpoupyouv tov eddxioto apOpo tov topmv. H Baoikr) 16éa tng anddelng eivat wg e§ng: Sewpoupe
ot PgI:l etvatl BEATI0TO @G TIPOg ToV aplBpo eV Topav povortdtt XapiAtov tou Giyp Kat Baoci{opevot
otV Pg[:l Kataokevuagoupe 6o Avoelg Pg, kat P, yia 10 G; Kat 10 0441, aviiototxa, £t0l wote:
(1) etvar BEAtioteg wg TIPOg OV ApP1OPod TV Top®V Kat (if) To povortatt Pg[;:l pokurttel and v Pg,
Kat v Py, , He TV £pappoyr) g Piag arno Tig TEooeplg MPOTAcel TOU ANPPatog. XTr oUVEXeld
egetddoupe mepuTt®oelg pe Baon v doprn g ng:l

ZupBoAidoupe pe é v Kowvny akpr v G; Kat o;1. Ilapatnpoupe ot 1) € givatl 1] KAT® OPlaKY)
QK] TOU 0;41 (OTO UMOAOUTO g arode§ng avaPpepOpaote OtV Ak autr] ®g arAd 0ptaKn arkun).
Xwpig BAABN tng yeviKOTNTAg, N OPLAKL aKHL € gival aplotepootpodrn. Amnd to Anppa £retat
ot & = (Si41, t;). Apa amo v undbeor] pag n Si1 ivat oto He&i oUVOPO, evd 1 t; OTO APLOTEPO.
IIepintoon 1. To povonatt sztl MEPIEXEL Uia aKu1 e, ToU TEUVEL TNV opiaKy akun &. Aro v
[616tta [Bl propet va unapyet povo pia t€rola akyr], oto ngil, Vv oupBodidoupe pe e = (u, v).
Ao v I810tnta @ propoupe va urnobéooupe Ot 1 e Bev egEpxetatl arod 1o G; KAl OUVETIRG N
KOpU®Pn U £ival AV aro Vv akyn (Si+1, ), VO 1 U KAT® aro authjv. EmmAéov, n u mpénet va
elvat oto 6egi ouvopo, eve 1 v oto apotepo. Ta va 1o Hel Kaveig, apatnpet 6Tl av n KOpuPr U
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Ewoéva 3.32: Anddein tou Arfjppatog 40l

fTav Oto aplotepd OUVOPO KAl 1] U HTav oto 8ggr), 1 av Kat ot HUo KopuPég fjtav oto 1610 ouvopo,
161e Sa v pXe KUKAOG, rpaypa mou dev oupBaivet.
Z1n ouvéxela, Kataokeuddoupe 8Uo Avoetg, Vv Pg, katmyv P, , ya ta G; Kat 0441, aviiotoXa, amno
. . . opt . . Ly L .
v 6edopévn BEATiotn Auon PGI,J | Kai artodelkvuoupe OTL Kat 01 OU0 AUoelg auteg eivatl BEATIOTEG.
i+

YrioBétoupe, onwg deiyvel n Ewova [3.32]a, ot u = v} Kal €0t® x eivatl n Kkopudn rmou Ppioketat

apéog Mo KAT® anod v v. Enedrn pnopel va umdpxet povo pa akyr oto Pg‘:l IOU  TEPVEL
Vv 0p1aKr akpn & (ard v I6idtnta @), éxoupe 6t 1o povorat Pglzl E10€PYETAL OV KOPUPT| U
aro 1o 8e§l ouvopo. Akolouboupe 1o povortdtt XAPATov MPog Tt Miow Aaro v KOpudrn U OTo
6e&l oUVOPO Kal £€0tw W eival n teAeutaia KOPUPr) MOU EMOKEIIETAL TO POVOITIATL TPV MEPACEL OTO
aptotepd ouvopo (BA.Ewova [3.32.a). Amno to Afjppa 1 KOPU®I] OTnV OItoia IePvA 10 POVOITATL
OT0 aploTEPO OUVOPO TIPETIEL va BPIKetal akpBmg KAT® arod IV v, dpd va CUNITIIIEL PJE TV X.
®a doupe Twpa g eival n dour tou Pg‘:l peta v akpr e. To povordt ouvexilel oto apiotepod
oUVOPO KAl 10 eyKataleirel akpBmg rmave ano tmy t;, enedn 1 akpr e eivat ) povadikr akyir) rnou
ouvdéel 1o G; Kat 1o 0441. Ztnv Ewéva B.321a n Avon Pg[:l ATTEIKOVICETAL G EVIOVO SIAKEKOPPEVO
povoratt. @¢toupe ta povordta Pg, kat Py, g €§1g: 10 Pg, tautiletatl pe 1o Pg‘:l HEXPL TNV
KOPUPT] X 010 aplotepd ouvopo tou G; (BA. Ewkodva [B:321b), votepa mepva oto 6e§i ouvopo otnv
KOpudn w, ONKOG KAl TO Pé‘:l Katl ouveyiel oto HeSi oUVOPO PEXPL TV KOPUPT] Siy1, HETA MEPVAEL
010 aplotepd OUVOPO OTNV KOPUPH] D KAl ouveXilel ota aplotepd PEX P tnv Kopudr t;. To povorat
P,,,, Sexwd oto 6e§i oUvopo otnv KOpudn) Siy1 KAl oUveXilel péEXPL TV KOPUGI U, OMOU IePVA
OT0 aploTEPO OUVOPO OTNV KOpudn t; Kal ouveyilel tautoonpa pe 1o Pg?:l. [Mapatnpoupe Ot av n
KOpPU®I U Tautidetatl pe v tedevtaia kopurn oto Se§l ouvopo, tote 1 Avon Py, teppatidetat oto
aptotepd ouvopo (BA. Ewova [3:32]c). [Mapatnpoupe smiong Ott, 1o Pg?:l propet va napaxBet arod

10 Pg, kat o P, ano ug neputtooelg 1.a kat 2.c ou Anppatog (Ewdva [3.28 a xai[3.29]c).

i+ 1
Zt ouvéxela Sa Seifoupe 611 10 Pg, Kat 10 P, eivat BéAtioteg Avoelg yua 10 G; KAt 0 O,
avtiotoxa. IMa anayeyr oto dtoro uvrnobétoupe mpwta ot to P, dev etvatl pia BéAtiotn Avon.
Tote unapxet pa Avon Py | mou dnuioupyei pikpotepo apibpd tov topev ano ou n P, Apa

av ouvdéudooupe Vv P(’,i+1 pe v Pg, Xpnowpornowwviag évav arno Toug KAavoveg TOU ANPpaAtog,

i+1 "

AapBavoupe pia kadutepn Avorn anod ot eivat n ngil, aroro. I[Napdépoia, urobétoupe ot n Pg, dev
eival BéAtotn Kat unoBétoupe ot n P dnuioupyel pikpdtepo aplOpd tev topev. Zuvduadoviag
, , L , , opt
mv P, pe mv P, AapBdavoupe pla kaAutepn AUonN Ao v PGM, arorto.

+1°

Iepintwon 2. To povomarn Pgitl bev mepiéxel Kapia aKun TOU TEUVEL TNV oplaKy akun &. LV
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, . . . . opt . . . .

nepimeon auvty, ano o Anppa 10 povortatt Py P | EITOKENTETAL TIPWTA OAeg TIG KOPUPEG TOU
Giv

G; rat Uotepa, OAeg TI§ KOPUPEG TOU 0;41. X®pidoupe 10 povordatt P p ., OF 6v0, Pg, kat Py,

arotedouv Avoeig yia 1o G; KAt 10 0;, avtiototd.

i+1 ov

Mepintwon 2a. H tefdevtaia kopugn tou Pé‘:l mow ™ t; givat oto aplotepo ovvopo. Apa, 1
Tedeutaia KOpuQr] IMOU EMOKEITIETAL TO POVOTIATL TPV TNV t; £lval  Kopugpr 1ou Bpiloketal apeéong
IO KAT® ard v t; oto apotepd ouvopo. Oftoupe Pg, va eivat 1o unmopovorndtt tou Pglzl ou
Teppatidel otnv Kopudr t; Kat 10 P, . va TepEXel tnv arpyr (Siy1. t;) MOU akoAoubeital and 1o
UTIOPOVOITATL P oPt , Serwvoviag arod v kopudn t;. Topa, mapatnpoupe Ot 10 povonau P[,)

napdayetat arno to PGL Ka1 10 P, ané g neputtooetg 1.¢c kat 2.a (BA. Ewoveg:[3.28.¢c kat -a)
Etvat evkodo va et kaveig 6t 10 P, Kat 10 P, eivat BéAtiota. Alaq)opatu(a, av unoBeocoupe
OTl UIApXeL 0 Péi 1 1o P(’,Hl, 10 oroio eival kaAutepo amno 1o Pg, 1 to P,,,, avtiotoixa, Ttote,
ouvdualovtag 10 Péi pe 1o Py, , 1 10 Pg, pe 1o P, Sa naipvape pia Avon kadutepn and BéAtiorn,
4ToIT0.

i+1

i+ 1

IIepintwon 2b. H tefevtaia kopu@n tou Pé‘:l mow MU t; givat oto 6l ovvopo. Bewpoupe HUO

. , , . . opt
MEPUTIOOELG ITOU Paoifovial otnv Kopudr) MOV EIMOKEITIETAL TO PLOVOITATL PGI? | TP v £
i+

e H xopugn mpw mvu t; ivar n Si+1. H neptmioon avtr avuotokel oug nieputtooetg 1.d kar 2.b
(BA. Ewkdveg [B28d kat[B291b). Ot eikdveg Tieptypdpouv mmg Kataokeuddoviatl BEAtioteg
AUoeig yia 1o G; Kat 10 044 Ao 10 PgI:l. H anddeln tou 6t 01 AUoeig autég sivatl BéAtioteg
yivetatl napodpola pe v nepimoon 2a.

e H Kopugn mpw ano mu t; sivarn v} mov givat Tave ano v Siy1. H nepinmoon auvtr) aviiotouyet
ot reputtooetg 1.b kat 2.d (BA. Ewoveg:[3.28 b kat[3.29.d). O1 ekoveg autég reptypdpouv

. . . . opt
NG Kataokevuadoviat ot BEATioteg Avoelg yia 10 G; KAl 10 Oz41 ATIO TO PG? .-

[Mapatnpoupe ot 10 povortatt XaptAtov rou Hivel v BéAtiotn Avor), dev eival anapaitnta pova-
O1Ko. |

O AAyopiBpog [ etvat évag adyopiBpog Suvapikou mpoypappatiopou rmou Baociletat oto Afppa 39
kat oo Anppa0l O AAyopBpog[7 urtodoyilet tov eAddx10to apOpod twv topmv ¢(G) IMOU MPOKUITIEL
anod v pooeon plag PEATIOING ®G P0G TV aplOpod TV TOPEV, AKUKAIKLNG MANP®ONG KAatd
Xaptov oe 8ebopévo ewertinedo st-ypadpnpa G. O adyopiOpog autog propel eUkoAa va erektadet
yla va uroloyidet 1o 1eAdiko povorndtt Xaptov S(G).

Osopnpa 22. 'Eotw G elvar éva efweninedo st-ypdagnua n kopu@pov. Mia BEATIOTN w¢ TEOg Tov
apduUo TV ToUOV, akvkiikny tAnpwon kata XauiAtov yia to G Kat o avtiotoryog aptdpUog T@vV TOUOV
umopel va urofoyiotel o€ ypovo O(n).

Andden: O AlyopiOpog [7] urtodoyidel tov aplbpo v topov mou dnpoupyei pia BEAtotn wg
IPOg ToV aplOpod TV AKP®V, AKUKAIKY MANpeon Katd Xapdtov ya to G. T'a va enekteivoupe tov
aAyop1Bpo oote va uroAoyidet 1o povordatt XapAtov PErel va anobnkeuooupe o evav Bondnuko
nivaka TG Tipég tou Pripatog 4 tou adyopibpou padi pe Tig KopugEg g aKng Iou npootibetat
OTO OUVOAO MANP®ONG yia Kabe st-rmoAuywvo. H opbBotnta tou adyopibpou, énetal dpeoa anod ta
Anppata 39 kat |40

Ao to Afppa Bl kat to Osopnpa 20 értetat 6u 1o Brjpa 1 tou aAyopibuou xpesidletat xpovo O(n).
To 1610 10xVel Kat yia to BApa 2 (aro 1o Afjppa [B8). To Brpa 3 anotedei apyikornoinon kat
extedettat oe xpovo O(1). Telog, 1o Brpa 4 xpewaletat xpovo O(A). LUvoAo, 0 XpOvog EKTEAEONG
t0U AAyopiBuou[deivat O(n). Mapatnpoupe 6t Xpovog O(n) eivat emiong apKeTdg yia va avaKIAoet
KaVEIG TO OUVOAO TRV AKHPGOV TTOU ATIOTEAEL TNV TTANP®OT). |
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Ocwpnpa 23. 'Eoww G cival éva efweminedo st-ypagnua n kopu@av. Mia avepyousvn tomoAoyikn
eugutevon oe Li61io tou ypapnuarog G, pue 10V £/1ax10T0 apPOUO TOV TOUOV UE TNV PAXT, UTOPEL va
uroAoytlotel oe ypovo O(n).

Anoden: 'Enctal apeoa ano 10 Osopnpa [I7 kat 1o Oswpnua 22 |

3.6 2-ZéA1deg Avepxopeveg TOMOAOYIREG
Ep¢uteuoetg

‘Otav aoxoloupaote pe 10 MmMpoBAnpa tng €Aayx1otornoinong TopoV IOV AKPOV HE TNV paxn otg
AvVeEPXOUEVEG TOTIOAOYIKEG epputevoelg os BiBAilo, eival QUOIKO va avapmInOoupe mPOTA, av 10
6edopévo ypadpnpa €xel pa avepxopevn epguteuon oe 2-0éA180 PiBAio, xwpig kabodou topég pe
mv paxn. 'H, otoug opoug tng mAnpwong katd Xdpldtov, av 1o 6edopévo ypapnpa €xet pia
AKRUKAKI MANpeon katd Xadptov rou dev dnpioupyel kapia topn).

Zinv mapovoa evOTnTa OUYKEVIP®VORAOTE o€ autd 1o mpoBAnpa. Ta amotedéopatd pag neptiap-
Bavouv:

1. Aeboucvou gvog st-ypagnuarog G mou gxel pia akvukAukn Tanpwon kata Xapatov xopic TOUES,
anobeKVUOUUE OTL TAVTA UTLAPXEL pia akukAikn mtAnpwon kata Xauitov xopic TopueEs yia 1o
G mov mepigyel 1o moAv 6vo akués ava oy wou G (BeopnualZd).

2. Agbougvou evdg N-gflevdepou avepyxoucva emninedov ypapnuarog G, amodeucvvovue ot 1o G
ravta enibéyeral wa axkviaucn nirnpwon kata XauwAdtov ywpic touss (BcwonualZ6).

3. Agbouévou gvog enimedou st-ypagpnuarogc G miaroug k, mapovoiwalovue svav ajyopiduo amo-
paon¢ yla 1 av G eyel pa akvkiikn ninpwon kata XawAdtov ywpic touée (Oewpnua 28).
Autd ouvendyetat Ot yia éva st-ypapnpa pe otabepd mAdtog propoupe va anopaciooupe
0€ TIOAU®VUPIKO XPOVO aV UTIAPXEL P10 AKUKAIKY TIANP®OT Katd XAPATOV X®Pig TOPES (kat
dapa pa avepxopevn epguteuot) oe 2-oeA1do B1BAio). To anotédeopa PBaoifetat oto ipoBAnpa
pubpong rpoypappatiopou epyactev (minimum setup scheduling).

3.6.1 O1 1610TTEG TOV ARURAIKOV MANPAOOEDV XAPIATOV XWOPIG TORES

Eoww G = (V,E) eivatl éva eninebo st-ypadpnpa mou €Xel Pl aKUKAKIL mAnpoon Xapltov S,
rou Sev dnpoupyel topég. ZupBodidoupe pe o Gs = (V, EJ S) 1o ouprAnpopévo katd Xapmtov
ypdonpa, kat pe Pg, 10 povortatt XApATov Mou endyetat arno v minpwon S. Iapatnpoupe ot,
ere1dr) 1o S 6ev drpoupyel topég pe 1o G, kabe akpr tou S Bpioketat €§ 0AOKANPoU ot pia oy
Tou G Kal ouvenwg, 10 ypdenpa Gs sivat eminedo st-ypdpnua.

Zinv evotnta autn rpoodiopidoupe pepikeg 1610TNTEG TOV AKUKAIKOV MANP®Oe®V Katd XAapAtov
XWPIg topég ot oroieg eival xprioweg oty arodedn TV AroteAeOPAT®V MOV akoAoubouv otg
ETTOPEVEG EVOTITEG.

I816tnta 6. 'Eotw éva eminebo st-ypagnua G mou éxel pia axvkAueny tAnpwon XauwAwov xoplic
woueg S. 'Eotw f eivat pia oyn v G kai U, v givar 6Uo kopugpeg e f mou avrkouv o U0 ouvopa
tou f. Tote, 10 KateudUVOUEVO UTIOUOVOTIATL TOU Pgg TTOU OUVOEEL Tig U Kal L, TEPIEXEL TOUAAXI0TOV pia
axun me Tinpwong wou Bpioketal péoa o f Kar Katevduvetal ano 1o Eva ¢ oUvopo oto djjlo.
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Ewodva 3.33: (a) AntodeiEn g [iotragBl (b) — (d) Anédeidn g I6idtnrag(8]

Anoden: Ta v anayoyr oto Atoro, UIToOETOUE TO UITOPOVOITATL ToU P, mou ouvdéel Tig U Kat
v, dev mepva péow amnod v f, TOTE, oUPIEPAiVOUPE OTL UTIAPYKEL KUKAOG OTO CUUTIANPOPEVO KATA
Xapitov ypagpnpa Gs (BA. Ewkdva[3.33]a). |

I6otnta 7. 'Eotw éva eninedo st-ypagnua G mou éxel pa axvikimn tanpwon XautAtov xopic
oueg S. 'Eotw u kat v givar 6Uo kopu@eg tou G mou ouvdéovtal ue KateUUVOUEVO HOVOTLATL ATtO TNV
u omv v. Tote 1o povorarn XauArov Pgy emokEnTeTal TNV U TOW ano v L.

Anoden: Yrobetoviag ot Tt Pg, €IMOKEMIETAL TV U NPV and v U, ouprepaivoupe ot 1o Gg
TEPIEXEL KUKAO, ATOITO. |

I6otnta 8. 'Eotw éva eninedo st-ypagnua G mou éxel pa axvikimn nanpwon Xautatov xopic
oueg S. TOte oL akuég ToU oUVOAOU S UTOPOUY Va ATEKOVIOTOUV £I0L WOTE UA UNV UTLAPXOUV TOUES
uetalv toug.

Anoden: Ag unoBéooupe Ot 10 S mepiExel duo akpég, (u, v) kat (U, v'), ou Sev Propouvv va
ATEIKOVIOTOUV X®PIg va tépvet 1 pia v aAAn. Enedn n minpoon S dev Gnpioupyet topég pe 1o
ypdenua, ot akpég (u, v) xat (1, v') Bpiokovrat oty id1a 6wn ou G (BA. Ewodva B33 b-d). T
v nepimoon mg Ewdvag [B:33Lb av unobéooupe ot n akpn (u, v) Saoyiletat ard to povordatt
Xapdtov mpwv and v (1, V'), ouprepaivoupe 0Tl 1) v EMMOKENIETAL TPV arnd v u’, aviipaon
omv [6otalZl O1 urtoAoreg mepuOoelg avipetori¢ovial mapdpoia. |

Anppa 41. 'Eoww éva eninedo st-ypapnua G mou gxet pia axukAucn tinpwon Xauatov xwpis tousg
S. 'Eotw f eivar pia oyn wov G Kat £01® ey, €y, . . . , € £lvat oL akueg mge S mov fpiokoviar péoa otnv
S ue mu ogpa mwov draoyifovtar ano 1o povornat Pg,. Tote woxvet OtL:

a. Ovaxuég e; kateyy (1 < i< k— 1) éouvv avtideto mpooavatoAiouo.

b. H xata6odpa v axung ey eivar n xauniotepn xkopugn (btapopstikn amo v ntnyn g f)
evog ano ta ovvopa ¢ f, evw N TNyn mg e sivatr n tefevtaia kKopuegn (Stagpopetikn ano v
Kata6odpa mg f) evog ano ta cvvopa g f.

c. H mnyn g e; kar n kata6odpa g €41 (1 < i< k — 1) elvar yertovikeg oo G.
Anoédedn:

a. Iapatnpoupe 0Tl 0 10XUPIOPOG ATIOKTA vonad povo otav k > 1, dnAadr), uniapyxouv touddaxio-
Tov 6U0 akpég tou S Tou Ppiokovial péoa otnv oyn f. Oswpoupe dUo S1adOXIKEG AKIES €;
Kadl e otV f rou daoyifovrat amo to povortdtt Xapdtov P, pe avtryv v oepd. Eig dtoro
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i+1 i+1 Ul

@) (b)

Ewéva 3.34: (a) — (¢) Anodeign tou Anppatog (1]

anayeyr), urobEtoupe 6t 1 e; = (U, V) Kat 1 €41 = (U1, Vir1) €lval kat ot o SeSrootpopeg
akpég wou f (BA. Ewova [B34la). To povoratt Xdputov Pg, mepiéxet éva kateubuvopevo
UTIOPOVOTIATL ATtO TNV U; OtV U4 1. Kat o1 Kopugpég autég Bpiokoviatl oe Siadpopetika ouvopa
g f. Apa, arod v I6idinta [6 1o povorndtt anod v v; oty Ui+ MEPIEXEL TOUAAX10TOV pid
akyr) rou ouvdéet 1o 6egi oUvVopPo NG f pe 10 aplotepd tng ouvopo. H akur] autr) ev priopet
va eivatl KATe ano my e; 1] Ave arno Vv e, enedn autd Sa 0dnyouoes os aviipaon o v
I610tta [ Tuvenmg, undpyel pla akprn oty minpeon S mou Bpioketatl otny oyn f, nmave
and Vv €; Kal KAT® aro IV e+1. ATOro, enedn unobéoape Ot ot €;, €4 elval S1adoyikeg
AKPEG NG MANP®OoNg S otnv oy f.

Xopig PAGBN g yevikottag, £0te e; = (ug, vy) givat 6e§ivotpogn (BA. Ewdva [3-341b). Ta
anayeyr oto dtoro, urnobétoupe o1l 1 kKataBobpa tng e; dev eivatl n xapnAotepn Kopudn)
(Bragopetiky) and v rinyn g f) tou de§lo0u cuvopou g f. Apa UTIAPYXEL TOUAAXIOTOV pia
KOpU®N v oto Hedi ouvopo g f, Mou eival KAT® arod v v; Kat SaPépet anod v nnyn e
f. A6 v I616tta [7 n KopuPr] v EMOKEIIETAL Ao 10 HOVOITATL TPV TV U Kat dpa, n v
ETUOKETTIETAL TPV ATTO TtV U;. Apa 1o povortatt Xaptov Pg,, mepiéxetl éva kateubuvopevo
UTIOPOVOTIATL a1t v v otnVv U;. H Kopu@r] u; avhkel oto aplotepd oUVOPO KAl apa aro
v I610tta [6l kabe povordtt and v v oV U TEPIEXEL Pld aploTeEPOOTPOP KUY oto f.
A6 mv 1810tta [Z} n axkprn avty Ssv propet va sivat dve ano v e; Kat apa, sival KAtw
arno auvtrfv. ‘Atorto, enetdr] unobeoape Ot n e; eivatl n MPWTn Ak g nAnpwong otnv f. H
arodeidn yia v akpyn ey £ival CUPPETPIKT).

[Mapatnpoupe 611 0 WOXUPLOPOG £Xel vonua, povo otav k > 1, dnladr), urtapxouv touddyio-
Tov 6U0 akpég oy MANpwon S, mou Bpiokoviat otnv oyn f. Eoww e = (u,v;) Kat
€i+1 = (Ujr1, Uip1) €lvat o1 U0 arpég g S mou eivatl ouvexopeveg otnv f. Xopig PAABN
NG yevikotnag, urobétoupe ou n e; eivat de§iootpogn (BA. Ewova [3.34lc). Tote, amnd my
mpotaon (@) ToU apoOvIiog ANPHRATOg £XOUHE OTL I AKUY| €341 €lval aplotepootpodrn. YTobe-
TOUJLE Yld ATAy®Y! OT0 ATOIo, OTL I U; KAl 1] Ui+, TTOU Kat ot dUo PBpiokovial oto apiotepod
ouvopo g f, Bev eival yerrovikeg. Tote, UTIAPYEL Pia KOPUGT U OTO aplotepd auvopo g f
TOU €ival MAve aro Vv y; KAl KAT® aro Vv V1. H Kopugr] v mpenet va ermokedOet amnod 1o
Pgq PEWd TV U; KAl TIPWV UV Uiy KAl APA PETA TV U; KAl TIPW TV Ui . Ao ug I6ioueg [@
rat[Z, ouprnepaivoupe Ot i €; Kat n e 6ev eivatl ouvexdpeveg akpég g S otny oy f,
4ToIT0.

3.6.2 Avuo akpég ot pla oW £ivat apReTEG

Ziv mapouoa evotnta arnodeirvuoupe o1l KABe emninedo st-ypapnpa G 1mou €xel Pd aKUKALKY)
MANP®O1 XAPATOV X0PIG TOPEG, £XEL EMIONG P10 AKUKAIKY) TIANPp®@O1 XAPATOV Pe T0 TTIOAU dU0 ak-
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Ewkéva 3.35: (a) Mia akKUKAIKY AN p@OT] X®PIG TOPES S, TIOU TOTI0DETEL 08 pia Oyn
touddyxiotov tpetg akpég. (b) Mia el1c06Uvapn akKUKALKY| TIANP®ON Katd XAPATov
Xopis topég S', érnou ol akpés (v, v)), (v, vt ). (vl v, ;) avikabwotoviat pe my
povadikn akpry (VL. v}).

Pég avd oy tou G. Aro 10 anotédeopa auto netat ott, Kae eninedo st-ypdpnpa anodeyerat pia
avepxopevn epputeuor) oe 2-0€A160 BBA10, otnv oroia KAOe O TOU ypadrjatog eivatl X®P1opEvn
amno v payxn oe 1o oAU tpia pépn. H 18idinta auvtr BeAtiodvel v modmia 1oV avepXoPEvey
gpputevoewv oe PiBAio.

Ozopnpa 24. 'Eotw éva eninedo st-ypapnua G mou éxel wa axviciucn tanpwon XauAtov xopic
toueg S. Tote G éxel wa akviaucn tanpwon Xaudtov S’ mov 6ev onuioupyel TOUES Katl TEEPLEXEL TO
oAU dvo axuég oe kade oyn tou G.

Anodedn: ‘Eotw ot Gs eival 10 CUPIANPOPEVO Katd XAPATOV ypadnpa rmou IPOKUITIEL artd v
poobeon ToU S, Kat £€0t® 0Tt Pgg eivat 1o povordrtt XapiAtov tou ypagnpatog Gs. Xin ouvexela
Sa 8ei§oupe nwg and v S, kataokeudletat n mAnpwon S’ pe v erubupnu) WBotTa.

Eow f = (¢, vll, e, IlD, Ul .... V. t') elvat ma 6yn tou G oy oroia n MARPwon S tornoBetel
TOUAAYX10TOV TPelg akpég. Amo to Afjppa 41l cuprnepaivoupe 0Tt 01 TIPQOTEG TPEIG AKPEG TG S oty
S pe v oglpd nou autég emokEnToviat ano 10 Pgg, PMOPOUV va oupBoAloToUVY pe Sy = {0V}, v},
(ujr, v§+1), (vi{, vjrﬂ)}, orou, Xopig PAABn g yevikoutag, n npotn akyr eivat SeSlootpogrn. v
Ewova [3.35 a o1 tpeig akpég autég oupBoAidovial pe Stakekoppéveg ypappés. @sopoupe yia ma-
pdbetyna Tig KopudEg V] Kat vjr g Ewodvag3.35la. To povordtt Xdpdtov Pg, propei va tagibéyet
ano v v] oty vjr, eite akoAoubwviag povo 1o 8e§l ouvopo tng f, eite, ermorémntoviag eviiapeoa
Kopudeg dAAwV opemv 10U G (éva T€To1o povordtt oupBolAidetat pe StakeKOppPEV KAPIUAL ATlo
Vv v} otV vjr).

On 1petg akpég Sy unodiapouv 10 Py ot téooepa urtopovortdtuﬂ, P;, P, P3 xat P4, orou P; =
Pgls. .. vl@], Py = Pgg[v] ... vjr], P; = P(;S[vlﬂrl e v,lc], Rat Py = PGs[l)jr+1 ...t] xat s, t anmoteAouv
Vv Ny Kat v kataBodpa tou G, avtiotoxa (BA. Ewova [3.35]a).

@¢toupe S = S\ Sf U {(v%{, v))} (BA. Ewodva B.38lb) xat 9a dei§oupe ou 1o ouvoro akpov S
arnotedel pa aKUKAKL AN p®on Katd Xapdtov xopig topég yia to G, 6nAadr 1o Gy eivat eivat
€va avepyopeva ermnedo ypapnpa pe povortdtl Xapdtov, onou Gy €ival 10 CUPIANP®OPEVO KATd
XdapAtov ypdgrnpa mou ImPOoKUITIEL Ao v MmAnpeon S'.

4Me 10 P[u ... v] cupBoAidoupe To UTOPOVOTTATL TOU P ToU £eKVA ATTO TV KOPUQT U Kal TEpRATidetal otny v. YToOg-
Toupe Ot To povortdtt Plu . . . v] eivat KaAwg optopévo, 6nAadn n kopudn u spdavidetat oto P mpiv amno v v .
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A6 o AfjppaIlc), yvepioupe ot ot akpég (v%, U% +1) Kat (vjr, ver) etvatl mapouvoeg oto G. Opidoupe
10 povonatt Pg, , va eivat n mapaBeon (concatenation) tov povortatiov Py, P3, Py kat Py, éndadrn)
N - PGS[vl .. vi{] — Pgg[v] ... vjr] - PGS[UJ&1 ... t]l. Eivat @avepd ou 1o Pg,,

Pg, = Pggls...v; i+l -

artotedet povortdtt Xaputov ya 10 Gy .

H povadikr) dapopd petafv v Pg,, kat Pgg, elval ot oto Pg,, 01 Kopugég Tou P3 eruokémntoviat
v anod g Kopugég tou Py, Andadn évag KUkAog oto ypdoenpa Sa Snpioupywiav povo edav
Ut pxav HU0 KOPUPEG U KAt U, €101 WOTE U € Py, v € P3 Kal unrpyxe €va Kateubuvopevo Povordtt
aro v u oy v ot0 Gy. 'OpeG, av UTdpyel TETO10 POVOTIATL ATtd TNV U OV U, TOTE UTAPXEL
Hovordtt ano v v) oty vi{ (BA. Ewova [B.35lb). Ano tnv ISwtnta [6 éxoupe 611 1o povortdt
amno v v] oty v,lc MEPIEXEL P1a aplotepootpopn akur € = (u', V') omyv f. H akpn (UL, v]) mou
ouprnieptiapBavoupe oty S’ sivat 8s§100tpodr kat apa, n akpr €’ mpénet va eivat emiong rapovoa
otv S. Ano v ISwinta Bl n axpr e dev tépverl kapia axpn g Sy. Emiong ot akpég g Sy,
glvat o1 1petg xapnAotepeg akpég g S oty f, Kat dpa n akur) € ivatl mave arno v (v,lc, vJ.rH) (BA.
Ewova [3.35la). Topa, eival eukolo va det kaveig ot 1o povoratt ano v v oty vi{ oU TEPVA
arno v € dnuioupyel KUKAO oto Gg. Atoro, erneldr) i MANP®or S €ival AKURAIKT).

'E101, £€XOUpe avilkataotroel 11§ TPl XapnAotepeg akpeg g S g oyng f pe pua povadikn
axkpr. EnmavalapBavoviag autr) v Siadikaoia, Priopoupe va PeTatpEPoupe Kabe povo apibpo
TOV AKPOV O Pld Povadikr akpn Kat kabe {uyo apibpod tov akpov oe éva {EUYog aKPOV. |

3.6.3 Epguteupéva N-cAsuBepa avepyopeva enineda
ypa¢npata

Ztnv mapouoa evotnta PeAetdpe v KAAoN ToV ePPuUTteupéveav N-eAeubepmv avepxopeva erinedov
ypapnpatov. Amodsikvioupe 6t kabe epgputeupévo N-edevbepo avepyopeva erinedo ypadn-
pa G €xel pla akUukAIKY MANP®Oorn Katd XApAtov Xopig ToPEg Pe T0 TOAU {Jia aKpr avda oyn
tou G. AmodelkvUuoupe 0Tl 1] MANPWON AUt PIopet va Bpebel oe ypappiko xXpodvo, BeAtimvoviag
Ta anotedéopata nou napouctdaotnkav oug [1, 47]. Oupiloupe 611 1 KAAOLN 1OV EPPUIEUPEVOV
N-gdeuBepwv avepXOpevav ermnedov ypapnpdatov anotedsitatl anod 1a epuUIeUpéva avepXopeva
emineda ypagrnpata rou dev riepiéxouv epputeupévo N-ypapnpa tng EwkovagB.9la og unoypagpn-
pa. Inpewwvoupe emiong Ot 1 KAGON TV eppuieupéveov N-gAeUBepov avepXOpeva erinedwv
YPAPNPAT®OV TEPEXel Kat eival peyadutepn aro v KAAon tov ardda N-edeuBepov avepxopeva
entinedov ypapnpdarev. EmmAéov mepiéxel v KAdon tev series-parallel avepxopeva eminedov
YPapnpatov.

Ozopnpa 25. Kade supuicupcvo N-eAsvdepo eninedo st-yoapnua G = (V, E), éxet wa axvkimn
ANPwon kata Xauatov Ywpic TOUES S TToU TEPIEXEL TO TOAU pia axun ava v oyn ou G. Emmicov,
n S unopei va vrofoyiotei oe ypovo O(V).

Anoden: ‘Eoto G* sival 1o 6016 ypagnpa tou G Kat é0t® S = vj,..., U,

KOpUQEG Tou G, oupdva pe pia ToroAoyiKr apidpnon twv kopudpwv tou G*. 'Eotw Gy givatl to
uroypagpnua (k — 1) dyeov tou G. Ao 1o Afjppa 26] 1o Gy prnopei va kataokevaotei and 1o Gy
ripooBétoviag oto He&l oUvopo tou Gi—1 éva Kateubuvopevo POVOTTATL ToU artotedel 1o 8e§l ouvopo
mg Oyng vy

Amodeikvioupe v akoAoubr), 10XUpPOTEPT) ITPOTAOT :

= t* eivat ot

IIpdtaon 14. Ia kade Gi (1 < k < m) vrdpyet pia axvkAieny TAnpwon Xauatwov xyopic Touég Sy
£101 WoTe oy UeL T0 ak0Aoudo: av Pj givar to povoratt XauAtov mov mpoKUTtel ano v TAnpwon
Kar e givar n axun tou 6efiou ouvdopou tou Gy, TOU anoteflel TNV KAT®-aPLOTEPN aKurn g oYng
J eV, ...y}, Tote n axun e ovppetexet oto P.
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Anoéeln mg Mpotaong [I4. Av k = 1, 10 Gy anotedeital and povadikd povordty, dnAadn to
apilotepd ouvopo tou G (Ewkdva 336la). Eotw S; = {0} kat 9¢toupe 1o P; va sivat to povortatt
Xapitov tou G;. Emedn) oAeg o1 akpég tou Gy Sraoyioviat amod 1o povordatt Pp, pia akyr) e oto
6e&l ouvopo tou Gy, MOV eival KATW-APIOTEPT] AKUT KATolag oyng, diaoxiletat and to P;.

@ (b) © (d)

Ewkéva 3.36: (a) G, = P, katpa oyn f. H katw-apotepny akpn tng f draoyidetat
aro 1 Py. (b) To Gi_; kat v;. To P._; amewkovidetatl pe ouvexopevn ypapprn. (c)
To ypdpnua Gy yia v repirmeon mou 1o de§i ouvopo g U}, TEPLEXEL TOUAAXLOTOV
pwa kopudr|. To P, cupBoAiletat pe ouvexopevn ypappr. (d) To ypaenpa Gy yia
TV MePioorn 1mov o de§i oUvopo tou v, eivat pia petadatikn (transitive) axpr.

YroBétoupe ot 1 mpodtaor woxvel yia kabe Gi_1, k < m. @a &eifoupe 6t 1oxvel yia 1o Gy.
ZupBoAioupe pe Sy_1 Pla aKUKAKI MANpoon katd XaptAtov Xepig topég yia 1o Gi-; Kat pe 1o
Py_1 10 mtapayopevo povortdtt Xaputov. ‘Eotw e, eivat i akpr oto 6egi ouvopo tou Gy Iou
anotedei TV KATO-APIOTEPT) AKPT yla TNV 6Yn ;.. A6 TNV eNMAYRYIKY UnéBeon, 10 P 61aoyilet
mv e = (Sk, v) (BA. Ewova [3.361b). Tupbodioupe pe Sk Kat b tv mnyn Kat v kata8ébpa tnyv
oWYng vy, aviiototxa, Kat pe vy, .. ., Uy, TG KOPUPEG oto Hegi oUvopo tng vy.. Amo 1o Arjppa
ol Sk Kat t Ppiokoviatl oto de&i ouvopo tou Gi-1, Kat 1o ypapnua Gy xtidetat anod 1o Gyi—1 pe Vv
POOONKN TOU POVOTATIOU Sk, VY, - . -, Uy, b

YroBétoupe nipota 6t my # 0 (6nAadn to 6e§i oUVOPO NG V). MEPIEXE TOUAGXIOTOV fla KOPpudr)). OF-
toupe Sy = Si-1 Ul(vp,,.. ) Rat P = Pg[s. .. sl V], ..o o), Peet[v . . t] (BA. Ewdva B.36.c).
Etivat pavepo ot 1o Py eivat 1o povortdtt Xapdtov tou Gi.. Auto eival eneidr 1o Py €ivatl 1o povo-
natt Xapdtov 1ou Gy Kat 10 Py S1aoyidel 0Aeg T1g Kopugég rou nipoobeocape oe auto. Eivat ermtiong
e ) 11 oroia mpootédnke otn
Si—1, dnuiovpyel éva povadiko kateubuvopevo Povoratt: amnod v Kopuer] Si Oty Kopudn v, Ot
omoieg Nrav 118 ouvdedepéveg pe v arpyr (Sk, V) 010 Gie_1.

€UKOAO va del Kaveilg 011 1 MANP®WON Sk €lval aKUKAIKA : 11 akpr (v

Zn ouvéxela, Sa dei§oupe U n kKdtw-apiotepn) akpn e g f € {vy,, ...V}, ormou e eival emiong
oto et ouvopo tou Gy, draoyiletal arod 1o Pr. H povn axkur) mnou npootébnke oto Gi-1 yua va
dnuouvpynoouvpe 10 G Kat dev Slaoyiletar and 1o Py, stvat n €' = (vp, . t), €0t n €’ eivat n
tedevtaia akpn tou §e§100 ouvopou g V. Av 1 €’ anotedoUoe emiong NV KAT@-APIOTEPT] AKUD)
g f, 101e 10 ypadpnpa da eixe éva epputeupévo N-ypdonpa g vroypdonpa (BA. to unoypapnpa
IOV TIaPAyETal amod TG KOPUPES U, b, Uy, , w otnv Ewoéva [3.36lc), dromo. Alapopetikd, av 1 KATo-
aplotepr) akpr g oyng f tauvtidetatl pe pia ornotadnrote dAAn axkpr tou §e§lou ocuvoepou g vy,
n mpotaon woxvel. Av 1 f €Xel vV KAT®-aplotepr] akpn g oto Hegi ouvopo tou Gi—1 T0Te, e
EMAY®YI), 1] KAT®-ap1lotepr] akpn g f dwaoxiletatl pe 1o Pr_; kat, dpa pe 10 Py.

Bepoupe twpa Vv nepintwon nov my = 0, dndadr 1o de§i ouvopo tng vy eivatl pia povadikn
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petaBatikn akpyy (BA. EwovaB.36ld). Te autrv v nepintwon, kapia véa kopugr dev ripootibetat
oto Gy, apa 9étoupe S = Sk Kat Py = Pe. 'Eote n oyn f € {U7c+1 ... U} Av n Rate-apiotepn)
axkprn e g f eivat oto 6e&l ouvopo tou G kat tautiletal pe v petaBatkny arpn (Sk, ti), TOTe 01
KOPUQEG U, tic, Sk, W Tapayouv éva N-ypapnua (BA. Ewkdva [336.d), aroro. Emedr] n akpn e dev
tautiCetat pe v (S, ti), dev elvar akur] tou 6e§100 ouvopou tou Gi—1. Apa, arod NV ENAYYKNH
unoBeon, 1 e daoyiletat ano 1 P Kat apa arod 10 P, Autd oAoRAnpwvel v arnodeidn tng
npotaong.

To @smpnua éretat ano v Ipdtaon 04l mapatnpoviag ot G, = G. O xpovog mou xpeiddetat
Y1d TOV UTTOAOY10H0 TG MANP®ONG £METAL Apeoa arnod v doun ing dadikaoiag mov neptypdypaie.
Ewodva deixvel v epappoyn tou alyopibpou oto ypaenua tng Ewovag[B.9d. |

@ (b) © (@ (®

Ewodva 3.37: (a) — (e) Kataokeun] piag akUKRAIKNG AT pwong XAPATov Kat av-
tiotoiyou povortatiou Xdpdtov yia to N-gAeubepo eninedo st-ypdpnua G; ng
Ewovag39ld. Ot oyetg eivat api®unpéveg cupgova pe pia ToroAoyikt apidunon
tou SukoU ypadrjpatog. Ot ouveXOpeveS AKPES AVATIAPIOTOUV AKHEG TOU POVOTIA-
10U XAapAtov.

Iépropa 2. Kade I-eAcvdepo supureuuévo eminedo st-yoapnua G = (V, E) éyel wa axuvikimn
TANPwon xwpic TouEG S mou mepléyel akplbwg pta arxun ava oyn wu G. EmmAéov, n nAnpwon S
umopel va vrofoyiotel o ypovo O(V).

Anodegn: Avaotpépoupe tig akpég tou G* katl enavadapBavoupe v KATAOKEUT) g arodeigng
10U @swprpatog 25 |

t 7]

-

/\

R

w

%) t i}
o
(@)

\
a (b)

Ewoéva 3.38: (a) — (b) Anodeiln 1ou Beaprpatog 26l

Osopnpa 26. Kade supuicuusvo N-efevdepo avepyoucva eninedo yoagpnua G = (V,E) éyel a
axvkAucn tAnpwon XauAdtov ywpic touss S. Emmnicov, n S unopei va vrofoyiotei o xpovo O(V).

Anodegn: Oa Seifoupe ou kABe gpputeupévo N-ehetbepo avepxopevo erinedo ypapnua G p-
ropel va enektabei oe éva epguieupévo N-eAeubepo eminedo st-ypagpnua G’ pe v npododeor
HePKOV arkp@v. Yotepd, 10 anotédeopa Eretatl anod 1o Osmpnpa



3.6 2-Z¢éAdeg Avepyopeveg TonoAoyirég Epgputetosig 265

Bewpoupe pla avepyopevn erinedn epputevon I’ tou G = (V, E) n omoia eivalt N-eAetbepr). Av
n €§wiepikn Oyn ou G TEpiEXel Mave and pa kataBobpa (avi. myry), 10te npoobétoupe pa
Kopudn t n oroia Sa arotedéoet v povadikr kataBobpa (avi. Tnyr) TOU TEAKOU ypaprpatog.
Eotwo tq, ..., t, eivat o1 kataBoOpeg tou G otnv e§wieptky) Owrn. Evovoupe T1g KOPUPEG AUTEG PE TNV
t. Mapatnpoupe Ot 10 TeEAKO ypdopnpa eivat N-eAeuBepo, emedn kabe t; 1 < i < k dev €xel kapia
eCepxopevn axkpn (BA. Ewova [3.38a).

'Eotww t; kat ty eivar 6o rkataBobpeg oe pia eontepikr) oyn. [Ipoobétoupe v akpr (i, tz). H
pooBeon g arpng (t;, tz) dnpoupyet éva epguteupévo N-ypagnpa povo av ot akpég (v, ty)
kat (v, w) avrouv oto G, pe v (v, W) va arkoAoubel Vv (v, tz) (Katd Vv PoOpPd Tou PoAoylou),
YUp® ard v v. AAAd 1ote unfpxe 1nén éva epguteupévo N-ypdonpa oo G (to ypdpnpa rou
mapdyetat ano tg KopupEg U, tz, v, w ov Ewkdva [3:38b). Atoro, apa n akpn (t, tz) propet
va rpootebei oto G Xwpig va dnpioupyrioelg Kavéva epputeupévo N-ypdpnpa og urnoypdenpia.
Ot inyég avupetonidovral apopola. H petatporu) tou G oe eminedo st-ypadpnpa propet va
0AOKANP®OEel O0e YPAPPIKO XPOVO. |

3.6.4 st-ypagpnpata NEPLOPIOPEVOU MAATOUG

Zv napovoa evotnta aoX0AoUPAOoTe Pe Ypadrpata IIEPIOPIoPEVOU TAATOUG KAl arodelkvuoupe
OTL Y14 Ta yPapruata autng g KAAonNg UIOPOUHE va eAéyEOUHE 08 TIOAUGVUHRIKO XPOVOo, av autd
arodexovial pia aKUKAIKD AN p®oT XAPATOV X®PIg TOPEG. XNV MEPIMI®OT) TIOU Jid TET01d MANP®-
O UTIAPYEL, PITOPOUHE EIMIONG VA TV KATAOKEUAOOULIE.

‘Eva urtoouvolo @, tov kopugpov tou G, ovopdadetal avefaptnto av 1o vrnoypadpnpa wou G, mnou
TAPAYETAl Ao TG Kopudeg Q, Sev mepiEXel akpeg. AKOAOUOOVIAG TNV OPOAOYId TGOV HEPIKMOV
dlatdgewv, ovopdloupe mAdrog ou G, kat 1o oupBoAidoupe pe width(G), Tov PEYI0T0 aréPAlo r
£101 Gote 10 G va £Xel ave§dptTo UMTOoUVOAO KOPUPKOV peyeboug r.

Zto IMpoBAnpa Pubpiong IMpoypappatiopou Epyaciov (Minimum Setup Scheduling (MSS)), pag
divetatl éva oUvolo arod epyaocieg, MOV TPEMEL VA EKTEAEOTOUV ATTO £vav POVASIKO EMMECEPYAOTH).
Ermiong 6ivovtat replopiopol, oupdpova pie Toug ortoioug KATIOEG EpYAOieg ITPETIEL VA £X0UV OAOKANP®-
9¢el mpwv Texkwvrioouv karoeg aAdeg. Ot meplopiopoi autoi divoviatr oe popdr) KareypaPnuatog
nmpotepaomtag. Eivatl EerdBapo 6Tl éva Rateypddpnpa mpotepalotntag mPEMel va ival AKUKATKO.
ErurmA¢ov, yua kabe {evyog epyaociov i, j, Sivetal 1o K00To¢ pUOUIONG TIOU EPUNVEVETAL G TO KOOTOG
EKTEAEOTNG TG £PYAOIAG j APEOMG PETA TNV EKTEAEOT) TG Epyaoiag i, kat oupBoAiletat pe cost(i, j). O
OTOX0G ToU TipoBAnpatog MMS eivat va Bpebetl Eva mpoypappia yia eKTEAEON OA®V T®V EPYACIOV ATIO
Povadiko erne§epyaotr), MOV IKAVOITOLEL TO YPAPNA IIPOTEPALOTITAG KAl EAAX10TOITOEL TO OUVOAIKO
KOOTOG pubpiong.

H xkevipkn 18¢a 10U amotedéopatog tou mapouoialdetal oty mapouoa evotnta €ivat pia arar)
avayoyr] Tou poBAnpatog pag oto mpobAnpa MMS. Asdopévou Kateypapriiatog mpotepatotnIag
D xat tov mivaka C, 1ou Mepiéxel 10 KOOTog pubpiong yla kabe {euyog epyaoiov, oupBoldidoupe
pe s(D, C) 1o eAdX10T0 CUVOAIKO KOOTOG pUBIIIONG TTOU 1IKAVOTIOEL TO KATEYPAPN A TIPOTEPAIOTITAG
Kat artotedel v Avorn tou MMS. To akolouBo Sewpnpa €netal and v avaiuon tng XPOVIKHG
TIOAUTTAOKOTITAG TIOU Hivetatl otnv ].

Ocopnpa 27 (I@]). Agbougvou evog kKateypagnuatog mpotepaiotniag D n-kopu@wu, o omoio £xel
nAatog k, kat 1ov mivaka C mov yia kade (EUy0g KOPUPOU TEPLEXEL TO AVTIOTOLYO KOOTOG QUOULONG,
umopotue va urofoyicouue oe xpovo O(n*k?) 1o ouvoud kdotog pvduiong s(P, C) Tou mpo6Anuarog
MMS, mou ucavomolel Ti¢ TPotepaldtnTeg Tov divovtal ano 1o kateypagnua P.

Z10 unddowo g evotntag anodeikvuoupe ot dedopévou evog eminedou st-ypaprpatog G, 10
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npoBAnpa g andpaong av 1o G €Xel P1a AKUKAKY] TATPp®OT Katd XAPATov Xopig Topég, propet
va avarntapaotabel g pia ekdoyn (instance) tou npoBArpatog (MSS).

Eoww G = (V,E) eivatl éva eminebo st-ypagpnpa. Opiloupe tov mivaka 1mou meptEXetl ta KOotn
pubpiong wg e8ng. Oétoune Cgli,jl = 0 av (v;, vy) € E 1 av o1 KOpupEg v; KAt vj avikouy otnv idia
own tou G, dapopetika Sétoupe Cgli,jl = 1.

Anppa 42. 'Eoww G = (V, E) givat éva eninebo st-ypapnua. 'Eotw emiong 10 s(G, Cg) givat 1o k0otog
TOU TIPOYPAUUATIOUOU EQYATLOV TTIOU EXEL TO E/1A)Y10TO KOOTOS PUOULONG Yia TO YOAPNUA TIPOTELALOTHTOV
G rai ov mivaxa kootoug puduiong Cq. To ypagpnua G Exet pia akvkikn tinpwon Xauitov xopic
0uUES av kKat uovo av s(G, Cg) = 0.

Anddedn: (=) YrioBetoupe o6t 10 ypdgpnpa G éxel pla akURAIKY TATpoor XAPATOV X®pig Topég
S raivy, vg, . .., Uy €lvat n ogpd pe v onoia eppavidovial ot KOpUuPEG 0To Povortatt XAPATOv 1ou
dnpoupyel n npoodnkn tou S oo G. Tote, n oepd vy, Vs, . .., Uy, TAPOUOLALEL Evav IIPOYypPApPa-
TIOPO EPYAOIOV IOV KA VOTIOLEL TOUG TIEPIOPIOP0UG TI0U divoviat aro 10 G, S1apopetikd n poodnKI)
tou S oto G Sa dnpioupyouce KUKAO. To KOOTOG pUBHIONG Yia TOV CUYKEKPIIEVO MTPOYPAPPATIONO
etvat Z?;ll Cgli i + 1]. Ivaopidoupe 611 10 S Bev dnpioupyel topég pe o G. Apa, rabe duvo drado-
XIKEG KOPUPEG U; KAl V1 TOU povortdtt XapAtov ouvdéovial elte pe pia akpn T0U ypadnpatog,
gite pe pa arpn g mAnpeong mou Bpioketat £§ 0AokAnpou oe pia oyn. Apa Cgli i+ 1] = 0.
Orote €xoupe arnodei§el 61 10 avtiotoko rpoBAnpa MMS éxet Avon s(G, Cg) = 0.

(<) Yrobetoupe ou s(G, Cg) = 0, 6nAadr), umdpyxetl €vag MPOYPAPHATIONOG EPYAOIOV TIOU €XEL
PNdevikd oUVOAIKO KOOTOG Katl kavorolel 1o ypadpnpa npotepatotov G. 'Eote vy, vUs,..., Uy
etvai ol epyaoieg, oniwg avtég epgavidoviatl otov rpoypappatiopo. Kataokeuddoupe 1o oUvolo tov
akp®v S wg §1g: Sewpoupe dUo Sadoxikég epyacieg v; KAl Vir1. Av autég Sev ouvdéoviat pe v
arpn (v;, Vi41) oto G, TOTE TIPOOOHETOUPE AUt TV arkpyn oto S. Kabe akur mou npooBécape oto S
avuototyel oe HU0 epyacieg IOU £€X0UV TO AVIIOTOLXO KOOTOG pUBU1oNg PNndEv Kat apa ot KOpudEg
ou ouvdéel Bpiokovrat otny i61a own tou G. Apa 1o povortdtt XaptAtov rou dnpoupyet to S dev
TEPVEL AKJEG TOU YPAPATOG.

®a 6eioupe 6Tl n mPoodrkn tou S oto G Hev Bnpioupyet kavévav kukAo. Ovopdloupe G’ 1O
YPAPN A OV MPOKUITIEL OTaV 01 aKPEG ToU S ipootefouv oto G. Eig dtomno anaywyr), urtobetoupe
ot 1o G’ mepigxel KUKAo. Tote unapxouv 80 KOPUPES v; Kat vj TIou cuvdéoviat oto G’ pe &uo
ave§dptnta Kateubuvopeva povornatia, ard v v; oty vj Kat and v v; oy v;. Téte n epyaocia
ITOU aVTIOTOlXel OTNV KOPUPI) v, eKtedeital amd tov emnedepyaocts) mptv ard my vj Kat avilotpdpeg.
‘Atorto, apa 1o G’ eivat akUKAIKO.

OloxkAnpovoupe v anodeign napatneoviag Ot Sev PIoPEel va UIAPYXOUV TOREG PETASU TOV AKPWV
ou S, autd énetat and my I8iotnta [8 Apa 0 ouvodikog apldpdg TV TopmV TIou Snuoupyet 1o S
etvat pndév. |

@cdpnpa 28. 'Eotw G eivai éva eminedo st-ypoapnua naatoug k € N. Ze yodvo O(k? n’) umopovue
va anmogaocioovus av 10 G éxel pa akvicin winpwon Xaudtov xopic tousg. Ztnu katapatkn
TepinTwon N TANpwon avty uropel va urofloyotel ue v ibia ypouvikn toAurjokomnia.

[Mapatnpoupe Ot yia v KAAON TV e5werinedov st-ypadpnpdiov, 1o rnaparnave dewpnua divet
évav alyopiOpo modumlokdtntag O(n?). Xpnowporoloviag edikég 1810TnTeg IOV e§Eminedov st-
YPAPNPAT®V, T0 PoBAnpa autd AUOnKe o Ypappiko Xpovo otnv Evotnta
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3.7 p-Tieproplopévn Avepxopevn ToroAoyirn Ep¢puteuvon oe BiBAio

Ziv napouoa evotnta pedetdpe pia rnapaddayr tou mpoBAnpatog avepXOHUevng TOITOAOYIKAG EPL-
@UteUOonNg ypadnpatev o BiBAio, orou padi pe €va avepyxopeva eminedo ypadpnpa G, pag diverat
pla toroAoyikr apibpnon p 1@v Kopudov tou G, Kat pag {nreitatl va KAataoKeUAGOUPE Pid ave-
PXOHEVH TOTIOAOYIKY] eppUtevoT Tou G og 2-0éA160 B1BAio, Omrou ot Kopudég tou G epgavidoviat
nave otnv paxn tou BiBAiou cupgpwva pe v apibunon p. Mia té€tola gp@uteuon ovopddetat
P-TLEPIOPLOUEVT] AVEPXOUEVN TOTIOAOYIKY eu@Utevon oc Pi6lio.

O1 Giordano, Liotta ka1 Whitesides @] avérrugav évav alyopidpo rou dedopévou evog ertinedou
st-ypaprpatog G kal piag TOMOAOYIKAG Tou apifunong p, unoloyilel oe xpdvo O(n?) pa p-
TIEPLOPLOPEVT] AVEPXOHEVT] TOIMOAOYKT) epldpUTeUoT) oto B1BAio Tou G pe 1o MOoAU 2n — 4 TopEg pe tnv
pdxn avd akpr]. Anedeav Ot 0 aplOpog autog TV TOPMV Eival ACUPITIOTIKA BEATIOTOG.

To mpoBAnpa Ing avepXopevng P-IEPLOPIOPEVIG TOITOAOYIKNG epdUTevong oe BiBAio propeti va
ePpappootel yia ermiAuon ToU IPOBANIATOG AVEPYOUEVNS EUPUTEUONS O OUVOAO ONUELOV Ue Se60UEVN
avtotoiynon. ®upiloupe 611, oto nPoBAnpa avtd pag divetat éva avepyxodpevo emninedo ypapnpa G
HE N KOPUPEG, €va OUVOAO S, 1 HlaPOPETIKOV onpei®v oto emninedo, kat pua avrotoixnon @ amod
TO OUVOAO TV KOPUPKV Tou G 010 0UVOAO T®V onpei®v tou S. To embupntd anotédeopa eivat va
Bpebel pia avepxdpevn anekovion ou G Pe T KOPUPEG TOU va avATIAPIoTOVIAL Ao ta onpeia
10U S, 0nwg 1o urtodeikvuel 1) aviotoixnon @. 'Onwg anodeixbnke otnv @], OX1 OAeg 01 eKOOXEG
(instances) tou npoBAnpatog €xouv Avor. Zinv I, o1 ouyypageig ieptypadouv Evav arydéplOpo
Xxpovou O(n®) mou eAéyxel av pia tétota epduteuon undpxet. Emiong, amodewviouy 61t av undpyet
propet va urodoyiotei oe xpovo O(n?) Kat éxet 10 MOAU 21 — 3 KApIég avd akyr) 10U ypadrpatog.
Zinv mapouoa evotnta Baoci{opevol oto mpoBAnpa arukrAKNG MANpeon XAPAtov Kdl IV 100-
duvapia tou pe 10 IPOBANIA UMTOAOYIOPOU NG AVEPXOHEVG TOTIOAOYIKNG epduUteUong oe BiBAio
(BA. Evomnrua [B:3), anobeikvioupe mpota ot kGO eminedo st-ypapnpa G pe ebopévn pia to-
TIOAOY1KI] TOU apibunon p, erudéxetal pa p-meplopPlopPévn) TOTIOAOYIKY ePlpUTeUon o B1BAio e 10
TTOAU n — 3 TOPEG PE TNV pAXI) KAl, EMMITAE0V, N — 3 TOPEG Pe TNV paxn eival anapaitnteg yia Kanowa
ypagrjpata. XIo amnotédeopd autd, eMITPENMOUNE TV akpn (S, t) va PpIioKeTal OT0 E0MTIEPIKO TOU
ypaprpatog. Av n akyr (s, t) eival otn e§wiepkr) Oy, 0 PEYIOT0G aplOpog TV TOHOV TOV AKIOV
pe Vv paxn yivetat n — 4 rat anotedei v xepotepn nepimwon. Yotepa, napouctdlouvpe evav
aAyop1Bpo 0 XpOvog eKTEAEOTG TOU OTTOioU egaptiétatl amo 1o peyebog tng e§odou (output sensitive
algorithm). O alyopiOpog autog umodoyilet oe xpovo O(a + n) pia P-IEPLOPIOPEVE] AVEPXOHEVT
TOTTOAOYKI] EPPUTEUOT) O B1BAI0 e TOV EAAX10TO apldPod TV TOP®V pe v paxn. Epappodloviag tov
aAyopibpo autd oto npoBAnpa tng ePPUIEVONg 0 OUVOAO onpeinv pe aviiotoixnor, Aapbdvoupe
AUon pe 10 TIOAU N — 3 KAPIEG avd akpn.

[a v gukodia tng rapouciaong avabempPoupe Tov oplopd Tou duKoU ypaprpatog og eng. To
6e€tdotpogo 6Uko (avt. aplotepdoTPogo 6UKO) evog eminedou st-ypaprpatog G oupBoAidetat pe
Gg (Gy) xat eivat éva xateypagnpa £tol oote: (i) n e§otepikn oy sival xepiopévn oe &vo, s*
Kat t*, £ol wote, s* eivat i Own ota apotepdlave. He1d) tou apiotepou (avt. de§lou) cuvopou Tou
G, evo t* eival i oyn ota dg§1a (avt. apiotepd) tou He80U (avt. apiotepou) ouvopou tou G, (ii)
Yriapyetl pia kopudn oto Gy (Gy) yia kdBe eontepikn) oy tou G, (iii) yia kaBe axpr) e # (s, t) 1ou
G, untapyxet akpn € = (f, g) oo G*, étot wote f = left(e) (avt. f = right(e)) xat g = right(e) (avr.
g = left(e)).

3.7.1 Baolko anotéAsopa

Eoww G = (V,E) eivatl éva epduteupévo avepyopeva eminedo ypaenpa, 1o E. eivat pla akuk-
Axkn mMAfpeon Xautov tou G kat ['(G') eivar pia anewkdvion tou G = (V, E U E;) mou oéBetat
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v epgutevon ou G. Ouuidoupe ot 0 ypadnua Ge TOU MPOKUITIEL aro v aneikovion ['(G),
avukadiotovrag KaBe Topr] pe pa Kaivoupyla Kopugr) Kal urodalpeviag Tig akpég Itou oupl-
HETEXOUV OTI§ TOPEG, HlaTnEOVIAG TOV IIPOCAVATOAOPO TOUG, ovopddetal emekTauévo Kata XauaAtov
yoagnua touv G rou mpokunter ano v ['(G'). Ot akpég rmou mPoKUITouy and v unodiaipeon tov
APXIKOV aKP®V T0U ypapnpatog G, 1 1oV akpov g mAnpeong E., avapépovial og munuata tov
UTIOd1a1PEPEVROV AKPADV.

'Eotw G eivat éva spduteupévo avepxodpeva eminedo ypdpnpa Kat e eivatl pia akpn rmou 8ev aviket
oto G. H anewkovion g axurng e oto epputeupevo ypaenpa G oupBoAiletar pe ['(e) kat opidetat
®SG Pa akoAoubia Twv akpov t1ou G mMou TEPVEL 1] aKHI e, Oonwg diaoyifoupe v e and v nnyr)
g MPog tnv KataBobpa tng. Bswpoupe pia arekovion g e oo G. 'Eotew G, eivat 1o rate-
YPAPN A TOU TIPOKUITIEL AV AVIIKATAOT|COUHE T1G TOPEG TTOU TPOKAAEL 11 e pe BonOnTtikég KOPUPES
Kal unod1aipéooupe TI§ AKPEG MTOU OUPPETIEXOUV OTIl§ TOHEG, diatnpwviag tng Kateubuvor toug.
Ovopdaloupe 10 Ge 10 RATEYPAPNA TTOU TOOEKUWE Amo tNU anetkovion mg e oto G.

t=vg t=vg t=vg

5=V S=V; s=v;

@ (b) (©

t=vg t=vg t=vg

\

s=v 5=V

(® ®

Ewodva 3.39: (a) Eva eminebo st-ypapnpa G. (b) Mia arnewkovion I'1(G’) tou
OUPIMANPOHEVOU Katd XdapAtov ypagnpatog G tou G. Ot akpég Tou povortatiou
Xaptov tou G’ eivat évioveg, KAl Ol AKPEG NG TANP®ONG Silakekoppéves. ()
To emexktapévo kata Xapdtov kateypddpnpa Gy tou G IMou IPOKUITIEL ATIO TV
' (G"). Ot BonBnukég Kopudég arteikovidoviat pe tetpayeva. (d) Mia areikovion
I'2(G") tou ouprmAnpepévou katd Xapltov ypagrpatog G mou ertiong arotedet
10 ermektapévo katd Xaptov ypapnpa Gy tou G mou mpokurtet ano my [y (GY),
ere1dn Hev urtdpyxouv topég. (e) Mua anekovion ['3(G”) tou cupmAnpepévou Katd
Xaptov ypagripatog G’ tou G. (f) To enektapévo katd Xapdtov ypapnpa G
tou G mou mpoékuye ano v ['3(G).

[Mapatnpoupe O6tt av pag divetat éva avepyxopeva erinedo ypapnpa G Kat pia aKUKAIKI ITANP®OT
Xapitov ou E., untdpxouv moAAoi Tpormou va amnelkoviooUpE TI§ AKHEG TG MTANP®ONG AV OtV
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areikovion ou G. H Ewkodva [3:39la Seixvetl éva eminedo st-ypagpnua, eve o1 Ewoveg [3.39 (b-€)
Selyxvouv 1peig amno oAeg T1g duvatég amneirovioelg g akpng (ve, v3). Ta aviiotola emektapéva
kata Xaptov ypagpnpata divoviat oug Ewkoveg [3.39.(c-f). Mapatnpovpe ot povo éva arod ta
ypagrpata autd sivat avepydpevo rat eminedo ypapnua (BA. Ewdva [B:39f). Tro Afupa
9a 6eifoupe ou ya kaGOe eninedo st-ypdpnpa G kat pia akukAKD rAnpeor Xaputov E. yua to
G umdapyxel pla Kat povadikr arnekovior IOV dKPOV g MANpoong E. ©ote 10 eMeKTAPEVO KATd
XapAtov ypadnpa mou mpoKUIel va eivat éva avepxopeva srinedo ypdpnua.

[Tpwv mepacoupe oto Anppa Sa amobdeioupe kanowa Bondnuikd arotedéopara.

Afppa 43. Eoww G cival éva eninedo st-ypapnua, I'(G) eivar n anewcovion ov G kat p = (s =
U1,...,Uq = t) glvar pa onofoyikn apidunon twou G. Ymodtouue ot 10 G TEPLEXEL TO UOVOTLATL
(v1, Vg, ..., 1) aidda dev mepiexel U akun €; = (Vy, Vir1). Av 1 aKun e; aneikovileTal 0to E0WTEPIKO
me I'(G) érot wote:

(i) I'a kade axun (u, u') 1ou G nou téuvetar and v ¢; = (v;, Vi), oxvet u € {vy, U, ..., Vi-1}
karu' € V\{vi, o, ..., Vis1}.

(it) H arxun e; = (v;, Ui+1) 6ev téuvel kapia axun tou G eepyousvn amo v v; 1, ELOEPXOUEVN OTNV
Ui+l

(iit) H axun e; = (v, Li+1) 6ev téuvel kauia axun tov G Tave ano ua eopd

101¢, 10 Kateypagnua Ge, TOU TPROKUTTEL ATO TNV OUYKEKPIUEVN ATEKOVIOoN NS €;, ival £va eninedo
st-ypagnua kat nepiéxet 1o povorart (vy, Vo, . . ., Vg, Uit1)-

Anoédeidn: Oa Seioupe otnv ouvéxela OtL, av ) aretkovion) g (v;, Vi41) IKAVOTIOIEL TG OUVOnKeg
TOU ANPpaAtog, TOte To MPOKUIov ypapnpa Ge, eivat akuxkAiko. Eig atoro anaywoyr), €0te G,
niepigxet KUKAO S. 'Eote (uy, uy), (ug, u}), ..., (U, u;) eivat ot akpég tou G Tou Téuvet 1 e; Kat
€0t hy, hg, ..., h elvat ot BonOnuikég KOPUPEG TTOU TOMOOETONKAV OTIG TOPEG TTOU SNIOUPYEL 1)
e; (BA. Ewodva[3.40La).

Ané v ouvenkn (i), 0UTe 1 v; OUTE 1 Ly elvat oto {uy, . .., We, U], . .., U }. Ao v ouvlnkn (iii),
N akpn e; dev tépvetl kapia akprn tou G 8Uo PopEG Katl ouvenmg Kabe (euyog PondnTikev Kopudpmv
Bploketatl oe Sapopetireg akpeg tou G. Emiong, n akpn e; (dnAadr, oAa ta tpnpata tng) dev
PIopel va oUupPETEXEL OTO KUKAO® dradopetikd 1 p Sev Sa nrav pia 10ormoAoyikr apibunor, atoro.
'Eott, urntob£toupie 611 POVO PEPIKA ATIO TA TUNHPATA TG €; CUPHETEOUV OTOV KUKAO.

Bempoupe HUO MEPUTIOOETG:

IIepintowon 1. Kukiog S nepiéyet eite 10 mp1o glte 10 tefevtaio tuniua g e;. Etetddoupe povo
TV TEPIUTI®OT OTAV 0 KUKAOG TIEPIEXEL TO TIPWIO TUNPA tng ;. H mepimwon tou tedeutaiou
TUAPATOg €ival CUPPETPLKT).

Ymobétoupe 6t to povordtt v; v h;j TIOU MePLEXEL TUNPATA NG €; £ival P£pog T0U KUKAOU
S. EruutAéov, unoBétoupe ot to povondtt autd etvat péyioto, dniadn) 1o hjyy dev ouppetéxet
oto S. Tote, enedn (hy, uJ’ ) elvat n pévn e§epxopevn axur tou h; ou prnopei va eivat pépog
T0U S, ouprnepaivoupe Ot to G TIEPIEXEL £va POVOTTIATL uJ’ ~ U; (BA. Ewova [3.40la). Tote,
ene1dn n p elval pia 1omoAoyiky apibunon wu G, 1 uJ’ rnpérnet va eivat oto {vy,..., v 1}, 10
onoio anotedet avtipaon pe v ouvlnkn (i), enedn n (v;, Vix1) TEPveTat and my (u;, uj) Kat
’
ui € VA\{or.va.. .. Ui}

IMepintwon 2. Kukiog S dev meplexel oUTe T0 TPWT0, OUTE 10 TeEALUTAl0 TUNUA TNG AKUNS €;.
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Ymobétoupe 611 1o povortatt hy v h; ep1€Xel pOvVo THNIATa NG AKKUNG €;, anoteAei pépog tou
S kat etvar péyioto. Enedr) n (hy, uJ’ ) elval n pévn e§epxopevn axun g h; kain (w, hy) etvain
povn e10epxopevn g hy, TIOU PITOPEl va artotedel P€POG TOU KUKAOU S, OUPIIEPAIVOUPE OTL TO
G miepiéxetl £va povordtt uJ’ ~» 1y (BA. Ewxéva 3. 40Lb). Tote, emeibn n p sivat pia toroAoyiky)
apibpnon tou G, 1 KopuPpn uJ’ mpérnet va givat oto {vy, ..., Vi—1}, TIOU aTOTeAel avtipaon pe
Vv ouvOnkn (i), emedn n akpn (v, Vi) RveTarano myv (u;, qu) Kat uj’ ¢ V\{v1,09,..., 011}

Zyuvendyetatl Ot 1] AneKOVIon g AKUNG €; 010 €0tePko g I'(G), mou wkavorotel tig ouvOrkeg
T0U Anppatog, oébetat v epdutevon tou G Kat apnvet 10 Ge, arUKAIKG. Apa, 10 G, eivat éva
entinedo st-ypapnpa. |

Mapawmpoupe ot 1 anaitnon tou Anpuatog Ol akun e; MPEMEL va €val OO0 E0WTEPIKO NG
aneucoviong tou G gival onpavikn yla v anoden. Eivat evkodo va Sel kaveig, 6t av e; Bpioketat
otV &Pk Oy, tote 0 Ypddpnpa Ge, dev eivar avepyopeva eminedo (BA. Ewova [3.391d).

Afppa 44. 'Eotwo G gival éva eninedo st-ypapnua katp = (s = vy, ..., Uy = t) glvat pa tonoAoyikn
apidunon touv G. Ymodérouue ot 10 G mepigxel 1o povorat (v, Vg, . .., U;), adia Sev mepiéxel v
awun (v;, V1) TOte uTapyel povadikn anesucovion g axung e; = (v, Lir1), I'(e;), mov ucavoroiet Tig
61otnieg (i) — (iii) tov Afjupatog 43l

An6dedn: 'Eoww G sival éva emntinebo st-ypapnpa xat ['(G) eivarl n avtiotoikn anewkovion ou G.
YroBetoupe 611 10 G mepiExel 1o povordtt (v, Ug, ..., U;) addd dev mepiexetl tnv akun (v, Uit1)-
ZUVENOG, 01 KOPUQPEG U, Vi1 OEV OUVOEOVIAL PE KAVEVA KATEUOUVOREVO POVOTTATL, S1aPOPETKA O
6ev Ya propovoe va eival pia tonoloyikn apibpnon.

Eme1dn) 01 Kopupeg v; Kat vy Hev eivat ouvdedepéveg pe kateuBuvopevo povornatt oto G, ouvdéovtat
pe Kateubuvopevo povordtt oto 6e§100tpodo 601k ypddnua G, tou G (BA. Afjppa 7 tov Tamassia
kat Preparata @] BA. ertiong Anppal24). Xeopig BAABn otnv yevikotnta, urobétoupe Ot Urapyet
povortatt anéd to right(v;) oto left(vir1). MIOpoOUPE va ATIEIKOVICOUHE TNV aKUr e; akodoubmviag
10 povortdtt autd. Av 1o povoratt ivatl and to right(viy;) oto left(v;) tote undpyet eniong €va
povortatt ano o lefi(v;) oto right(vir1) oto apotepdotpodo 6kd G; tou G. H amode§n otnv
niepimeoon avty eivat ida xpnomonowviag 1o G; oy 9éon tou Gy,

Mapatnpovpe eniong 6t 1o G; \ropet va mepiéxet napandve and éva povondtia anéd v right(v;)
oty left(vir1). Zin ouvéxela Sa Seifoupe Ot Urapyel povadiko povortatt and v right(v;) otnv
left(vi+1) oto G] mou wavorotel g 616t Teg ToU Anppartog 43

®a Kataokeuaooupe éva povorat right(vy) = fi.fo, .. .. fm = left(vir1) oto G}, 6rou f; cupBoAilet
pa oyn tou G pe v nnyr S; Kat kataBobpa t;, €101 OOTE, 01 KOPUPES S1, . . . , Sy €lval OAeg oTO
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{v1,...,vi-1}, evo o1 ty, ..., ty elvat 0Aeg oto V \ {v1, U, ..., Ui41}. H mpotn 6yn tou povoratiou
eivatl n right(v;) = f1, n omoia kavormotel tnv ouvOrnKkn, dnAadr enedn n v; €ival oto aplotepod
OUVOPO G f, UMIAPXOUV POVOITATIA S W U; KAl U; w» t; oto G, apa éxoupe ot Sy € {vy,..., Vi 1}
rat t; € V\{v1,0,...,0i+1}. Enedr) 1o 68t ovvopo tng fi eivatr povortat tou G kat p sivat pa
TOMOAOYKY) apibpnon tou G, undpxel akpB®g pia akpn e; = (U, wi) 0€ auto, Pe v 1810tnta ot
u € {vr, ..., 01} kar wy € V\{vy,0g,...,0:1}. Iapatnpovpe 6t 1 u; pmopei va tauvtidetat pe
Vv S1, evo n w; pe my t;. Eniong mapatnpovpe ot unidpyel povadiky) oyn f €101 OOTE 1] AKWI)
(11, w) va aviket 0T0 aplotepod Tou ouvopo. Emetdn) 1o G meptéxet éva POVOIATL Ao )V Iy g
S oy u; karand v w; oty kataBobpa ng f, n oyn f kavorotel tnv erubupntr 616tnta. ‘Etot
n ryn g f eivat oto {vy, ..., vi1} Kat n kataBobpa g f oo V \ {v1, vs, ..., i1}, Tautidoupe
Vv oYn fo pe v f rat ouveyidoupe v Siadikaoia pEXpt va evioricoupe v oyn left(virq). Z1n
ouvéxewa da Seifoupe 6Tl auto oupBaivel mavia, dnAadn pa tétowa avaliinon KataAryel otV
left(vit1)-

IMa anayoyr) oto atoro unobEtoupe 6Tt auto dev oupBaivel. AUTo ouvenayetat ot iy oyn left(vi)

Sev mepiéxel kapia akpn (U, W) OTO0 APOTEPO TG OUVOPO, £101 WOTE U € {U1,..., Vi 1} KAl W €
V\{vr,..., 041}, Zuvenog, eite n kataBobpa wng left(viy1) eivat oto {vy,..., v 1}, elte n inyn
g oto V \ {vyq, ..., Ui+1}. Atorio, eneidr] 10 G mePIEXEL POVOTTATL ATIO TNV Vi1 OV KAtaBobpa tou
left(vis1) Kat ano my nnyn g left(vie) oy Vi

Katd uv Sidpkeia g anoddegng ripoodiopioape tig akpég (uw, wy), i = 1, ..., m mou épvoviat ano
v e. Ene1dn) o1 akpég autég 1Kkavoroouy ddeg Tig 1810tnteg tou Afjppatog 3] cupnepaivoupe ot
10 TeAKO G, elvat éva enimedo st-ypapnpa. |

Anppa 45. ‘Eotew G = (V, E) eivai va eninebo st-ypapnua kat E. eival pia axvkAuen tinpwon katd
XapAdwov tou G. Oswpouue oia ta duvata enektaucva kara XauAtov yoagnuata mov TeoKUTIouy
ano ug Srapopetucég anekovioelg tou G = (V, E U E.). Tote unapyel povadiko enektapévo Katd
XapAdwov yoapnua G, €10t ©OTe 1 arwekovion ¢ kade axung e € E. va ucavornotei tig ouvdnkeg (i) —
(iii) tou Arjuuarog[d3. Emmiéov 10 G, eival éva eninebo st-ypagnua kai 0 apidudg tov Bondntikov
Kopugwv oto G, givatl eflaxiotog duvatog.

Anodegn: Eoww P sivatl 1o povortdt XdpiAtov rou dnpioupyeital ano v mifpweon E. kat éote
p =1{s = vy,...,v, = t} elvat n tonodoywkr apibpnon wwu G nou cuppevel pe 10 P. 'Eotw
E. = {e].é€)..... e} eival n akodouBia tov akpmv ou E., pe v ornoia avtég epgavidoviat oto
P. @a &eifoupe Mg KATaoKeVALETAL TO EMEKTAPEVO KATA XAPATOV ypddnpa rmou anotedel éva
entinedo st-ypapnpa.

Eow e] = (v, vi1) elval n npdtn axpr g nmnpwong E., nou daoyiletal anod o P. 'Etot, 10
G rmepiéxel éva povortdt (vy, ..., v;). And to Afupa B4l undpyxel pia povadikr arekovion g
e}, Tou Kavorolel Tig ouvlnKeg tou Anupatog Kat apa Sivet éva emninedo st-ypagnua Ge; .
Egappolouvpe avtiv inv Sadikaoia avadpopikd, mpoobetoviag Kabe @opd pia akpr| tou E. pe v
oelpd ToU autég epgavidovral oto P.

la va oAorAnpwooupe v anodeign da Heioupe o6t av n akyn ejf {wypadiletal onwg 1o a-
rattet 1o Afjppa 10TE 1) le dev tépvel kapia e, | < j. Ovopdloupe GeJLl 10 ypagpnpa mpw
ATIEIKOVIOOUPE TNV aKPr ejf Kat urnoBEtoupe ot le_l = (vg. Vg+1). To ypapnpa Gej_l TIEPLEXEL TO
Hovomdatt (v, . . . , Ugs1) KAt 0Aeg 01 akpEG TTOU NPootéfnKav oto G yla va KataGKEUACOUHE TO Ge}_l’
€XOUV g KATtaBoOpeg 11§ KOPUPES pe Belktn PikpOtepo 1) 1oo pe 1o g + 1. 'Etol, av anewkovicoupe
TV aKpn ejf oneg 1o artattei 1o Afjppald3l o1 akpég Tou tépvovratl anod v ejf £€XO0UV Tig TINYEG TOUG
TG KOpuPEg pe Oeiktn peyadutepo 1) ioo arod 1o g + 1. Apa éxoupe 1o {nrovpevo. Emnedn opwg o
TPOTIOG va Kataokeudaooupe 10 G, eival povadikog, ouprepaivoupe o1t 0 aplOpog v Bondnukov
Kopud®V eivat o eAaxiotog duvatog. |
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t=vg

Ewkdva 3.41: (a) Eva kateypdadnpa G; KAl pida TOMoAOyiKY apibunor tou p,
£T01 OOTE OTNV P-TIEPLOPLOPEVI] AVEPXOHEVT] TOTIOAOYIKY| epdutevon oe PiBAio tou
Gy, n akpn (s, t) va tepvel v paxn n — 3 @opég. (b) 'Eva kateypapnpa G,
Hla aKUKAIKY TANP®OT KATd XAPAToV (BlakeKOPPEVES YPAPPES), KAl 1] povadikn
AVEPYOHEVT] ATIEIKOVIOT TOU AVIIOTOTX0U CUPITAN POPEVOU YPA(TIATOG, TTOU 0¢BeTatl
mv arekovion ou Go. () H p-miepropiopévn avepyxopevn epguteuon oto BiBAio
tou ypagpnpatog Gs.

'Eote G eivat éva emtinedo st-ypdpnpa rat E. piia arukAkn mirpeon Xaptov tou G. H anekov-
on I['(G") tou G’ = (V,E U E,), rou oéBetal v spguteuon 1o G kat divel éva ernektapévo katd
Xapdtov ypapnpa, rou arnotedel eninedo st-ypapnpa pe tov edaxioto apdpo v Pondnukeov
ropudpav Sa ovopdletat povadikn axvikiun ancucovion tou G'.

Oswpnpa 29. 'Eotw G civatl éva eninedo st-ypapnua, E. sivar pia axvkiuen ninpwoon Xautitov
ou G, kat ['(G") eivar n povadikn axvkAikr aneucovion tov G© = (V,EU E.). Av n axun (s, t) éev
eivar o efwtepucy oyn wou G 1 I'(G') éxel 10 moAU n — 3 woués ava arxun, Slapopetikd £xeL 10
oAU n—4 woueg ava akun. EmmAgov, utapxouv euputeupcva avepyousva erineda ypagnuata mou
anaitovv 10V OUYKEKPIUEVO APIOUO TV TOUMD.

Anoden: Eow P = (s =0, Ug, ..., U, = t) elvat 1o povortatt XapAtov rmou rpoKUITEL ard v
mAfpwon E.. Enedn) 10 G eivat éva st-ypapnpa, ot akpég (S, vg) rat (vp-1, t) avirouv oto G Kat
apa dev eivat pépog tng minpwong E.. 'Etot, 1o E. amotedeital and 1o moAv n — 3 akpég. Apa,
aKOPA KAl av UTIAPXEL akprn oto G mou TEPVETAL Ao OAeG TG aKPEG ToU E., €xel 10 TIOAU n — 3
topég. BA. Ewoéveg[B41la xat [B.41Lb.

YroBétoupe topa Ot i akpr (s, t) Ppioketal otnv e§otepikn owrn. Tote, n (s, t) Hev tépvetal amno
Kapia akpn tng minpwong. Zinv ouvéxewa da dei§oupe 61 kapia akuyr) rou dapépet amno v (s, t)
Oev TépveTal anod mapandave arno n — 4 akpég g rmAnpwnong.

Av ot arpég (s, ) Rat (vp-1, t) Bev etvat o1 poveg akpég Tou povoratioy Xdaphtov rou dev Bpiokov-
1Al OtV MANP®OT), TOTE 1] TTANP®OT] TIEPLEXEL TO TIOAU N — 4 AKPEG KAl TO ATIOTEAEOA ETTETAL TETPI-
péva.

YroBétoupie 6t 01 (S, vg) Kat (V,—1, t) €ival o1 poveg aKPEG TOU POVOTIATIOU TIoU Hev Bpiokoviatl otnv
MANP®OT. AUTO OUVENAYETAl OTL Ol AKPEG (V;, Vi+1), L = 2... N — 2, aviirouv ot0 E..

Beopovpe pa akun (v, v) ou G €tot wote (v, V) # (s, t). Efetaloupe tpeig meputtdoelg mou
Baoifovrat oto av n arpn (v;, vj) Tavtidetat pe v (S, vg), 1) pe NV (Vp-1. ).

Mepintwon 1. (v, v) = (S, V2).
OerPOUE TNV aK|D) g ANP®ONG (V;, Vir1), 2 < i < n—2. Enedr) n anewovion g (v;, Vir1)
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Kavorotel v ouvOnkn (i) tou Anppatog gxoupe ot n akpr] (v;, vir1) Bev EpPvel v
(s, 12). 'Et01, n akun (s, vg) 6ev 1épvetal and Kapia akyr ing MAnP®ong.

Mepintwon 2. (v, V) = (Vy1. 1),
OerPoUE PYla akpr) g MARPwong (v;, Vir1), 2 < i £ n—2. Enedr) ) anewkovion g (v;, Vir1)
wavorotet tnv ouvOnkn (i) tou Afjppatog @3] ¢xoupe ou N (v;, viy1) Sev tépver v (U1, ).
'Etot, 11 (-1, t) emiong dev tépvetat amno Kapia akyr] g mAnp®ong.

Mepintwon 3. H axkpn (v, vj) dev tauti¢etatl ovte pe v (s, v2), oUte pe MV (Vp-1. t). Emedn
KAOe axrun (v;, vip1) elval ot mMAnpwon, oupnepaivoupe ot j > i+ 1. 'Etot, ot (vj_1. 1)),
(i, 4 1) etval kat o1 6V0 axkpég tg Mnpwong. Enedn (v, vy) # (s, t), €xoupe Ot v; # S, Kat
v # L.

Mepintwon 3.a v; # s. Tote, n akpr) g MANP®ONG (V;. Li+1) dev Tépver v (v, vy),
A6yw g ouvOrkng (ii) tou Afjppatog 431
Mepintwon 3.b v; # t. Tote, n axkpr) g MANpwong (v, vy) dev épvel v (v, vy),
A6y® tng ouvOnkng (ii) tou Afppatog (431

Kat oug U0 vurnoneputtooestlg, avakadUyape pia aKpPn g MANP®Oong mou Sev TEPVEL TV
axpn (v, vy). 'Etot, 10 oAU n — 4 axkpég tépvouv kamnota, eAeubepa ermAeypéve, akun v
riAnpwong (v, vy).

O

Ozopnpa 30. 'Eotw G sivai éva eminebo st-ypapnua, E. eivar pia axviuen) tinpwon kata Xauitov
yia 10 G kar P eivatr 1o avtiotoyyo povorat Xauiitov. Tote, n povadikn akukAkn aneikovion tou
G’ = (V,E U E,) unopei va vnofoyiotel oe xpovo O(n + a), Oonouv a &ivat 0 ouvoiukog aptduog tov
TOUDV.

Anode1dn : Tleprypdpoupe TpoTa Mg avaraplotatat r Avor). Ta kabe akpr) ou e € E. Siatnpoupe
Pla Alota akpoV T0U apX1KoU Ypadprpatog HE TV og1pd TIOU autég TEPvoviatl amo v e. Erurmiéov,
Swatnpoupe yla kKdOe akpr tou apyikou ypadrpatog, pia Alota te@v akpeov tou E,. ot ornoieg tnv
TEPVOUV.

Eotw Gy, G] eivail 1o 8e§ivotpopo Kat apiotepdorpopo d0wd tou G. H efwtepikr) oyn tou G
avartaplotdtat aro §Uo KopupEég tou duwkou, s* kat t*. Kdbe xopudr) tou G avuotoiel o pa
own evog Hukou tou G KAt amnod v KATAOKEUT], 1] KOpudr] s (avt. t) aviiotolkel oto ‘KAt pépog’
(avt. ‘mdve pépog) tng efwtepikng owng tou G; kat G . ‘Etol, n Kopudn s eival kdto and 1o
XapnAdtepo povordtt Kat 1@v HUo Hukev (6tav G katl kabéva arnod ta UKA ToU £X0UV ATIEIKOVIOTEL
Tautoxpova).

Eoww P =(s =0y, Ug,..., Uy =t). YIIOBETOUE OTL £€XOUNE UTTOAOYIOEL OAEG TIG TOPEG OTIG OIOieg
ouppeTéXouv 0Aeg ol akpég tou P péxpt v kopudn v To evepyd 6Uikd G kat Gy oto téhog
T0U Prjpatog i, opidetal va arotedeital amo 11§ OYPelg T0U HUIKOU TIOU AVIIOTOLXOUV OTIG KOPUPES
Vi1, -..,Up = t 10U G. Ta ak6douba 1oxvouVv:

1. Ot kOpUPEG S = vy, ..., U; elval OAeg KAT® artd 10 XapnAotepo PLOVOIIATt TOU evepyou SUIKOU.
ErurA¢ov, o1 dpelg tov HUIKGOV, TTIOU aviloTtolXouv OtV Kopudn v;, Hoipdloviatl akpeég e 1o
XapnAotepo POVOTTATL T®V AVIIOTOIX®V EVEPYROV DUKGMV.

2. Ot KOPUPEG Viy1,-..,Un = L, €lval OAeg TAV® amd 10 XAPNAGTEPO POVOTIATL TV EVEPYOV
duikwv. Emutdéov, ot dyelg 1ov SUIKOV TTOU aviiotolXouv Otnv Kopudr] Vi1, Potpadoviat
AKPEG PE TO XAPNAOTEPO HOVOTTATL TRV AVIIOTOIX®V EVEPY®V OUIKOV.
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3. Av (v;,V;41) € E 101e, eneidn) n mAnpwon E. €ival akUKAIKY], UMAPXEL POVOITATL ATtd TV
right(v;) oty left(viy1) oto Gy 1) ano v left(vi1) oy right(v;) oto G;. To povondtt auto
aroteAel 10 XapnAotepo Povortdatt towv 6U0 duikav.

To povortatt amné v right(v;) otnv left(viy1), 1 and v left(v;+1) oty right(v;), ou Bploketat oto
XAPNAOTEPO POVOITATL TOU evepyou SUKOU, 0pilet Tig akpég tou G, Tou Tépvel 1) arpn (v, Viyy).
'Eto1 0 ap1Bpog tov akpov mou tepvet 1 (U;, Uir1), HUIOPEL va UTIOAOY10TEL 08 XPOVO avAAOYO ToU
peyéboug Tou. Mia onpavikn napat)pnorn) yla va IETUXoUPe ToV XPOVo auto eivat: apyikda, dev
yvepioupe av 1o povordt eivat and v right(v;) oy left(vi+1), 1) ano v left(vir1) otnv right(v;).
Eto1, 8ev yvopiloupe oe nmowa kateubuvor va kavoupe v avadninon. [a va avipetonicovpe auto
10 IPOBANPa Kavoupe avalfinon TV XapnAotepmyv Povorati®v Tov dU0 dulkev tapdAAnia (éva
Bripa os kGOBe HUKO).

Agou €xoupe evioriost T0 povordtl og €va amnod ta duo HUKA, pikpaivoupe Kat ta U0 evepyd
0UkA, Slaypdgoviag arnd autd Tig aKPEG ITOU AVIIOTOLX0UV OTIG E10EPXOPEVEG AKPEG TOU Vit1. AUTO
propet va yivetr oe Xpovo avaAoyo tou apifpol 1oV akpov. |

3.7.2 ZXtoug 6poug tng epguteuong oc PiBAio

Yinv Evounua arodei§ape v s0oduvapia petall tou mPoBANPATog €AAX10TOIOIN0TNG TV
TOP®V PE TNV pAdxn OtV avepXOpevn TOMOAOYIKI epguteuon oe BBAio Kat o mpoBAnpa eupeong
H1ag AKUKAKILG TIANp®O1NG XAPATOV Pe eAAX10T0 aplOpo TV TOPQOV PE g AKPEG TOU YPadratog.
Baoidpevot oto yeyovog auto, oto Osopnpa29kat oto @shpnpaBléxoupe to mapakate Ssodpnpa
(BA. Ewxoveg[34Tlb xat B 4Tl c yia 1o oxetko napadeiypa):

Ocwpnpa 31. 'Eotw G sival éva eminedo st-ypapnua kat p pia tonofoyikn apidunon tov G. Tote
0 G embéyetal pa povadikn P-TePIOPLOUEVN] AVEPXOUELN ToTofoyikn) suputeuon os Bi6iio. H ep-
@UTEUON autn €xel Ue T0 TOAU N — 3 TOUES Ue TNV paxn ava akun, av n akun (s, t) dev sivar otnu
efotepikn oyn, SragopetiKa 0 apOUOg TOV TOUOV ava akun ivat 1o moju n—4. Emméov, unapyouvv
St-ypagnuata mov analtovv 10V CUYKEKPIUEVO GPIOUO TV TOUMU.

Oczopnpa 32. 'Eotw G sivar éva eninedo st-ypapnua kai p pia rorofoyikn apidunon ouv G. Tote,
1 P-TLEPIOPLOUEVT AVEPYOUEVN TOTLOAOYIKY EUPUTEVON O€ PI6I0 pe TOv EAAXI0TO aPIOUO TOV TOUDV UE
mv paxn yia 1o G unopsi va vrofloyiotel o ypovo O(n + a), omou a sivar 0 ouvoAKdg apduUog TV
TOUDV.
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Movoouvektikoi [IpoocavatoAiopoi
Mewktov Fpapnpatwv

Ze auto 10 KePAAalo mapouotadetal €va ypadpobempnTiko arnotéAeopd, T0 0T0io adpopd mpooava-
TOAOPOUG PEKI®OV ypapnpdiov. Medetoape autd 1o npoBAnpa d161L vnrjpxe evlexopevo va
ATIOTEAE0EL €va XPTO1H0 £PYAAEIO Yid TV EMAUOT TOU YEVIKOTEPOU TIPOBANIATOG EAAX10TOTIOIN0ONG
TOV TOPOV 0TI avePXOHEVEG TOTOAOYIKEG EPPUTEVOELS Ot B1BAi0. Aveddptnta armo v eviexopevn
epappoyn, 1o PoBAnpa arotedel éva evdiapépov amotédeopa otnv AAyopidpikn @swpia Fpapn-
PAToV TI0U eTHAUEL ETUPEPOUS Eva TIPOBANIA, TO oroio oupdmva pe v Pascovici napapével avoik-
10 Iiglh. Meydldo pépog tng BBAoypadiag apopd tn pedétn 1oV PEKIoOV ypadnpatev (BA. Ila] Kat
TG ekel mapatBepeveg inyeg). 'Eva ypdenpa ovopddetal uekto, av mepieXel Kateubuvopeveg Kat
pn-kateubuvopeveg akpég. ‘Eva pekto ypapnpa kaleitat woyvpa mpooavarofioyo dtav otg P
Kateubuvopeveg MAEUPEG TOU PIopel va §oOel T€1010¢ TIPOOAVATOAIONOG, MOTE TO KATEUOUVOIEVO
YPAPN A IOV IMTPOKUITIEL Va £ival 10XUPA OUVEKTIKO. Avaloya Aépe OTL €éva PEIKTO ypdpnpa eivat
UOVOOUVEKTIKA TipooavatoAioo dtav otg 1 Kateubuvopeveg MAEUPEG Tou prtopet va §00el t€tolog
IIPOOAVATOAIOHOG, GOTE yia Kabe HU0 KOPBoUg X, Y eite UIAPYEL PIOVOITATL AITO TOV X OTOV Y, 1] AIlo
TOV Y OTOV X, 1] Kat ta duvo.

Atapopa ripoBAnpata 1mou oxetidoviatl pe Tov 10XUp0 IPOCAVATOAIORO PHEKI®OV YPAPHATOV AITOTE-
Aeoav avukeipevo pedétng oto rapedbov. Metadu ddAwv pedet)Onkav ya rapadetypa to poBin-
Pa g avayveplong 1oxXupd IpooavatoA ooV PeKIoOV ypadpnpdtov( ), kat to mpoBAnpa tng
PovadikotnIag 10XUPOU MPOoAVATOAIOII0U HEIKTIOV YPadpnPIAToV( , ]).

Z10 Tapov KedPdAalo anavidpe 10 TeAeUTaio ep@TIPATA Y1 PIOVOOUVEKTIKOUG TTPOCAVATOAICHOUG
HEKIOV YPAPNPATOV, OUYKEKPIPEVA AVATITUOCOUHE APXIKA &vd YPappiko adyopiOpo mou aro-
@aoilel yia 1o av éva pelkto ypapnpa eival ovoouvekTikA rpooavatodiowpo. ‘Enetta napouoid-
Joupe évav MOAUMVURIKO aAyopiOpo, o o1toiog egetdlel moOte éva PEIKTO ypdpnpa ermdexetal pova-
O1KO 1OVOOUVEKTIKO TIPOOAVATOAIOHO.

4.0.3 Baoikoi opiopoi

Aépe ot oe éva (kateuBuvopevo) ypadpnua G €vag rKopBog y eivat mpoobaoyog and tov KOopo x
€av unapyet (kateubuvopevo) povordtt arnod tov KopBo x otov KOopBo y.

'Eva pueto yoagnua M = (V, A, E) iepiéxet axueg (dratetaypéva (euyn KopBmv oto A) Kat mAsupEg
(pn Swatetaypéva Ceuyn kopBwv oto E). 'Eva povorart os éva peikto ypagpnpa ival pia akoloubia
MAEUPOV KAl aKP®V otnv oroia 61adoyikoi 6pot (Aeupeg 1] arkpég) €Xouv €vav KOpBo Koo Kat
0Aeg o1 akpEg Sraoyidovial pe @opd amnod v nnyn oty kataBobpa. Inpeiwvoupe ot Kabmg va
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ypaonpa (avt. kateypdpnpa) eivat €va PEIKTO Ypadna rmou €Xel Povo TIAEUPES (avi. aKpEG), KaOe
0PoP0G 1) 1810TNTA IOV aAPOoPd PEIKTA YPAPHHATA AVAYETAL HE QUOIKO TPOIIO KAl otad ypadrpata
(avt. kateypadpnpata).

AapBavoupe évav mpooavatoAiopud os éva peikto ypaenpata M = (V, A, E) av oto M avukataotr)-
ooupe KaBe mAeupd (x, y) € E eite pe pia anod g akpeég (x, y) € A 1) (y, x) € A, eite pe 10 {guyapt
1OV akpov (X, y) kat (y, x). Eav kabe mAsupd avukataotabei and pia arpn 1ote Aépe amid ot
TIPOKUITIEL £VAG TPO0AVATOAIOUOC TOU PEIKTOU ypadrpatog M, eve av kabe mieupd avukataotadel
and éva {eUyog aKp®V, TOTE IPOKUITIEL O TTANPNG TMPooavatoAiouog 10U PeEIKIoU ypapnpatog M,
ToVv oroio oupBoAidoupe pe (I\_/I)

Opioupe vnokeinsvo yoapnua UG(M) eviég pektou ypagpnpatog M = (V, A, E) ©g T0 povadiko pn
kateubuvopevo ypadpnpua G mou mPOKUITIEL OTAV APalPOUHE TOV MPOOAVATOAOPO Ao KAOe akyr)
(x,y) € A, dndadn otav petatpénovpe KaOe akpr oe mAeupd. 'Eva pekto ypagnpa M kaldeitat
ouvekTiko av 1o UG(M) eivatl €éva OUVEKTIKO ypdpnud.

‘Eva kateypdonpa D kaleital woyvpad ovvektko (1) andaog oxupo) edv yla kabe {euydpt dapope-
TIKOV KOPBwV X, Yy Tou D, 01 X Kat y ivat mpooBdoiot o évag aro tov addov. Mia woxupr ovviotooa
ToU Kateypadnpatog D eivat éva péyioto vrokateypadnpa tou D, 1o ornoio eivat woxupo. To yoaen-
Ua 1oxUpev ouvlotwoov SC(D) tou D mpoKUITIEl CUPPIKVAOVOVIAS TI§ 10XUPEG OUVIOT®OOoEG ToUu D oe
KOPBOUG Kal PETaTpenoviag Tig oAAamAeg akpég ou mbavov va npokurtouv oe pia. To kate-
ypagpnpa SC(D) eival akUKAIKO yia KaBe kateypdpnpa D, 51011 kaOe KUKAOG TIEPIEXETAL TIANPWS
o povadikr] ouvekTikY] ouviotwod. Eva kateypagpnpa D raldeital HOVOOUVEKTIKO edv yla KaBe
Zeuydpt kKOPB®V X, Yy Tou D 1oxvet: eite 0 kKOPBOG X eivatl PooBdoog anod Tov Yy eite 0 KOPBog y
etvatl mpooBaoipiog amnod 1ov x (eite kat ta 6V0).

Ot opilopol Iou oxetidoviatl pe TV €vvold TG OUVEKTIKOTNTAG EMEKTEIVOVIAL KAl OTA PEIKTA ypadr)-
pata. 'Etot, éva pewkto ypapnpa M = (V, A, E) kaleitat woyupd ovvektuco (1] amdog 10xvpo) av o
AN PNS TIPOOAVATOAIOHOG TOU, (I\_/I>, elvatl éva 1oXUpd OUuVeKTIKO Kateypdpnpa. Eva pekto ypdepn-
pa M kaleital HOVOOUVEKTIKO €AV O TIANPNG TTOPOAVATOAIONOG TOU, (I\_/f glval éva POVOOUVEKTIKO

Kateypapnpa.

'Eva pewto ypaenpa M eivatl woyvpad (uovoouvektika) mpooavatodioyo (1) wwoduvapa to M emide-
XEeral Evav oxupo (LOVOOUVEKTIKO) mpooavatoAiopud) eAv UTIAPYEL TETO10G TTPO0AVATOAIoP6g Tou M,
oU artotedel €éva 1oxupd (avt. POVOOUVEKTIKA) OUVEKTIKO Kateypdonpa. 'Eva pewtd ypapnpa M
ermbexetatl mpooavaroiouo Xauitov, otav Uttdpxel ITpOoavatoAlopog ﬁ Tou M 1ou eivat ypdonpa
Xdpt)xtovEl. AGidetl va mapatnprioet kaveig 0t av éva ypapnua erudexetatl pooavatodopod XapAtov
TOTE EMOEYETAL KAl POVOOUVEKTIKO TIPOOAVATOAIOHO.

4.0.4 Oplopog Tou nNPoBANNATOG KAl YVKOota anoteAéopata

A0BEVTOG PEKTOU ypadrpatog M, MPOKUITIEL PUOIKA T0 pOTNHA av to M eivatl 1oxupd 1 povo-
OUVEKTIKA TIpooavatodiotpo. To peiktd ypdagpnua M; mou aneikovidetat oty Ewkova EIla sivat
10XUPA TPOoavatoAioo oneg arnodeikvuetatl aro 10 ypaenua D (EwévaEIlb). Ta kateubuvop-
eva ypagrpata Dy kat Dy (Ewova B dle kat Ewkéva [ATld) aneikovidouv 80 POVOGUVERTIKOUG
TIPOOAVATOAOPOUG TOU M, Kavévag arod Toug oroioug dev eivat 10xupos.

O Robbins @] arnédetde Ot éva Pr Kateubuvopevo ypdgnpa eival 10Xupd rpooavatoAiotio av Kat

121 BBAoypadia éva yodgnua XauAtov opidetal mapadootarkd g £va ypddpnua Tou TieptEXel évav KUKAO XApAtov.
e auto 10 KEPAAAL0 0Tav avapepopaocte o £va ypdepnpa XapiAtov 9a evvooUpe éva ypadnpa rmou IeptEXel £va Povortdatt
XapAtov.
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Ewkdva 4.1: (a) 'Eva pekto ypaonua M;. (b) 'Evag 1oxupog mpooavatoAopog
tou M;. (¢ — d) MoVOOUVEKTIKOIL T(pOCAvVATOAlopol tou M mou 8ev eivat 10xupoi,
KaBog Hev urtapxel POVOTIATL ATt TOV KOPBO U3 OTOV V.

BOvVo av eival ouvekTiKO Kat Hev €xet yéq)upsdg. Ot Boesch xat Tindel E] yevikeuoav 10 arnoté-
Aeopa tou Robbins kat anédefav Ot éva pektd moAuypapnpa givat 10xXupd rmpoocavatodioyio av
Ka1 POVO av ivatl 10XUpda OUVEKTIKO Kal ayepupnto. Emeidn yia éva kateypdpnpa pe n kopboug
KOl M aKPEG PITOPel va eGETA0EL KAVEIG av auTo €ival 10XUPA OUVEKTIKO Kal AyeQpUP®IO PECA O
Xpovo O(m + n), 1o1e pe Tov Xapakinpopo towv Boesch kat Tindel o6nyoupaote autopata os évav
TMTOAU®VUNIKO aAyoplOpio mou arnokpiveral yia 10 av éva Pekto ypapnpa eivatl 1oxupd rnpooava-
ToAiowo. Zinv gpyaocia toug ot Chung et al. ] napouociacav évav alyoplOpo mou uroloyidet
£€vayv 10XUpO IPOoAVATOAIOPO £vOg PEIKTOU MTOAUYPAPINATOG 08 YPAPHKO Xpovo. Emniong ot Char-
trand et al. | mapouociaocav évav XapaKinpiopd POVOOUVEKTIKA MTPOCAVATOAICIHIGV YPAPNPAT®V
betyvovtag ott:

Ocopnpa 33 (Chartrand et al., ]). 'Eva ouveKTko un-katevduvousvo ypoapnua G el povo-
OUVEKTIKO pooavarojliopud av kat uovo av Ofeg oL Yepupéeg Tou Bpiokovial o éva Kowo UOVOTLATL.

H €vvola tou povOoUVEKTIKOU TIOPOAVATOAIOPOU OXETIeTal PE TV £€vvold TG 10XUPTS OUVEKTIKOTH-
Tag rat arnotedel aoBeveéotepn 1610NTA yia €va PEIKTO ypddnpa aro Ot 1 10XUPr] CUVEKTIKOTNTA.
'Opwg dev ermdéyovial OAa ta PEKTA ypadrjpatd POVOOUVEKTIKO IpooavatoAtopo. IMa mapddet-
YHa 1o pekto ypagnua My tng Ewovag [£2la Sev erubéxetal POVOOUVEKTIKO TTPOOAVATOAIOHO,
kaOwg Hev urdpyel KateubBUVOPEVO POVOITATL PETAy TV KOPUB®V Uy KAl V3. L& autO T0 KEPAAAlo
APOUOIAOUE €vav XAPAKINPIOPO POVOOUVEKTIKA TIPOOAVATOAOTH®OV PEKIOV YPAPNPATOV TTOU
odnyel oe évav ypappiko adyopibpo avayvopilong. O xapakinplopodg autog propei va SempnOet
®g pia yevikeuorn tou Oswpripatog [33l oe pewktd ypaprpata.

A%i¢el va mapatnproel kavelg ott dev UMApXouv KAt avaykrn IEPLOOTEPOL ard évav diapope-
TIKO1 TIPOOAVATOAIONOL, 10XUPOL 1] POovoouvekTikol. Ta mapddeypa 10 pektd ypapnpa Mz ng
Ewdvag [£2lb emdéyetal povadikd [ovooUVEKTIKO TIPO0AvAtoAlopo, 0 OMoiog Katl rmapouctadetatl
omv Ewova [€2lc. Ag Sewprjooupe topa éva pektod ypapnua M = (V, A, E) 1o oroio ermudéxetat
uovadiko 10YXUPO (JLOVOOUVEKTIKO) IPpOooavatoAlopd mou divetatl ano 1o ypapnpa D. Tdte Aépe o
10 D givat évag eavaykaougvog 1oxupog (avt. LOVOoUVEKTIKOG) TpooavatoAlouog tou M.

'Eotw topa éva ypaenpa G = (V, E), 61rtou 10 oUVoAo TIAeupav divetat amo v Evoor U0 cuvolmv
E = E; U E;. Emumm\éov €é0t® A éva OUVOAO AKHP®V, Ol OTOIEg TPOKUITIOUV ATI0 €vav IPooava-
TOAOPO TRV TTAEUPOV T0U Ep, kat M = (V, A, E) 10 PeKTO ypdpnpa mou MPOKUITIEL ATtd aUToV TOV
rpooavatodiopd. Edv to M erudéxetal e§avaykaopévo 10XUpo (LIOVOOUVEKTIKO) TPOCAVATOAOHO,
ToTe Aépe 611 10 oUvoAo A artotedei éva efavayrkaotiko oUvoflo yia évav 10XUpo (avt. JLOVOOUVEKTIKO)
POOAvVAToAlopo 10U G, 1] andwg éva oxvpa (Lovoouvektika) e€avaykaotikd oUuvoo.

2Mia mAeupd e evog OUVEKTIKOU PEIKTOU ypapnuatog M Aéyetal yépupa av to M \ {e} mavel va eivatl ouvektko. Eva
HEIKTO ypadnpa 1ou Sev mepLEXel YEPUPES KaAeital ayepupaTo.
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Ewkdova 4.2: (a) 'Eva pekto ypdonua M, 1ou dev erudéXetal POVOOUVEKTIKO
nipooavatodiopd. (b) ‘Eva peiktd ypaenpa Mz pe e§avayKaopévo POVOOUVEKTIKO
nPooavatoAtopo. (¢) O povadikog POVOCUVEKTIKOG TIPOCAVATOALOROG Tou Ms. (d)
‘Eva aye@Upmto HOVOCUVEKTIKO PEIKTO YPAPN A TTOU SeV ETHEXETAL LOVOOUVEKTIKO
TPOCAVATOAIONO.

Thnv évvola oV £§aVayKAOPEVEV 10XUPOV (IOVOOUVEKTIK®OV) TIPOCAVATOAOU®OV yid PEIKIA ypadr)-
pata swonyayav ot Chartrand et al. I@]. Ly gpyaoia Toug opiletat emiong o oxvpd (LOVOCUVEK-
mka) eavaykaotikog mAndapduog evog P kateubuvopevou ypapnpatog G g n mAndwotnta tou
£6AVAYKAOTIKOU OUVOAOU yila €vav 10Xupod (avt. POVOOUVEKTIKO) pooavatoAlopo tou G. Ot &i-
AvVayKaop£vol 10XUpOol IIpooavatoAlopol ypapnpdtev peletrfnkav nepattépe amno toug Farzad et
al. \m KAl Ol €§aVAyKAOPEVOL POVOOUVEKTIKOL IIpO0avatoAlopol ypapnpudatev arnd tnv Pascovi-
ci l. Zug dnpooievoelg tng avadepel OTL 1] EUPEOT] EVOG ATTOTEAEOPATIKOU adyopibpou yia tov
UTTOAOY10M0 TOU POVOOUVEKTIKA £§avaykaotikou rmAn0dpibpou arotedel éva avolktd rpoBAnua.
Z10 napdv KepdAaio Auvoupe ermpépoug 1o poBAnpa avto: 5o0éviog pektov ypaprpatog M =
(V, A, E) mapéxoupe évav alyoplOpo, 0 omoiog 0e TMOAUDVUHIIKO XPOVO €AEYXEL €AV TO OUVOAO A
arote)el e§avayKaotikd oUVOAO y1d £vav JLOVOOUVEKTIKO TIPO0avatoAlopo tou M (8nA. edéyyxet edv
10 M ermbéxetal povadiko POVOOUVEKTIKO MTPO0AVATOAIONO).

To redldaio avarrtuoostal ®g &g :

o Zinv Evoura [Ad] mapouoiddetat évag ypappikog alyopibpog mou amokpiverat yia 1o av
€va PEIKTO YPAPN A EMMOEXETAL LOVOOUVEKTIKO TIPOOAVATOAIONO KAl OV MEPIMTOOon JeTUKNG
Aarndvinong KataoKeuddel £vav PLOVOOUVEKTIKO ITPOCAVATOAIOHO yia TO ypadnpd.

o Zinv Evotnua napouotddetatl éva Afppa mou UMOVOel évav MOAU@VUPIKO aAyopiOpo, o
ortoilog eAéyxet eav éva PelKTo ypadpnpa ermdExetatl povadikd POVOOUVEKTIKO IPOOAVATOAL0-

po.

Ta anotedéopata autou tou Kepadaiou €xouv dnpooieubei oto IE].

4.1 Avayvopion Movoouvertira IIpocavatodiopov Metktov Cpagrn-
patev

4.1.1 IIlpoxratapKtika anotcAfopata

To @swpnpa nou akoroubel anodidetat otoug Boesch kat Tindell. [Mapéxel avaykaieg Kat Kaveg
oUVOKeg MOOTE £va YpAPN A va £XEL 10XUPA OUVEKTIKO ITPOOAVATOAIONO.

Ocopnpa 34 (Boesch kat Tindell ]). 'Eva pueikto nofuvypagnua M emidéxetal 10xupo mpooava-
07040 av kar uovo av 1 M eivar 1oxupd kar to umokeiusvo moAdvypagnua tou, UG(M), eivat
ayepuparo.
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Znueivoupe 0Tt Hev 10X VUEL KATL AVIIOTOXO0 OtV MEPIMI®OT] TRV POVOOUVEKTIKA IIPO0AVATOAIOII®V
ypapnpatev (dnd. dev 1oxvel ot ‘€va pekto mroAvypapnua M €xel LOVOOUVEKTIKO TPooavatoAiouo,
av Kat uovo av 0 M givar HovoouveKTiko Kat 1o urokeiuevo yoapnua UG(M) ayepupwto.’). Auto
HTIopei va 10 ouprepdvel Kaveilg ano 10 Pelkto ypagnua My mou @aivetatl oty Ewova [21d.
To M, eival povoouvekTikO KAl ayepUpPOIO, OPKG OV ETHEXETAL POVOOUVEKTIKO TTIPOOAVATOAIOHO.
[Mpdypatt, pIopet va mapatnproet Kaveig 6t av oty mieupd (vs, Ug) dewprjooulie Tov KOPBO Ug ©G
KataBoOpa, 1ote 01 KOPBOL V4 KAl Ug Bev elvat TiPooBAactiot 0 évag arod tov addov. Edv evaAldaktuka
Sewprjooupe tov KOPBO v3 ®G KataBoBpa, tote Hev UTIAPYKEL PLOVOTIATL TIPOG Kaplia Kateubuvor 1ou
va ouvbEel Toug KOPBOUG Uy KAl Ug.

Afppa 46 (I@], oe)l. 66). 'Eva kateypagpnua D eival HOvooUVEKTIKO av Kal UOVO av EXEl €va
YEVVNTUKO KATEUOUVOUEVO Hovoratt.

Afppa 47 []). ‘Eva 6¢vtpo T emibexetal LOVOOUVEKTIKO Tpooavatofiouo av kat uovo av o T
elvat povomati.

Oupiloupe Ot évag KOPBOG Ot £va KATEypAPNA Pe XOPIg E10epXOpeveg (aVi. eSepXOHEVEG) AKMEG
Kadeitar mnyn (avt. karta6odpa). Opiloupe g Sst-kateypd@pnua €va aKURAIKO KATteypapnpa pe
povadikr inyn, v onoia cupBoAifoupe pe s, kat povadikn kataBobpa, v ornoia oupBoAioupe

pe t.

Afjppa 48 [], BA. emiong Afppad8). '‘Eotw D éva st—Katsypdtpmu(ﬂ 70 OMoio OV ExEl HOVOTTATL
Xapurov. Tote urapyovv dvo kdubot oto D mou dev ouvdéovtal ano KAmolo Kateud UVOUEVO UOVOTIATL
og Kauia katevduvvon.

4.1.2 XapaKtnplopog HOVOOCUVEKTIKA MPOCAVATOAICIIGOV PELKTOV YPAPNPRATOV

Eoww éva pekto ypaenua M = (V, A, E) kat £€0t® €va urtoouvoro V' C V tou 6uvolou teov KOuBaov
V. Opidoupe 10 ypdgnpua mnouv napdysrat amnd 10 ouvodo V' va eivat 1o peiktd vroypapnpa M(V') =
(V',A’,E"), ortou A’ = {(u,v) | (wv)EAxaru, vEV'}xat E' = {(u,v) | (w.v) E Exaru, ve V'}.
Eoww D; = (Vi,E), 1 < i < k ol 10XUpEG OUVIOT®OEG TOU TTAN)POUG ITPOCAVATOAIOPOU (I\_f T0U
M. Ot woxvpég ovviotwoeg M;, 1 < i < k 1tou pektou ypaprpatog M opidoviar wg e§nig: M; =
M(Vy), 1 < i < k, 6nhadn kdbe M; eivat 1o pektd unoypdadpnpa tou M 1mou mapdayetat anod 1o
ouvolo V;. Znpewwvoupe ott kaBe M; eivat 10xupo, epooov €§ oplopou to D; arotelei tov mArnpn
TIPOCAVATOAIOPO TOU.

To ypagnua 1oxUpOL OUVIOTWOMY TOU HEIKTOU ypadnpatog M, 1o omnoio oupBoAiloupe pe SC(M),
TIPOKUITIEL OUPPIKVOVOVTIAS KABe 10xUpr ouviotooa Tou M oe évav KOpBo Kal avukadiotoviag
TG moAdardég axkupég mou rubavov va mpoxrurtouv and pia.  Linv Ewdéva E3la eaivetar éva
HEIKTO ypadpnpa Pe TPElg 10XUpEG ouviotmoeg Kat otnv Ewova [3lb gaivetat to ypagpnpa woxupmv
OUVIOTOO®V TOU MPokUItel. A&ilel va onuewooupe Ot 10 yPAPNHA 10XUP®V CUVIOTOOROV KAOE
PEIKTOU ypadrpatog eival AKUKAKO.

To Afjppa tou akoAouBel divel v PN avaykaia ouvOnKr) mou MPETEL vad 10X UEL OOTE TO PEIKTO
ypapnpa M va €Xel PLOVOOUVEKTIKO ITPOCAVATOAIOHO.

3Mevvnuikd rarevduvduevo povordr (spanning directed walk) yia éva kateypddnpa eivat éva Kateubuvopevo povo-
TIATL TIOU TIEPVAEL aTtd 6A0UG TIS KOPUDES TOU ypad)IaTog TOUAAXIOTOV pid Qopd.

4To Afppa arodeikvuetat yia emineda st-kateypapnpata. H amddeidn eivar n ravopoldtunn ya 6Aa to st-
Kateypadrparta.
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Ewodva 4.3: (a) Eva pewktd ypapnpa M. Ta ypagprpata My, My kat Mg ei-
vat Ot TIPELS 10XUPES OUVIOT®OEG Tou M. Me S1aKEKOPPEVES TIAEUPES EVOVOVTIAL Ol
ouviotooeg M; kat M;, .j € {1,2,3}, i # j. Me naxiég meupég gaivoviat ot yé-
@upeg KGO ouviotwoag M;. (b) To ypdgpnpa 1oxupov cuviotwonv SC(M) tou M. (c)
To pektd ypdopnpa ayepupetov cuviotwowv BC(M) tou M. (d) To ardoroumnpévo
HEKTO YpAPN A AYEPUPOT®V CUVIOTOO®V TOU M, 0TI0U 01 KOpBot a;, b; cupBoAiouv
Ta TEAKA ONHELa TOU povoratiov yepupov B(M;).

Afppa 49. Av éva uekio yoagnua M emidegxetal LOVOOUVEKTIKO TpooavatoAlouo T0Te 10 Yyoapnua
1oxUpwv ouviotwowv SC(M) xel uovoratt XauAtov.

Anodegn: Ag urnobécoupe 1Pog araywyr oe dtoro, ot to ypapnua SC(M) dev éxel povordt
Xaptov. Enetdny 1o SC(M) eivat éva akUKAKO ypapnpa €Xet TOUAAXIOTOV Pia Tyt Kat TOUAdY1o-
Tov pia kataBobpa. Edv unidpyouv U0 1) napandve nnyeg (kataBobpeg) 10te sivat mpopaveg ot
KAOe U0 amod autég dev yiverat va cuvdéovial ano KAmoo kateubuvopevo povoratt. Eav uvnidpyet
arp1Bmg pia inyn Kat akpiBeg pia kataBobpa oto SC(M) 1ote ipdKettal yua €éva St-Kateypapnpa.
Ao to Afjppald8 énetat 6t unapyxouv §vo kopBot tou SC(M), o1 onoiot Sev cuvbEéoviat arod KATO10
Kateubuvopevo povoridatt. Apa oe kabe repintworn urtapxouv 6Uo kopBot tou SC(M), £éotwm m; Kat
my, Tou dev ouvbéovtal amnod KAMoo Kateubuvopevo povonartt.

Am6 1oV 0p1opd TOU YPaprpatog 10XUp®v ouviotoonv SC(M) ot kop6ot m; Kat 1m; aviiotolxouv o
OUPPIKVOPEVEG 10XUPEG OUVIOTOOEG ToU M, £0tw M; xat M; avtiotoixa. E@ocov ot k6pBotl m; xat
m; 6ev ouvdioviatl and Kamowo kateubuvopevo povortdtt oto SC(M), tote yia kabe xkopbo u ng
ouviotwoag M; kat yia kabe k6160 v Ing cuviotwoag M; 10xvel ot Sev UMAPXEL KAteubuvopevo

HOVOTTIATL OToV TTANPT] MPOCAVATOAIOHO (I\_/I) oU va oUVvOEel TOV U Pe Tov v. ‘Apa OUTE OTO PEIKTO
ypapnpa M urdpxet HOVOITATL ITOU va o0UVOEel TOUG KOPBOUG U Kat L Ipog ortotadr)ote Kateubuvon)
Kl eMOPEVRG Hev UTIAPXEL TIPOOAVATOAIONOS Yid 10 M, OTov Omoio va MPOKUITIEL KATEUOUVOIEVO
povordtt tou ouvdEet Toug KOPBOUG U Katl U TIpog ortotadnrote kateubuvor. To tedeutaio Epxetat
oe avtiBeorn pe v apyXikn unobeon 611 10 M embEXETAL PTOVOOUVEKTIKO TTPOOAVATOAIONO. |

'Eoww tpa M = (V, A, E) éva 1oxupd PeKto ypadnpa kat €é0tw B € E 10 0UVOAO OV YeQUP®V
Tou M, 10 oroio Sev eivatl kat avdykn S1APopo Tou Kevou cuvodou. Tdte OAeg o1 oUVIOTWOEG TOU
ypaprjpatog M \ B eival 10xupég Kat ayepupnteg. To yod@pnua yepupov evog 10XUPOU HEIKTOU
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B(M) Cq C, Cs
(@]

15

@) (b)

Ewodva 4.4: (a) 'Eva 1oxupo pekto ypaenua M. (b) To ypagpnua yepupov B(M)
tou M.

ypagpnpatog M, to omnoio oupBoAiloupe pe B(M), opiletal wg 10 ypdadnpa mou IPOKUITIEL ATIO 1)
OUpPPIKVKOOT TOV KOPBwv KABe 10xUpng ouviotowoag tou M \ B. Agilel va mapatnprjooupe Ott 10
YPAPN A YEPUPGOV KABE 10XUpOU PEIKTOU ypadrjpatog ivat Sévipo. Zinv Ewkova @4 gaivetat éva
10XUPO PEKTO Ypddpnpa Kabmg Kat 10 ypdpnpa yepup®v Tou.

To Afppa ou akodouBel pag mapexet ) deutepn avaykaia ouvOnkn ®ote Eva ypdpnpa va €xet
HPOVOOUVEKTIKO TIPO0AVATOAIOHO.

Anppa 50. Edv gva Ueikto yod@nua mdExeal LOVOOUVEKTIKO TpooavatoAious, 10te 10 yoapnua
YEPUPOU yla KAde Uia amo TG IOXUPES OUVIOT@OES ToU M gival €va LovoTtaTtl.

Anoddeidn: Ag Sewprjooupe €vav POVOOUVEKTIKO TpooavatoAlopo D tou M. And 1o Anppa
énetat ot 1o D é€xet éva yevvnuko kateubuvopevo povordtt. To yevwnuko kateubuvopevo povo-
natt ou D endyet évav 1pooavatoAlopd ToV yepupov Tou M Kat €10l évav IpooavatoAlopo Tou
B(M), o omoiog sivat povoouvektikog. 'Onwg 1o B(M) eival 6évipo, emopéveg pe ) Borfeia tou
Afppatog [A7] cupniepaivoupe 6t 10 ypagpnpa yepupmv B(M) tou M eivat éva povorartt. |

Eoww M = (V, A E) éva pewktd ypaenpa kat €éotw M;, 1 < i < k, ol 10xupég ouviotmoeg Tou M.
ErumAéov, é¢ote® B; ta oUvoAd tev yedpupov tov M;, 1 < i < k. @sopoupe 10 oUVoAo B = U:zlf B;.
TOte TO OUVOAO TRV 10XUPKOV CUVIOTOOMV TOU PEKTOU ypadrpatog M \ B mpoxUIttel aro v Eveor)
TV 10XUPOV OUVIOTOOOV TV ypadnpateov M; \ B;, 1 < i < k. To uekio ypagpnua ayepupaiov
OUVIOT@OMD £VOg HEIKTOU ypaprpatog M, 1o onoio oupBoAioupe pe BC(M), opiletal og 1o ypadpnpa
IOV TMPOKUITIEL AIO T OUPPikvaorn oto M tov kOopBav kKabe 10xuprg ouviotwoag tou M \ B ot
évav KOpBo Kat tr) PEIATPOrT] T@V TMOAAATTAGV aKP®OV TOU mbavov va MPOoKUITouV ot pia. Xinv
EwoévaZ3lc napouotddetal 1o PeKTo ypdenpa ayepupeiov ouviotoonv BC(M) tou ypaprpatog M
ng Ewkdévag[@3la. Mapatnpoupe 4Tt 10 GUVOAO TV MAEUP®Y TOU ypadrpatog BC(M) sivat akpiBog
10 oUvolo B. EmuAéov, 1o BC(M) pnopet va Sewpnbel ®g 10 ypdpnpa mou anoteAeital amno eva
oUVoAO (1 Kateubuvopevmy) devipav (ta ypaprpata yepupwv B(M;) 1oV 10XUPOV OUVIOT®OOV M;
Tou M) ta oroia ouvdéoviat and akpEg €101, WOTe va Pnv Snpioupyouvial KUKAOL ZNPEIOVOUHE OTL
10 ypdonpa 1oxXupev cuviotwonv SC(M) tou M npokurtiet ano 1o BC(M) cuppikvovoviag 0Aeg Tig
ayepUpOIEG OUVIOT®OEG TOU M; 0g €vav KOPBO Kal PETATPENOVIAG TIG TIOAAATIAEG AKPEG TIOU TOA VOV
va TPOKUIIouV ot pia.

Mapatipnon 2. 'Eotw M éva pexto yoagpnua. Tote kade mpooavatoAioudg 10U UEIKTOU YyoaPHatog
ayepuptov ouviotwoov BC(M) sivat akukAikog.
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Anodedn: Ernetal apeoa ou (i) 1o ypdenpa 10xup®v ouviotwonv SC(M) sivatl akurAko kat (ii) 1o
HEKTO ypapnpua ayedpupatov ouviotwonv B(M') yia kabe 1oxupr ouviotwoa M’ tou M eivatl §évipo.
O

To endpevo Sewpnpa Iapéxet £vav XApKINPOPo TV HPOVOOUVEKTIKA IMPOoavatoAioey ypadpn-
patev.

Ocwpnpa 35. 'Eva ueikto yoagnua M emidexetal LOVOOUVEKTIKO Toooavatofioud av kat povo av
70 U EIKTO YoA@PnUa ayepupetov ouviotoowv BC(M) emibéyetat mpooavatofioud xaputatov.

Anoden: (=) Apxikd arodeikvioupe 1o €ubU: av 1o Pelkid ypaopnpa M embéxetat povo-
OUVEKTIKO TIPOOAVATOAIoPO0, 1ote 10 BC(M) emudéxetatl mpooavatodiopd Edpidtov. 'Eote® kamoog
HOVOOUVEKTIKOG TIPO0avatoAlopog tou M. Ao to Afjupa 6] énetal 611 0 POVOGUVEKTIKOG IIPO0ava-
TOAOPOG €XE1 YEVVIITIKO HPOVOTIATL. AUTO TO POVOTTIATL €MAYEL €vav €vd YEVVITIKO HOVOITATL OTO
BC(M). Kabwg kabe ripoocavatodiopog tou BC(M) sivat akurAwkog ([Tapatjpnon [2) to emayopevog
yevvnuko povortdtt oto BC(M) eivat povoratt Xapdtov. Apa to BC(M) etudéxetal mpooavatoAlopo
XapAtov.

(&) Twa to avtiotpogo: éotw 61 10 BC(M) erudéxetat ripooavatodiopo Xaptov. Tote Sa Seioupe
OTL T0 M emmBEXETAL POVOOUVEKTIKO TPOooavatoAlopd. YrevOupidoupe ot ot kKopBot tou BC(M) av-
TIOTO1XOUV OTIG ayEQPUPRTEG 10XUPEG OUVIOT®MOEG Tou M. Armo to @sopnpa [34] énetal 6 kaOe pia
arno 1§ OUVIOTOOoES ToU M embEXETAL 10KUPO TIPOCAVATOAIORO. AUTOG O 10XUPOG TIPOCAVATOAIOHOG
erBdAAAet éva yeEVVITIKO POVOTTATL Petagy Kabe §Uo kopbwv piag 10xupng ayepupwing ouvioTwodg.
O mpooavatodiopdg Xapdtov ou ypadrpatog BC(M) emiBdAdet €évav mpooavatoAopo oV ye-
PUPOV TOV 10XUPKOV OUVIOTHO®V ToU M. O 10XUp0dg IIp00avatoAlopog T@V 10XUPKOV KAl AYEPUPRTOV
OUVIOTEO®V T 0U M padi pe Tov IIposavatoAlopo TOV YEGUPKV TRV 10X UPKV OUVIOTHO®OV Tou M §ivouv
ToV {nroupevo rpooavatoAiopo D tou M.

Aré 10V ipooavatoAiopd Xaptov tou ypapnpatog BC(M) naipvoupe éva povortatt XaptAtov, 1o
oroio pe ) ogpd tou pag divel pia tavopnpévr akoloubia TV 10XUPOV AyePUPRTOV OUVIOT-
®o®v Tou M. Baoi{opevol oe autnv v akoloubia prmopoupe €UKOAA vad KATAOKEUAOOUME €va
YEVVNTIKO HOVOTIATL OTOV TIpooavatoAiopd D. Amo to Anppa 10 D eival évag POVOOUVEKTIKOG
TIPOCAVATOAIOPOG KAl apa 10 M ermbEXETAL POVOOUVEKTIKO TIPOGAVATOALOHO. |

4.1.3 O AAyop1Bpog

Baoiopevog otov xapaxkinpiopd tng Evotntag o AAyop1Opog [8 aropaoilel av éva pekto
ypagnpa to oroio diveral og £10060g, eival PovoouUvVeKTIKA IIPooavatoAiotpo. 10 Mpto Bripa tou
aAyopibpou, kataokeuadoupe yia 1o M 10 ypadpnpa 1oXupov ouviotwonv SC(M). TMa va erutuyoupe
auto, UroAoyidoupe 10XUPEG OUVIOTHOOES TOU ITANPT] IIPOCAVATOAIOPOU, (I\_f ToU M. Auto propei va
0AoxkAnpwOet oe Xpovo O(V + A + E). Z10 deutepo Bripa tou aAyopibpou, edéyyxoupe av 1o SC(M)
€xet povortdtt Xaptov. IMapatnpovpe ott, enedr) 1o SC(M) eivatl €éva aRUKAIKO KATeypadpnpa,
10 SC(M) €xetl éva povordtt XApATov av Katl JOvo av €Xel pid Povadikr TOMoAoyiKY apibpnorn.
Auto pmopei va edeyxOei oe ypappikd og 1mpog 1o péyebog tou SC(M) xpovo. Z10 Tpito Brpa tou
aAyopibpou, kataokeudloupe 10 ypdonpa yepupov BM(M;) yia kaBe 1oxupn cuviotooa M; tou M.
H avalnnon dAev tov yepupmv propet va oAorAnpwndel amda eAéyyxoviag av kabe akpr) anotedet
pa yépupa. Kavoviag éva ‘mépaopa katda BdOog’, n avalnnon 1oV YEPUPOV Kal 1] KATAOKEUT] TRV
YPAPNPAT®V YeQUP®V OAOKANpoveTal oe Xpdvo O(V + A + E). EAéyxoviag av kabe ypapnpa eivat
HOVOTATt elval TEIPIIHPEVO KAl PITOPEL va EKTEAEOTEL 08 YPAPHPIKO XPOVO.

ExpetadAevoviag ta ypadrnpata yepup®v IoU £€Xoupe 1dn KATtaoKeudoel oto Brijpa 3 tou alyo-
piBpou, KataokeuddoUPEe T0 PEIKTIO YpAPna ayedpUpeiov ouviotwonv BC(M) ywa 1o M, og Xpovo
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rou avaloyei oto péyebog tou. Topa, armopével va edéysoupe av to BC(M) eivat ypagpnpa Xapd-
tov. Ilapatnpoupe o11, emeldr] €XOUpPE QTAOCEL OTO TETAPTO Pripa Tou aAdyopibpou, toyvet Ot 0
ypaenpa pag wavorotet 1ig Huvo 1ddinteg. Ipwtia, 6Aa ta ypaprpata yepupov eival povordta
(¢tol avapepdpaote oe AUTA OG UOVOTATIA YEPUPOU) Kdal, UOTePd, TO YPAPNaA 10XUPKOV CUVIOT-
®ov SC(M) arotedel éva ypadpnpa Xapdtov. Ga Xpropono)ooupe auteg tig 101dtnteg yia va
aropavBoupe av 1o BC(M) eivat éva ypagpnpa XAapAtov og ypappiko Xpovo.
'Eoww M;, 1 <i< k, etvat o1 10xupég ouviotmoeg tou M kat unobetoupe xwpig PAaBn otnv yevikotn-
1a, Ot gpgavidovial pe autr v oelpd oto povortdtt Xaptov tou SC(M). IMapatnpoupe Ott, 010
povortatt Xapdtov tou BC(M), av uttdpxet, 0Aeg 01 KOPUPEG TOU povortatt yepupav B(M;), eppavi-
Jovtat mptv ano tig Kopugeg Tou B(M;), yia kabe i < j. Emeidn 1o ypapnpa SC(M) eivat akuKAKO,
av eykataleipoupe 10 M;, mipwv ermoke@Ooupe OAeg TIg KOPUPEG Tou, dev Sa urdapyel 1pornog va
ETIOTPEYOUE, KAl apa, dev Sa unapyetl povoratt Xapltov. Emiong, os éva povortdatt XapiAtov
tou BC(M), kd6e povordtl yepup®v, ETUOKEITIETAL A0 TV Pia drpn otnv dAAn Kat apd, UIdpxouv
U0 Suvatoi mpooavatoAiopol yia éva povortatt yepupwv. Qg OUVEreld, T0 Povordtt XapAtov tou
BC(M), av urtdpxetl, XPrjOlHOIIolEl POVo TI§ AKPEG TOU e§EpXOvIAl arod ta AKpa £vog POvVoIatiou
yepupnv B(M;) kat e10épxetal os éva amo ta dkpa Tou povornatuou yepupwv B(M)), i < j. Em-
A0V, 01 aKPEG autég ouvdEouv H1adoxkd povoratia yepupov. LUVEN®G, yid va eAEy§OUpE av To
BC(M) £xet povortdtt XApiAtov, PIOPOUHE va XPT1OTHOTIO|00UHE Eva ATTAOTIONHEVO Ypadnpd, 10
ortoio 9a 10 oupBoAioupe pe s-BC(M), Kat TO OTOi0 MIPOKUITIEL AV AYVONOOUPE OAEG TI§ KOPUDPES
TV POVOTIATIOV YEPUPKV TTOU dev amoteAouv ta dkpa toug, dnAadr] petatpénoviag kabe povordtt
yeduUp®v ot pa povadikr akpr). Emiong ayvooupe kat Tig akpég rmou ouvééouv ta prn dadoyxika
povortatia yepupav. 'Etol, kdBe eminedo 1ou 1eAdkoU ypadnpatog amotedel eite akyr, eite pua
povadikn kopupr. Ewova [E3ld Seixvel 10 amdomomnpévo ypdpnpa mou Kataokeuddetatl and 1o
HEKTO YpAPNPd ayePUP®IOV OUVIOT®O®V TOU Ypadrpuatog M, 61ou ot KOPUpES a;, b; oupBoAidouv
Ta AKPA TOU POVOTIATIOU yepupov B(M;).
Mropoupe va eléyoupe av 1o s-BC(M) €xet povortatt XAPATov, XPrOTooidvVIag A TEXVIKT)
duvapkou npoypappatiopov. ‘Eote pft eivat pia Aoyikn petaBAntr mou naipvet v tpn true av
Kal povo av umdapyet povortdtt XAapAtov ou diaoyidel 0Aeg 11§ KOPUPEG TOV MPOT®V { eTIEd®V
Tou s-BC(M) kat kataAryet oty Kopudr q;, 1 < i < k. TTapdépowa, opidoupe pf’ . Eivat etkolo va
6el kaveig 611 10xVeL To akoAoubo:
py = pi’ = true

pf = (p, =true A d(a; 1.b) €A) V (pf’_1 =true A d(b_;.b;) € A’)

p? =(p?, =true A A(bi_1.a) € A) V (p*, = true A a1 )€ A')

(pop 1 < i< k)

Baoi{opevot otig tapandave 100tnteg, Propoule va armopavioupe av urdpyet povortatt XapAtov
oto s-BC(M) (rat dpa oto BC(M)) oe xpovo O(k).

Mapatipnon 3. To peikio yoapnua ayepUpoiov ouviotwoov BC(M) tou usiktov ypagnuatog M
éxel axpibog gva povoratn XauAtov av kat uovo av pd @ pf’ = true, 1 < i < k, onov k eivat o
apdUOg TOV I0XUPOV OUVIOTOOWY ToU M.

[Mapatnpoupe emiong 0T, OV TEPIMTOOT TIOU UTIAPXEL €vag HPOVOOUVEKTIKOG TIPO0AVATOAIONOG,
HITOPOUHE VA TOV UMOAOYIOOUHE 0€ YPAPHIKO XPOvo. Autd PIopet va yivel mpooavatodidoviag tig
vépupeg tou BC(M) oupgeva pie 1o povortdtt XapiAtov tou BC(M) Rat Xprotplonoloviag TV 10XUpo
TIPOOAVATOAIOHO Y1a KAOE ayepUpmtn 10X UPH] OUVIOTOOU TOV YPAPNHPATOV YEPUPOV.

Amo Vv tapandave oudr)tnorn, cuprepaivoupe 1o akoAoubo:
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Algorithm 8: UNILATERAL-ORIENTATION(M)

Eicodog: 'Eva pewkto ypapnua M = (V, A, E).
‘E§060g: NAI’ av M €xel LOVOOUVEKTIKO TTpooavatoAdiopod, ‘OXI” Siapopetikd.

1. Kataokeaoe 10 ypadpnpa 1oxupeyv ouviot®oov SC(M) tou M.
{ZupBoAioe Tig ouvektikég ouviotwoeg tou SC(M) pe My, . .., M.}

2. if SC(M) 6ev £xet povortdtt Xapidtov then return(‘ OXI)
else

3. For each 1oyxupr] ouvictwoa M; tou M, 1 < i< k,
Kataokevaoe 10 ypdonua yepupov B(M;);
if By, 6ev etvat éva povordt then return(‘OXI);
{ 'OAa ta By, eivat povondria. }

4. Kataokeuaoe 10 PEIKTO YpAPNna 10XUp®V ouviotwonv BC(M) tou M
5. if BC(M) 6ev €xe1 povortatt Xapidtov then return(‘OXI)-

6. return(NAI);

Oswpnpa 36. 'Eotw M = (V, A E) sival éva peikto yoagnua. Mnopouue va anopavdouue av 1o
M emibéxetar évav HOVOOUVEKTIKO Tpooavatofiouo oe ypovo O(V + A + E). Emmicov, av 1o M
glvar HOVOOUVEKTIKA THPOOAvatoioo, 0 TPooavatoiIouOg autog UTopet emiong va Bpedel o xpovo
OV +A+E).

[Mapatnpoupe emiong 0Tt UITOPOUHE va SmOOUE £vav XapaKInpiopod os 0poug tou @smpripatog 33l
tov Chartrand et al ].

Ozopnpa 37. 'Eva uelkio yodgnua emibéxetal vav HOVOOUVEKTIKO Tpooavatofioud av Kat uovo
av OAEC OL YEYUPES TV IOXUPOV OUVIOT®OMV ToU Bpiokovtal o £va KOwo UOVOTATL.

4.2 Avayvoplorn £vog £§aVAYKAGTIKOU HOVOOUVEKTLKOU GUVOAOU

'Eotw M = (V, E, A) eivat éva pektod ypdpnpa. Ztnv evotnta auty] apouotadoupe éva amio Anppa
rou divel Xapakinpilopo ya 1o ote M €xel évav e§avayKaoTiKO POVOOUVEKTIKO MTPOCAVATOAOHO,
1) 1008Uvapa, note A arotelet éva e§avaykaotiko ouvodo yia to M. Baoldpevol oe auto to Anjppa
Kat tov AAyopiOpo (8] AapBavoupe évav noAuevupikéd adyopiBpo rnou anodaoidel av 1o A arnotedet
éva e§avayKaotko ouvolo yia to ypdonpa M.

Afppa 51. 'Eva pekto yoagnua M = (V, A, E) éxetl évav povadikd LOVOOUVEKTIKO Toooavatoioud
av Kat uovo av yia kade axun e = (u, v) € E eite (V,AU {(u, v)}, E \ {(u, v)}) eite (V,AU {(v, W)}, E \
{(u, v)}) éxet novoouvertd mpooavaroAiouo, aiia oyt kat ta dvo.

Anoédedn: (=) Eotw M éxet évav povadiko POVOOUVEKTIKO MPOOAVATOAIONO Kat UrtoHEToupE,
Yla anaywoyr oto atorto, ot kat ta 6vo (V, AU {(u, v)}, E \ {(u, v)}) xat (V,AU {(v,w)}, E \ {(u, v)})
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€XOUV HPOVOOUVEKTIKO MPOoavatoAlopo. Tote o1 povoouvekTiKol autol ot rpooavatoAiopot, Ot-
aAPEPOUV TOUAAGYIOTOV O Pld aKMI), Aatorno. Alwapopetikd, av unobéooupe Otl Kavéva amd ta
(V,AU{(u, v)}, E\ {(1, v)}) rar (V, AU {(v, w)}, E \ {(i, v)}) Sev £Xel POVOOUVEKTIKO MTPOCAVATOAIOHO,
£€xoupe At avtipaorn) Pe 10 Yeyovog 0Tt M €Xel €vav POVOOUVEKTIKO ITPOCAVATOAIONO.

(&) YroBétoupe 6t ya kade akur) e = (u, v) € E eite (V, AU{(u, v)}, E\{(u, v)}) eite (V, AU{(v, w)}, E\
{(u, v)}) £€xet évav povoouvektiko mpooavatodiopd adda oxt kat ta §vo. Eival {exkdBapo 6t M €xet
TOUAQYX10TOV €vaV POVOOUVEKTIKO TPOooavatoAlopo. YmoBEétoupe, yla anay®yr oto dtoro, o1t M
€XEL TIAV® arod €vav POVOOUVEKTIKO TIPO0avaToAlopo. @empoupe dUO0 TUXAl0UG PIOVOOUVEKTIKOUG
nipooavatoAiopoug tou M. Enedr) sivat Siapopetikoi, Hi1apEpouv TOUAAYIOTOV O Pid akpr], £€0T®
e = (u',v) € E. 'Etot ouprnepaivoupe ot (V,AU {(u/, )}, E\ {€'}) xat (V,AU{(V',u)},E\ {€})
£€X0UV £€vav POVOOUVEKTIKO TTPO0AVATOAIOPO, ATOTTO. |

Ocwpnpa 38. Asboucvou evog uetktov yoapnuatoc M = (V, A, E), umopouvue va anopacioovue av
70 oUvoAo A amoteflel éva amotefel éva eavaykaotiko ovvojo yia 1o M oe ypovo O(E(V + A + E)).

Anoden: 'Enctal dpeoa ano 1o Osopnpa 36l kat to Afpupa Bl |
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